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Chapter 1 


Introduction. 


Discrete Mathematics via Logic and Proof is a comprehensive book that delves into the 
fundamental concepts and principles of discrete mathematics. This book is designed to provide 
a solid foundation in discrete mathematics, focusing on the logical and proof-based aspects of 
the subject. The book is structured to cater to students and researchers who are interested 
in understanding the theoretical and practical applications of discrete mathematics in various 
fields. 


This book consists of a set of articles that were published on the arxive website, as I edited 
them and put them in a book in order to benefit from this book.this idea came during my 
research on some important articles on this site and I decided that this would be the first part. 


Which led me to consider that this is the first part is the following: 


1. the presence of a number of references that were placed in the articles and which were not 
quoted or referenced in the research, which made me delete these references. 


2. The existence of some errors in some articles that I corrected and did not point out so 
as not to detract from the value of the article, and perhaps the researcher did not pay 
attention to this, as happened in the references. 


3. Arrange the articles as arranged on the site and try to organize the texts as much as 
possible so that the text and the article are largely identical. 


4. Many of the articles have appendices, and these appendices are integrated texts and other 
articles published in other editions of arxive, so we considered this section to be the first 
part of the book. 


My work in this book is that I rewrote the articles in a new format and identical to the 
original and collected the articles in an orderly manner as stated on the site and corrected some 
errors and deleted superfluous things such as some references that were not used but were placed 
in the article. 


This book is a simple part of a long-term task in order to revise the articles and integrate 
them into a book that includes various articles from various branches. 


Everything that has been written in mathematics and what will be written, we have the 
right to provide criticism to it and put our notes on it, even if the work is complete, because 


mathematics is the language of results and not the language of writing only, and from this 
section we put this part to you. 


For any feedback or suggestion please email us: jasem1994hamoud@gmail.com 


The book can be citition as follows: 


Hamoud, J.,. ALL ARTICLES in ARXIVE (1992-1) 
EDITE and REVIEW, Name of author article, name of article 2024, 


This book is special copy. 


By: 
Jasem Hamoud Moscow- Russia 21.05.2024 


This book is special copy. 


Chapter 2 


First 10°" Articles 


2.1 On the removable singularities for meromorphic mappings 


E.M.Chirka 
chirkamph.mian.su 
Steklov Mathematical Institute, Vavilov st. 42, Moscow GSP-1, 117966 Russia 


Abstract: 

If FE isa nonempty closed subset of the locally finite Hausdorff (2n-2)-measure on an n-dimensional 
complex manifold 2 and all points of F are nonremovable for a meromorphic mapping of 2 \ EF 
into a compact Kahler manifold, then E is a pure (n-1)-dimensional complex analytic subset of 
Q. 

keywords: meromorphic continuation, removable singularities, pseudoconcave sets. 

subjclass Primary: 32D15, 32D20; Secondary 32D10. 


2.1.1 Introduction. 


This paper was inspired by the following question of E.L.Stout [75] Let F be a closed subset 
of the complex projective space P” (n > 2) such that the Hausdorff (2n — 2)-measure of E 
(with respect to the Fubini-Study metric) is less then that of any complex hyperplane of P”. 
If it is true that FE is then a removable singularity for meromorphic functions? Using natural 
projections of P” onto hyperplanes G.Lupacciolu [76] has shown the removability of E under 
additional conditions on the sizes of F and a maximal ball in the complement. (The projection 
of P” onto a hyperplane does not decrease Hausdorff measures, as it take place in the Euclidean 
space.) Using an Oka—Nishino theorem [I77Z] on pseudoconcave sets we prove here the following. 


Theorem 2.1.1. Let E be a closed subset of the locally finite Hausdorff (2n — 2)-measure on 
an n-dimensional complex manifold Q and let f be a meromorphic mapping of 2 \ E into a 
complex manifold X. If X has the meromorphic extension property and E does not contain any 
(n — 1)-dimensional closed analytic subset of Q then f is continued to a meromorphic mapping 
of Q into X. 


Here we say that X has the meromorphic extension property, if any meromorphic map 


y:T — X of the "squeezed polydisc" 
T =(z,w) € C®" x Cy : |z| <r, |w| < lorlz| <1,1—r < |w| <1, 


0<r<1, n> 2, extends to a meromorphic map ¢: U > X of the unit polydisc U : |z| < 
1,|w| < 1. By a recent result of S.M.Ivashkovich [IZ8] every compact Kahler manifold X has 
the meromorphic extension property, so we have a lot of nice examples of such X. The case 
of meromorphic functions (X = P') is almost trivial in the consideration: every meromorphic 
function in a squeezed polydisc is represented as a ratio of two holomorphic functions (see [80] ) 
and thus it is meromorphically continued into U. So the answer on the question of Stout is 
positive because the mentioned FE can not contain any complex analytic subset of P” (by a 
Chow theorem such a set is algebraic, and the Hausdorff (2n — 2)-measure of it is not less then 
the measure of a complex hyperplane. As pointed me E.L.Stout, this question was solved already 
by his student Mark Lawrence by a similar method. 


2.1.2 Results 


A closed subset % of a complex manifold is called locally pseudoconcave if for every point 
a € » there exists a Stein neighbourhood V such that V \» is Stein. Let E’ be the set of points 
a € EF’ such that f meromorphically extends into a neighbourhood of a. Then S$ := E \ E’ is 
closed. As the complement to E is locally connected in Q, these local meromorphic continuations 
of f in points of E’ glue together into the unique meromorphic map f : \.S — X (we preserve 
the notation f). The proof of the Theorem is accomplished now in two steps. Firstly we prove 
that S' is locally pseudoconcave (Lemma 1), and secondly we prove that S is complex analytic 
(Lemma 2). 


Lemma 2.1.2. S is locally pseudoconvex in Q. 


Proof. Let a € S, V 3 a is biholomorphic to a ball in C” and y: T + V \S is a holomorphic 
embedding. Then (V is Stein) y extends to a holomorphic embedding @ : U > V (see [[Z§]). 
As X has the meromorphic extension property, the meromorphic map f oy: T— X extends 
to a meromorphic map of U into X and thus f meromorphically continues into the domain 
p(U) C V. By the definition of S, @(U) does not intersect S, and thus we have proved that 


V \ S sutisfies the condition "p7-convexity" of Docquier—Grauert [78]. It follows that V \ S is 
Stein. 


Lemma 2.1.3. Let S be a nonempty locally pseudoconcave subset of the finite Hausdorff (2n—2)- 
measure on an n-dimensional complex manifold Q. Then S is a pure (n—1)-dimensional complex 
analytic subset of Q. 


Proof. The statement is local, so we can assume that 2 is a domain in C”. Let a € S and 
coordinates (z,w), z = (21,.--,2n—-1) in C” are choosen in such a way that a = 0 and the set 
SM {z = 0} is finite or countable (it can be done obviously). Then there exists a neighbourhood 
V = V'x V, > 0 such that the projection of SMV into V’ is proper. It follows that fibres 
SAV {z= c} are finite for almost every c € V’. By an Oka-Nishino theorem [43] SV is 
then a complex analytic set of pure dimension n — 1. 


I would like to thank G.Lupacciolu for the reprint of his paper [22], which stimulated this 
work. 
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2.2  Factorizations of natural embeddings of / into L,, I 


T. Figiel, W. B. Johnson® and G. Schechtmanll 


2.2.1 Introduction 


In this continuation of [I], we show that in some situations considered in [[], conclusions 
of certain theorems can be strengthened. More explicitly, suppose that T is an operator from 
some Banach space into L; which factors through some Lj-space Z as uw and normalized 
so that ||w|| = 1. In Corollary 12.A we show that if T is the inclusion mapping from a 
“natural" n-dimensional Hilbertian subspace of Ly into Ly, then u well-preserves a copy of ie 
with k exponential in n (where “well" and the base of the exponent depend on ||wu|| and on a 
quantitative measure of “naturalness"). This improves the result of [i] that the same hypotheses 
yield that /* well-embeds into uZ. Corollary 12.B gives a similar improvement of Corollary 
1.5 in [fl]; that is, Corollary 12.B is the same as Corollary 12.A except that the operator T 
is assumed to be a mapping from a space whose dual has controlled cotype into L, which acts 
like a quotient mapping relative to a “natural" Hilbertian subspace of Ly. 


Corollary 20 strengthens the conclusion of Proposition 4.3 in [[] in a similar manner; it 
states that an operator from a C(/‘) space which well-preserves a copy of 3 also well-preserves 
a copy of 1k, with k exponential in n (rather than just have rank which is exponential in n). 
This can be viewed as a finite dimensional analogue of a particular case of a result of Peczy/nski 
([9]] stating that every non weakly compact operator from a C(/C) space preserves a copy of co. 


In Theorem we apply the earlier results in order to prove that for each m there is an 
m-dimensional normed space G such that any superspace of G with a good unconditional basis 
must contain a copy of /&, with k exponential in m. 


We thank J. Bourgain for pointing us in the right direction on the material presented here. 
After proving the results in {[], we suggested to him that there might be a translation invariant 
operator T of bounded norm on Ly of the circle which is the identity on the span of the first n 
Rademacher functions and which does not preserve If with k exponential in n. By disproving 
this conjecture, Bourgain started us thinking that Corollary 12.A was true. 


2.2.2 Preliminaries, a quantitative version of Rosenthal’s lemma 


In this section we prove, in Proposition 1 below, a quantitative version of Maurey’s formulation 
[8] of Rosenthal’s lemma [8] stating that an operator into Lj(j:) either factors through an L,(v) 
space for some p > 1 via a change of density or is of type no better than 1. Our approach 
is in fact close in spirit to Rosenthal’s original argument which (unlike some later arguments) 
was basically quantitative in nature. Recall that for 1 < p < q < o and for an operator 
u: Z > Ly(p) 
Cyyq(u) = inf {|[hll5||n~us Z > Lall} 


*Supported in part by NSF DMS-87-03815 
'Supported in part by the U.S.-Israel BSF 
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where the inf is over all changes of measure h; i.e., over all 0 < h € Ls() where i +i=1.In 
the statement of 22-1] and elsewhere in this paper t* denotes a: 


Proposition 2.2.1. Let 1 <p<q< wando =1- a. Let T: Z + Ly(u), where pu 
is a probability measure. If Ci,(T) = K and ||T: Z > Lp(u)|| = CK, then for some m > 


p* 
( =, ) there exist z1,...,%m in the unit ball of Z and mutually disjoint measurable sets 
27° Pe ||T || 
1,.-.,Lm such that fori =1,...,m one has 
1 
tn, Tallfllin Palle? > 2 OPK. (1) 


For the proof we need two lemmas. 


Lemma 2.2.2. Let g € Ly with ||g|| <1. Suppose E is a u-measurable set, 1 <p<q< oo and 
be Tllp > & > 0. 


Then there exists a measurable set F, FO E = @, such that 


wir) < (2")", 


i 
Ide gllT [Le gig? > 2° Px. 


Proof. Without loss of generality we can assume that g > 0. Set F = [g > 4] ~ E, where y > 0 


is defined below. Observe that 
| g? <p f gs 
wF ~F 


and hence, by Hélder’s inequality, 


e-pr< | P< (f9) (fa): 


where t = (p—1)/(q—1). Since p(F’) < 1/7, we can fulfill both conditions of the lemma by 
choosing y so that y?~! = git a 


Lemma 2.2.3. Let T: Z > L1(1), being a probability measure. Suppose 1 < p< oo and 
CipT)=K, ||P: Z > Ly(u)|| = CK. 


If0<«K<K,>0 and Cn" <1—£/K, then p(E) < 1 implies that there exists z € Ball(Z) 
such that ||1_,T2\lp > &- 


Proof. Without loss of generality we may assume that u(/) > 0. Observe that for any measurable 
set A one has 
Cip(lyT: Z In(u)) < oA)? IL, T: Z > Lp(u)|I- 


The lemma follows by using this observation for A =~ EF and A = E, because 


lt pF 22,00 Cisd oT) SOG) Gg) 


> K — p(B)? 1,7: Z > Lp(u)|| > K(1— Cy") > x. 
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proof of ZZ. Clearly, we may assume that ey = Put — 
h=OC) Fo = ea and let us start with EF = 0. Since 


Ib pL: 2 Low ll > «, 


using Lemma we can define z; and F, so that uw(f1) < 6 and ||lp, Tz1||1 satisfies (1). 
Suppose now that, for some i > 1, we have already defined z,...,2z; and F),...,F;. Let 
E= Uj<i Fj. 

As long as u(E) < 7, Lemma 3 guarantees that we can use Lemma again in order to 
choose 241 and Fj; so that Fi4, NE = 0, w(Figi1) < 6 and |[1p,,, Tzi+1||1 satisfies the 
estimate (1). Therefore this procedure can be applied more than 7/6 times. Since we have 
been assuming ||7'|| = 1, this yields the promised lower estimate for m and completes the proof 
of the proposition. 


The next proposition shows that we can actually get a somewhat stronger conclusion to 2.271; 
namely, for some k proportional to m, the identity on If can be factored through T. Recall that, 
for a pair of linear operators T: X — Y and U: X, > Yj , the factorization constant of U 
through T is defined to be 


Yq7(U) = inf {||All||Bl]: A: X1 > X, B: Y 4 Yi, U = BTA}. 


We let 7,.(U) = 00 if no such factorization exists. We also put 
Vp(Z) = y_p(idz: Z > Z). 


Proposition 2.2.4. Let T: Z > L(y) be a bounded linear operator. Suppose that z,...,2m 
are in the unit ball of Z and Fi,...,Fm are mutually disjoint u-measurable sets such that, for 
= Up ccens M5 

[1 Pzll > 6||T|| > 0. 


Then for some k > zm there exist linear operators A: lf > Z and B: Ly() > If such that 


BTA = idy. and |All || BUTI] < 26-1; we., yp (I) <25-1||T\|-! for some k > 35m. 


For the proof we need two basically known lemmas (see [2]). 


Lemma 2.2.5. Let 11,...,%m be elements of L1(s) and let Aj,...,Am be mutually disjoint 
u-measurable sets. If 1 <k < 4m, then there exists a subset D C {1,...,m} with |D| =k such 
that for each i € D then we have: 


Sf teldesee—y(%) Soo 
j i=1 


jED~{i} 


Proof. Setting aij = Sa, ey peg tort, 9 Speci, and a= i<i¢j<m aij, we have 


m 
a<> cil. 
i=1 


Put s=2k,€ ={E C {1,...,m}:|E£| =s}. Write, for He €, 


a(E) = S° S° aij. 


i€E j€E~{i} 
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It is easy to see that peg a(E) = a = |E|(5) (™)~*a, hence we can pick Ep € E so that 


a(Eo) < (5) (m) ta . Let F = {1 € Bo: Dyemagy aij 2 za(Eo)}. Then F has at most k 


elements and, clearly, each k-element subset D C Ep ~ F has the required property. 


Lemma 2.2.6. Let U: lk — Ly(u) be a linear operator, |\|U|| < 1. Suppose there exist p- 


measurable sets F,,..., Fy, such that fori =1,...,k 
|[1e,Ueill = 6, >) te Vell <7, 
1<iAj<k 


where 0 <y <6. Then there exists a linear operator Q: L(y) — If such that QU = idye and 
QI < (6-7). 


Proof. Define W: L(y) + Uf by the formula Wf = (f fgidu)%&_,, where 
on = bee (Ue) for C= 1s.2y ke: 


It is easy to check that ||W|| <1 and for x € Ik one has ||WUz|| > (6 — y)||a||. Therefore the 
operator Q = (WU)~!W has the required properties. 


Proof of Proposition 2.4. We may assume that ||T'| = 1. Apply with » = 36 and 
a = 7a; for 1 = 1... This yields a. set: C 1,...,7m}, with |D| = & S z0m, which 
satisfies the assertion of Lemma 5. Writing {z; : i © D} = {fi,..., fm} we can define the 
operator A by the formula Ae; = f;, for i = 1,...,k. The existence of the operator B follows 
then immediately from ‘22276. 


We shall combine Propositions 2-21 and 2224) in below. Before doing that we would 
like to state a dual version of Proposition 4. Note that, if dim X,,dim Y; < oo, then 7,,(U) = 
Y7»(U*). This follows from the principle of local reflexivity (0), p.33). 


Corollary 2.2.7. Let V: 1% — X be an operator of norm 1 such that ||Ve;|| > 6 > 0 for 
4= 14.9%. Then les) < 267! for some k > 6m. 

Proof. Let Z = X*. Pick norm one elements 21,...,2m in Z such that z;(Ve;) > 6 for i = 
1,...,m. Using Proposition 224 we obtain 7, (Ik) < 26-1 for some k > 45m. Since tale) = 


cae (i) this completes the proof. 


2.2.3. The L, result 


The main results of this section are Theorem 2.2: land Corollary below. Corollary 
12.A states roughly that in any good factorization of a natural embedding of 1} into L1(0, 1) 
(for example, the embedding sending the unit vector basis of 1} to the first n Rademacher 
functions) through an L; space, the operator between the two L1 spaces preserves an iP space 
with k exponential in n. We begin however with a theorem of a more general nature which is 
a corollary to Propositions 2-2-1] and 2-2-4) The assumptions in both this theorem and Theorem 
2-211] are stated in terms of factorization constants of an operator into an DL, space through 
Ly spaces via changes of densities. The relation between these constants and factorizations of 
natural embeddings was one of the main tools in [I]. We shall return to this relation in the 
proof of Corollary 2.2.12). 
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Theorem 2.2.8. Let T : Z — Ly() be a linear operator such that T £ 0 and Ci 4(T) < o, 
wherel<p<q<oo. Setao=1—- £, A= TP Cig) */ Cig): 
Then : 

or(It) $ 2(4A)= 771 


for some: 


Proof. By Maurey’s result [&] quoted in [ll], for each r € (1, 00] there is a nonnegative function 
br € L(y) such that f ¢, dy = 1 and 


|O-°T: Z > Ly (brdp)|| = Cr(T) 
(this uses the convention 8 = 0). Set d= 5 (dp + ¢q). Then for r=qandr=p 
GOT: Z > L,(ddy)|| < 24" C1,(2). 


Consider the operator T; = ¢ 'T: Z > Li(¢dp). Since C1-(T1) = Ci,(T) for r € (1, 00], 
applying Proposition 2221 to the operator T;, we have C < 2!/?". We can estimate for each i 


Le, Tizilleg (sau) SWTit Z 4 Lq(ddps)|| < 2/7 C1,4(T). 
Hence we obtain elements 21,...,2m in Ball(Z) and sets F,,..., Fm so that 


eo: 1 o— ay. = oO 
lin Fda 22? OP Cig(T))” Ap) =27A4 7 


a - Therefore, we have 


ae 
Le, Tzill, =e; Tr2alle, ay) 2 4A) e IIT. 


Now we simply apply Proposition Z2Z4 to T, z,...,2m and Fi,..., Fim. 


We next state two corollaries to concerning the dual situation. 


Corollary 2.2.9. ?? Let U: C(K) > X be a linear operator such that 0 < 7,(U) < co, where 
l<r<t<o. Seeo=1-§, A=|U|?x,(U)’ ?/m(V). 
Then 


t 
ee) < 2(4A)¢ ||U||~! for some k> (aye (SLY) : 


1 
8 


Proof. This follows easily from B22, because C(K)* is an L; space, yy~(Ii) = y(lk,) and 
Ci,p(U*) = mp (U) for 1 < p < co (see [B)). 


Corollary 2.2.10. If U: IX > X ,t > 1 and x;(U) = ellU|| > 0, then oe) x 


2(4)°N&-1|U||-! for some k > 2°-3(g)P +t NI-e 


This follows by using with r = 1, because 7(U) < N ||U||. 


The next theorem and Corollary below are the main results of this section. 
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Theorem 2.2.11. Let T: Z > Ly(,s) be a bounded linear operator and let 1 < p < oo. Let 
Zo © Z. Suppose that n = dim TZ < co and that 


Cip(u) 2 ellTl| > 0, 


for each finite rank operator u: Z — L() such that ulz, = T\z.- 
If c> 2° and 6 = (p—1)n, then yp (lf) < 5° for some k > a Ca ae 


Corollary 2.2.12. Let X be an n-dimensional subspace of Ly for which Cy p(X) < Cy/p* 
for all 2 < p* < ow. If 7 is the inclusion map from X into Ly and j = UW with W: X > 
Z, U: Z 414, ||W|| <1 and Z is an Ly space, then se < 52” for some k > 5722 2n/(2D) 
where D = (28C||U||)?. 


Proof. The proof of the corollary is very similar to the proof of Corollary 1.5 in [lI]; there are, 
however, some changes. Here is an outline of the proof: Let Z) = WX and define p by p* = 5. 
If n < 2D the conclusion is obvious, so we may assume that n > 2D. Then 6 = (p—1)n satisfies 
6 < 2D, so, by Theorem 2-2-1] it is enough to prove that for any extension V: Z — L,() of 
U|z,, one has Cy,,(V) > 2°||U |]. 


Now, for any extension U: Z > X of U |Z, we have idx = UW and hence, using a weak 
form of Grothendieck’s inequality, we obtain 


ni? = a (idx) < ||W||7,(U) < 29,(0). 


We can now apply Theorem 1.3 in [I] with 6 = nil? to get that for any extension V: Z > Ly 
of U|z, 
Crp(V) > 23 C1 ye (X) 0, 


With the choice p* = n/D we get the desired estimate 


CialV) > 2 Op? = 20 |. 


Corollary 12.B strengthens Corollary 12.A in the same way that Theorem 5.1 in [i] 
strengthens Corollary 1.5 in [I]. 


Corollary 2.2.13. Suppose that X C Li, dim X =n, and Cy p(X) < Cy/p* for all2 < p* < cw. 
Let Y be a Banach space whose dual has finite cotype q constant Cq(Y*) and let Q: Y + Ly be 


an operator for which 
Q(Ball(Y)) D> Ball(X). 


Let Q = UW be any factorization of Q through an Ly space with ||W|| <1. Then for some 
absolute constant n, Alt) <5? for some k > 57? 2"/?, where 


D = nC?q02(¥*)||UI. 


Sketch of proof. Follow the proof of in [I]. (with r replaced by p) up to the place on 
p. 98 where it is proved that C1 p(U ) > 2. Of course, now we need and can assure that 


C1»(U) > 2°\|U|| for any extension U: Z — L, of the restriction of U to U-!(X). Then apply 
Theorem 2-211. 
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To prove Theorem 2.2-T]] we need to introduce some notation and some preliminary results. 
Given two Banach spaces Z and W the space of all bounded linear operators between them is 
denoted by B(Z,W), while F(Z, W) is the set of those u € B(Z,W) such that u < co. By a we 
denote a norm on F'(Z,W) such that a(u) < ||ul| if vu = 1. 


Given a Banach space W and numbers n, 3 > 1, let us denote by Vy (n, 8) the least number 
k such that, whenever v: W — E is a continuous linear operator with v < n, there exists 
P€ F(W,W) such that v P = v, ||P|| < 6 and P<k. (Of course, we let q,,(n, 8) = 00, if no 
such k exists.) 
Proposition 2.2.14. Let T € B(Z,W) and let 2) C Z, dimT(Zp) =n< ow. Ifl1<B<co 
and q,,(n, 8) < 00, then there exists P € F(W,W) such that ||P|| < 8, P< q,,(n, B) and 


a(PT) > inf{a(u): ue F(Z,W),ulz = Tz}. 


Proof. Write Y = {u € F(Z,W) : ulz, = T|z,} and A = inf{a(u) : u € Y}. By the Hahn— 
Banach theorem there is a norm one functional ® on (F'(Z,W), a) such that ®(u) = A for each 
u€Y. Observe that if S: W > Z*™ is the linear operator defined by 


(Sw) (z*) = O(2" @w), 
then for all u € F(Z,W) one has 
Ou) = Tri su) = Tras). 
Clearly, our assumption on a yields ||| < 1. Moreover, for all u € Y one has 
(T —u)*S =0. (2) 


Indeed, since Ker ((T — u)**) D (Ker (T — u))1+ D Zot, it suffices to verify that SW C Z+. 
The latter inclusion is obvious, because if w € W, 25 € Z then we have (Sw)(z5) = ®(z§ @w) = 
0, since zj annihilates Zp. Since up = dim T'Zp = n, for some uo € Y, and since (2) implies that 
TS = u*S for each u € Y, we obtain that T™*S <n. Hence, by the definition of q,,,(n, 8), 
there is a P € F(W,W) such that T**SP = T**S, ||P|| < @ and P < q,,(n,8). Observe that, 
if u is any element of Y, then 


a(PT) > ®(PT) = Tr(SPT) = Tr(T“ SP) =Tr(T"S) = Tr(u*S) = O(u) = A. 


Lemma 2.2.15. If W = Li() and0 <e€ <1, then qy,(n,(1—)~*) < (2+1)”. 


Proof. Let u: W > E have n. Write u = UQo, where Qo: W — W/(Ker u) is the quotient 
map and let F = W/(Ker u). Set 8 = (1—.)~!. Suppose first that for some k there exists an 
operator Q: lf + F such that ||Q|| < @ and Q(Ball(l*)) > Ball(F). By the lifting property of 
Ik there is Q,: [k — W such that ||Qi|| < ||Q|| < 6 and Q = QoQ). By the lifting property of 
W = L;(p) there is Qo: W > IF such that ||Qal| < ||Qol] < 1 and Qo = QQ2. Let P = QiQ2. 
Then ||P|| < 8, P<k and 


u = UQo = UQQ2 = UQQ1Q2 = uP. 


Now the well-known volume argument shows that the unit sphere of F’ contains an e—net (where 
(1 —)~' = 8) of cardinality k < 5(2 +1)”. Using this fact one easily constructs the operator 
Q: lk + F with the two properties which we have used above. 
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Theorem 2-2-1] can now be obtained by letting « = 5 and replacing c by 2° in the following 
proposition. 


Proposition 2.2.16. Let u: W + E have n. Write u = UQo, where Qo: W + W/(Ker u) 
is the quotient map and let F = W/(Ker u). Set 8 = (1—€)~!. Suppose first that for some 
k there exists an operator Q: l* + F such that ||Q\| < 8 and Q(Ball(I*)) D Ball(F). By the 
lifting property of lk there is Qy: lf + W such that ||Q1|| < ||Q|| < 6 and Q = QoQ1. By the 
lifting property of W = L1() there is Qo: W — Ik such that ||Qal| < ||Qol| < 1 and Qo = QQz. 
Let P= QiQ2. Then ||P|| < 6, P<k and 


u = UQo = UQQ2 = UQQ1Q2 = uP. 


Now the well-known volume argument shows that the unit sphere of F contains an e—net (where 
(1 —€)~! = B) of cardinality k < 5(2 +1)". Using this fact one easily constructs the operator 
Q: ik — F with the two properties which we have used above. 


Proof. Let 8 = (1—¢)~', W = Li(), a = Ci. Thanks to Lemma 14, we can apply Proposition 
13 which yields an operator P on Lj() such that ||P|| < 8, P< N = $(2+1)" and C,,(PT) > 
c||T||. Clearly, 

Choo( PT) < (PT)||PT|| < N||PT|]. 


Let gq = oo. We can now estimate ea): using Theorem 2:28. The resulting inequality, 


combined with the obvious relation Vp (Hf) < ||P Iypp (lf), yields the desired estimates for yp (Hf) 
and k. 


2.2.4 The C(K) result 


The main result of this section is Theorem 16 and in particular its Corollary 20 which gives 
a local version of a result of Peczy'nski by showing that an operator from a C(K) space which 
preserves a copy of [7 also preserves a copy of IK with k an exponent of n. 


Theorem 2.2.17. Let U: C(K) + X be a bounded linear operator and let 1 <t < oo. 
Suppose that E C C(K), dim E =n < & and let 


m(U|z) = el|U|| > 0. 
Ifc > 2° and a= ;%, then A) < 5¢||U||-1 for some k > 5-2 (22)", 
For the proof we need a dual version of Lemma and a proposition. The lemma is a 
simplified version of a result which was proved in [[]. 
Lemma 2.2.18. Let F be a subspace of C(K), dim F =n. Let0<¢€<1andN=3(2+ 
Then there is Q: C(K) + C(K) such that Qf = f for f € F, ||Q|| < (1-6)! and Q<N. 


Proof. There exists k < N and an operator J: F —> 1%, such that ||J|| < (1 — 67! and 
J fll > \|fl| for f € F. By the extension property of C(K), there is J,: 1k, + C(K) 
such that ||Ji|| < (\|J||(@ —e&)7' and Ai(Jf) = f for f € F. We let Q = Jj Jo, where 
Jpn: C(K) — IK, is a linear extension of J with ||Ja|| = ||J|. 
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Theorem 2.2.17 follows easily from the next proposition by letting « = $ and replacing c by 
2 


Proposition 2.2.19. Let U: C(K) > X satisfy the assumptions of Theorem 16, and let 0 < 


e<l. Then : 2 t* 72 n/(t-1) “4 
p(t) <4 a ae) (+1) ‘II 


for some k > 4i*—2 (Goede) é + i aaa 


€ 


Proof. there exists P: C(K) > C(K) such that ||P|| < (1-—«)1, P< N= 
Pe =e fore € E. It follows that 


(2 + vie and 


Nir 


Cite (P*U*) > me (UP) > m(UP|z) = ellU|- 


Since also C)..(P*U*) < (UP)||(UP)*|| < N||UP||, we can finish the proof by applying an 
argument similar to that in the proof of Proposition 2.2.16 and dualizing. 


Corollary 2.2.20. Let X be a Banach space. Suppose that t,n > 1 and there is an operator 
U: C(K) > X and a subspace FE C C(K), dim E =n < co such that m(U|z) = e|[U|| > 0, 
where c > 2°. 

Writea = 74, a = (log 2)(log 3)/log 5. Then, for all j < min{ 5° (24)", 3 exp(S)}, xX 
contains a subspace X; such that d(X;,1&) < 2. 


Proof. Since c > 32 using Theorem 2-217 we obtain that, if a = ;",, then 
qu (Ig) < 5° 
for some k > a Ot ae Consequently, we obtain the inequality 
k k a 

YWid)x (boo) S WU |lyu (loo) < 5 
from which we shall deduce a lower estimate for the number 

jo = min{m : Ya), (los) 2 2} 
Put for brevity gi(X) = Ya), (Id) 


We shall employ the estimate 


yl X) 2 WO) (3) 


for i,j = 1,2,... , which is the quantitative statement of results of James [[A]] and Giesy |[[5]] 
(see, ©, [(6l]). 


Suppose that jo < k and let m be an integer such that ie >k> jg’. Write A = g;,(X) > 
2, B=2/(1+ A!). Using repeatedly (3), one obtains 


logk 


_ A 
9n(X) 2 9i(X) 2 AB™™ > Hy BPE. 
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Since A > 2, we have a > 2, B> 4. Taking logarithms of both sides we obtain the estimate 
4, logk 


83) fog io 


alog 5 > log(gx(X)) > (lo 


Using now the estimate k > 5~° (a)", we get easily 
log2 n 


4 4 
log jo > (a log 5)~ "(log s)(= log 2 — alog5) = (log 3) 1) =: log M. 
a 


log 5 a2 
The latter estimate implies that if 1 < 7 < min{k, M} then g;(X) < 2. This implies that X 
contains a subspace X; with d(X;,1&) < 2 and completes the proof. 


Corollary 2.2.21. Let U: C(K) > X be a linear operator of norm 1. Suppose that for some 
subspace E C C(K) such that d(E, 17) =a, n> 2, one has ||Uz|| > b||a|| forx € E, where b > 0. 
Then U is bounded from below by Ay ay on a subspace GC C(K) such that d(G, ld.) < 2 and 
j= Ae where A, A2 are absolute constants > 1. 


Proof. Since 7;(I3) > ,/% for t > 1 [MH], we can estimate 


m(Ulp) > Pmy(idey) > 2% WIL. 


Assume first that n > (2°a/b)*. Letting t = (2~°b/a)?n we obtain the estimate m(U|z) > 
2°||U||. Let a = 7_1: Using Theorem 16 we obtain, for some k > 5-92"/@ a pair of operators 
A: 15 — C(K) and B: X — 1§, such that ||Al|||Bl| < 5° and BUA = idy. Let F = A(Ik,). 
Clearly, one has ||Uz|| > 5~||z|| for 2 € F, and d(F,1k,) < 5%. Now, if d(F,1£,) > 2, then the 
argument used in the proof of Corollary 19 can be applied to F. Since gz(F’) < 5° this will 
produce a subspace G C F such that 7 = dimG > 3 exp(cy ax) —land d(G, IK.) < 2. This yields 
the following conditions on numbers A,, A2 
57/(t-1) = Atal)? eC abieyn 
If n < (2°a/b)*, then we let G be any 2-dimensional subspace of EF, so that d(G,12,) < 2. This 
gives the following conditions on numbers Aj, A2 
5)4 


oa, 3sAer. 


It is not difficult to check that one can find A;, Ag > 1 which satisfy all the above conditions. 


2.2.5 A space with very non-unconditional structure 


The main result here is Theorem which, roughly speaking, shows the existence of an 
m-dimensional space G which is contained in an n-dimensional space Z with an unconditional 
basis only if n is an exponent of m. Moreover any such Z must contain JK, with k an exponent 
of m. This solves part of problem 11.4(b) in [TZ]. 


Recall that the gi norm of a linear operator T’: X — Y is defined by the formula 
gl(T) = sup{y,(UT) :U: Y +l, m(U) < IV, 
and that one writes gl(X) = gl(idx). Recall [3] also that the unconditional constant of X is 
greater than or equal to gl(X). 
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Theorem 2.2.22. There is 6 > 0 such that for each m > 2 there is a Banach space Gm, 
dimG,, = m, with the following property. If Z is a Banach space which contains an tso- 
metric copy of Gm, then there is a subspace Z, of Z such that d(Z,,1k,) < 2, where k > 


exp(dm gl(Z)~*). 


In fact, a somewhat stronger version of this theorem follows by applying Lemma to 
the space obtained in Lemma 2.2.23. A stronger version of Lemma appears as Th. 7.1 in 


(Ia). 


Lemma 2.2.23. There is a constant B < oo such that forn =1,2,... there is a Banach space 
F,, dim F, = 2n, and a linear operator v: lf — Fy, such that Ijvel] > lle|| for e € If and 
m(v*) < B. 


Proof. Consider a linear isometry U: L3" > L3". Write 
Fy =U leis05-43 090 Is Bo = U (ena, ++%5an|)- 
It is well-known (see e.g. [14], [ZJ, or [5] Cor.7.4) that for “most choices" of U one has 
IF llage <OllFllage 
for f € E, U £, where b can be taken independent of n. Let us fix a pair £1, 2 with the latter 
property. Put F, = L?"/Ex and let 
i Bi / hs SL es =, 


be the natural map. If E,/Ey is given the norm induced from L3"/Ex, then E,/Ex is isometric 
to 13 and our choice of Ey, yields the estimate |le|| < b||wel| for e ¢ E,/Ez+. Now u* can be 
regarded as the composition of the embedding map ae (F2)0 — (£2)2 with the orthogonal 
projection P from L3” onto Ey M E2. Hence our choice of F2 yields 


m(u*) < ||Pllm Sa) < miVa)IT I < 0. 


This shows that the operator v = bu has the required properties, if B = b?. 


Lemma 2.2.24. Let F be a Banach space and let v: ly + F,1<t< oo. Suppose that 
m(v) > ellv|| >0, = m(v") < Bll. 


Let j: F — Z be a linear operator such that ||jf\| > ||f\| for f € oy) If c > 2°Bagl(j), then 
Z DZ such that d(Z,,1%,) < 2 and k = dim Z, > min{5~%(2! ae 3 exp(S#)}, where a and 
Cl 


Proof. Observe that, since gl(j*) = gl(j), one has 
Yoo(ju) = y1((gu)") < mi(v*)gl(7") < B.gl(Z)|lv]). 


Consider a C(<)-factorization of ju: 1} + Z** , say jv = Ui, where 
jis ty CUR) =1, 9 lU: CK) > 2™ | < Bal) lull. 


’Put FE =i(17), then 
m(U|z) = me(Ut) = m(v) > ellv|| = 2°||U]- 


Since 
Vid) a» (US) = Yay, (1%) 
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Proof of Theorem @Z2ZgZ. We may assume that m > 2(2°Bgl(Z))*, where B is the constant 
from Lemma 2223. (If not, we just let 6 = $(2°B)~* and G, can be arbitrary space of 
dimension m.) Let Gan = Fy, and Gon4+1 = F, © I} for n > (2°B)*. Fix an m and let Z be a 
Banach space and j: Gm — Z an isometric embedding, so that gl(j) < gl(Z). Let vu: 1} — Gm 
be the operator obtained from that in Lemma 22 (here m = 2n or m = 2n +1). Observe that, 


for t > 1, 
. n 
T(v) > mH(tdin) > /%. 


Letting t = (2°B gl(j))~?n and applying Lemma 2.2.24), one can easily find the absolute constant 
6 needed in 2222. 


Remark It follows from ([[Z]], Th. 7.1) that the spaces G, in TheoremZ222) 
can be chosen to have uniform cotype 2 constants. 


22 


2.3. Convex Bodies with Few Faces 
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Abstract 
It is proved that if u1,..., un are vectors in R*,k <n,1 <p < oo and 


n i 
1 Pp 
1 


then the volume of the symmetric convex body whose boundary functionals are 
+u1,...,+Un, is bounded from below as 


{a ER*: |(x,u;)| <1 for every ape > 


1 
=. Jor 


An application to number theory is stated. 
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2.3.1 Introduction 


In [1G], Vaaler proved that if Qn = [-5, sl” is the central unit cube in R” and U is a subspace 
of R” then the volume |UMQ,,|, of the section of Q, by U is at least 1. This result may be 
reformulated as follows: if u1,...,Un are vectors in R*,1 < k < n whose Euclidean lengths 


n 
satisfy )~ |u;|? < k then 
n 


|{a € R*: |(x,u;)| < 1 for every ape > 2. 


A related theorem, (Theorem 23.1], below) in which the condition > |u;|? < k is replaced by 
max |u;| < 1 was proved by Carl and Pajor [C-P] and Gluskin [G]. Gluskin’s methods enable him 


to obtain sharp results in limiting cases which in turn have applications in harmonic analysis. 
Results closely related to Theorem 1 were also obtained by Bardny and Fiiredi [17] and Bourgain, 
Lindenstrauss and Milman [[&§}. 


Theorem 2.3.1. There is a constant 5 > 0 so that if uj,...,Un € R*¥,1<k <n are vectors of 
length at most 1 then 


6 


J1+log t 


{a ER*: |(x,u;)| <1 for every aye > 
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The estimate is best possible if n is at most exponential in k, apart from the value of the 
constant 6. This is demonstrated by an example which had appeared some time earlier in a 
paper of Figiel and Johnson, [F-J]. Theorem 1 gives a lower bound on the volume ratios of the 
unit balls of k-dimensional subspaces of @%, and hence on the distance of these subspaces from 
Euclidean space. 


Regarding Theorem 2-3-1] as a “p = oo” version of Vaaler’s “p = 2” result, Kashin asked 
whether a similar result holds for 2 < p < oo. This question is answered in the affirmative by 
the following theorem. 

n 1 
Theorem 2.3.2. Suppose uj,...,Un € R® with k < n,1 < p < ow and let r = (4 >> |uil?)?. 
1 
Then 
a2 if p22 


1 
x €R*: |(x,u;)| <1 for every i}|@ > vpr 
I{ |(z, ui) | y i} 1 if i 


The lower bound is best possible (up to a constant) provided e?k <n < e*. 


Remark. The slightly stronger result for p > 2 is isolated since for p = 2 it gives back exactly 
Vaaler’s result. 


Theorem 223-1 follows immediately from Theorem by a standard optimisation argument. 
If (uj)? in R* all have norm at most 1 then for any p € [1, 00), 


ee D 1 
Gxmr)'<G) 
so that 


2/2 


VP(z) 


[{z: |(x, us)| < 1 for every ale > 


SIR 


(for p > 2) and the latter is at least when p = 2(1 + log 2). 


2 
Vey/1+log F 

With the careful use of well-known methods for estimating the entropy of convex bodies it 
is possible to obtain more general (but less precise) estimates than that provided by Theorem 
2; (see [B-P]). The purpose of this paper is to provide a very short proof of Theorem 2 and, a 
fortiori, Theorem 1. 


Vaaler originally proved his theorem because of its applications to the geometry of numbers. 
The last section of this paper includes a statement of the generalisation of Siegel’s lemma which 
follows from Theorem 2. 


2.3.2 The lower bound 


The proof of Theorem makes use of the following result from [20] which was designed 
to extend Vaaler’s theorem in a different direction: it estimates the volumes of sections of the 
unit balls of the spaces (7,1 < p< oo. Forl1<p<oo,ne€N let 
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n 
Bi = {2 ER": S° lai! < i} 


1 


be the unit ball of ae 


Theorem 2.3.3. Let U be a k-dimensional subspace of R"; if 1<p<q<o then 


JBENU| _ |BBaU| 
< 
BE] ~  |Bel 


Remark 1. The case p = 2,q = & is Vaaler’s theorem since then, the left side is 1 and the 
inequality states that 


Be nu) =|B | So". 


For notational convenience, the proof of Theorem is divided into several short lemmas. 
The first is no more than a convenient form of Hélder’s inequality. For k € N, S*~! will denote 
the Euclidean sphere in R® and o = o,_1, the rotationally invariant probability measure on 
S*-1_ Also let vp be the volume of the Euclidean unit ball in R”. 


Lemma 2.3.4. Let C and B be symmetric convex bodies in R® with Minkowski gauges || - ||c 
and ||-||B respectively. Then for p > 0 


ol k k+p > 
(ia) = Cam fee) 


Proof. 


(it) = (aif Gare)" een) = (aif, ae) #) 


(Lemma 234 appears in [20Jas Corollary 2.2.) 


Lemma 2.3.5. Suppose u1,...,Un € R® withk <n and1<p<oo. Then 
a1 
p 


k “1 
{a ER* : |(xi, us)| <1 for every i}|% > 2 yo | loon) 
tai |Bpl Jap 


Proof. Define T: R* > R” by (Tx); = (a, u;),1 <i <n and let U = T(R*). The problem is to 
estimate from below 
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By Theorem 223-3), 
1 
1 IU) Brl\ * 4 1 |T~'(Br)| 


Regard TJ as an operator: G — £). Then by Lemma 34, 


1 ae 
|T-(Br)| k+p . “ , 
2, ———* } > 2 | —— T,||Pdx > y x, Uj) Pda : 


Proof of Theorem Z.ZQ. Let (u;)j and p be as above. For each i let v; be the unit vector in 
the direction of u;. By Lemma 2235), 


i 


p 


loon) a 


k+p 
k|BS| Jee 


a 
ktpe 1 e 
soy ee uP oe f eae 
“ gy 
1 
P 
Pp Pp 
aan rin ait Kr, is) } 


where the minimum is taken over all vectors v of Euclidean length 1. So to complete the proof 
it suffices to show that for such a vector v, 


a 
k 2 Pp if >2 
(al lovee) <{yi 1 p2 
BE 


|Be| 2 ifl<p<2. 


1 


l{a © R* : |(x;, uj)| < 1 for every i}|* > 2 ( 


Let (x) " and (v ) jy" be the coordinates of the vectors xz and v in R”. For p > 2, observe 
that the functions (ag Dy )) on a form a conditionally symmetric sequence, so by Khintchine’s 
inequality and Hélder’s ieaaality (for S07 v y)2 = 1), 


(at [| So ay wl 


k k 2 P 
< ff +P / shen 
2 \ [Bp] Jae AS 
1 
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For 1 < p < 2 it is easily checked that 


i 
“ae | ; s 
x,u)|?dx 

(i Kall 

1 

— x,u)2dxr 
(sift) 
1 2 
—— x(1))° dx 
(ae oe )) 


and the last expression can be (rather roughly) estimated by 2 using standard inequalities 
involving logarithmically concave functions. 


SIR 


(k +p) 


Sle 


(k +p) 


Remark 2. The proof of Theorem 2.34 can be simplified even further if the integration over 
BE is replaced by integration over S*—! (and Hélder’s inequality applied here). The proof was 
presented as above because Lemma 5 has some intrinsic interest: for example it may be used to 
recover Gluskin’s precise estimate as follows. Suppose m € N and the vectors (z){" € R* satisfy 


For ¢ > 0, let W(e) be the set 
k. i) als 
{eR > max |x | <1, max|(x,z)| < =}: 
j i 


that is, W(e) is the intersection of the cube Bk, with m “bands” of width at most 


2, /log(1 + 7). Then |W(e)|& — 2as e— 0, uniformly in k and m. To see this, apply Lemma 
5 with n =k-+™, the first k, u;’s being the standard basis vectors of R® and the remaining m 
being the vectors (€z;)/". If e; is a standard basis vector, 


k+p 

a (ayes) Paar = 1 

IBS| Jee : 

and so Lemma (and the proof of Theorem [3-2) show that for each p > 2, |W (e)|é = 
i 

2(1 + m(B)2 eP(log(1 + ee and the latter is at least 

2log(1 + %)). 


nee if p = max(2, 


As was briefly mentioned earlier, more general estimates than that of Theorem 2 are obtained 
in [B-P] (for entropy numbers instead of volumes). It is worth noting however that even the 
argument of Theorem 2 can be used to give the following: there is a constant c so that if 
U1, +-+;Un € R*,k<nandT: && > & is given by (Tx); = (uj,2), 1 <i <n, then the k* 
entropy number of T' satisfies 
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ex(T) < P(e Yin") ee 


and hence 


ex(T) < 1+ log = (ITI 


z 


(taking p = 2(1+log £)). To obtain this one uses Schiitt’s estimates, [5], for the entropy numbers 
of the formal identity from £7) to ¢% in place of the result of Meyer and Pajor, and the dual 
Sudakov inequality of Pajor and Tomcezak, [21] in place of the application of Hélder’s inequality. 


2.3.3. An application to linear forms. 


As stated in the introduction, Vaaler’s original result has applications to the geometry of 
numbers. One such, a sharpened form of Siegel’s lemma, is given in [22]. Using the arguments 
of Bombieri and Vaaler and Theorem 23-2, one can obtain the generalisation of their result, 
contained in Theorem 6, below. Some notation is needed. If A is a k x n matrix of reals with 
independent rows (1 < k <n), denote by vj; = v;(A), 1 <j < k, the rows of A. Let (e;)7 be 
the standard basis of R” and denote by c;, the distance (in the Euclidean norm) of e; from the 
span of the v;’s in R”. (So if A; is the matrix with k + 1 rows, v,...,Un,e; then 


» _ det(A;A*) 


= _ for 1<t< an. 
G det(AA*) or 1<i<n.) 


Theorem 2.3.6. Let A beak xn matrix with rank k and integral entries. With the notation 
above, the system Ax = 0 admits n — k linearly independent solutions 


20) = (24, ..., 2) EZ", l<r<n-k 


so that for every p > 2, 


II max | 24" eels WE(- aha)’ Vdet AA* 


l<r<n-k 


where D denotes the G-C-D of all k x k determinants extracted from A. 


Remark 3. The principal importance of such a generalisation of Bombieri and Vaaler’s result 
is that it takes into account, more strongly, the form of the matrix A. If the c’s are all about 
the same size, then for p > 2, the expression 


(4.52) 


is small compared with the corresponding expression in which p is replaced by 2. 
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2.4 Shadows of Convex bodies 


Keith Ball”) 
Trinity College Cambridge and 
Texas A&M University College Station, Texas 


Abstract: 7 
It is proved that if C is a convex body in R” then C has an affine image C (of non-zero volume) 
so that if P is any 1-codimensional orthogonal projection, 


|PC| > |C|=. 

It is also shown that there is a pathological body, K, all of whose orthogonal projections have 
n-1 

volume about ,/n times as large as |K|7 . 


A.M.S. (1980) Subject Classification: 52A20, 52A40 
“) Supported in part by N.S.F. DMS-8807243 


2.4.1 Introduction. 


The problems discussed in this paper concern the areas of shadows (orthogonal projections) 
of convex bodies and, to a lesser extent, the surface areas of such bodies. If C' is a convex body in 
R” and @ a unit vector, PC will denote the orthogonal projection of C onto the 1-codimensional 
space perpendicular to 6. Volumes and areas of convex bodies and their surfaces will be denoted 
with | - |. 


The relationship between shadows and surface areas of convex bodies is expressed in Cauchy’s 
well-known formula. For each n € N, let vy, be the volume of the n-dimensional Euclidean unit 
ball and let o = on_1 be the rotationally invariant probability on the unit sphere $”~!. Cauchy’s 
formula states that if C' is a convex body in R” then its surface area is 


NUn, 


|aC| = 


| \PyC\do(0). 
gr-l1 


Un—-1 


The classical isoperimetric inequality in R” states that any body has surface area at least 
as large as an Euclidean ball of the same volume. The first section of this paper is devoted to 
the proof of a “local” isoperimetric inequality showing that all bodies have large shadows rather 
than merely large surface area (or average shadow). The principal motivation for this result 
is its relationship to a conjecture of Vaaler and the important problems surrounding it. This 
theorem and its connection with Vaaler’s conjecture are described at the beginning of Section 1. 


An important role is played in the theory of convex bodies by the so-called “projection body” 
of a convex body. It is easily seen, by considering polytopes, that for every convex body CC R”, 
there is a Borel measure ps on S"~! so that for each 6 € S"}, 


Pcl= [0 9)du(e). 
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Hence, there is a norm || - || on R”, with ||@|| = |P_C| for each 6 € S"—!, with respect to which 
IR” is isometrically isomorphic to a subspace of £1. The unit ball of this norm is a symmetric 
convex body which will be denoted II*(C). The map II*, from the collection of convex bodies in 
R” to the collection of unit balls of representations of n-dimensional subspaces of L; on R”, has 
been extensively studied: see e.g.[23]. The restriction of II* to the class of centrally symmetric 
convex bodies was shown to be injective by Aleksandrov: if C and D are centrally symmetric 
convex bodies and |PC| = |PD| for all @ € S”~! then C = D. If the condition of central 
symmetry is dropped, C and D may not even be congruent: the Rouleaux triangle in R? has 
all 1-dimensional shadows equal in length to those of some disc. 


The map II* was shown to be surjective by Minkowski. What Minkowski’s proof actually 
gives (at least in the context of polytopes) is the result stated in Section 2 as Lemma 6. 
(This rather detailed statement of Minkowski’s theorem will be needed for the construction 
of a pathological body with large shadows.) 


An important observation of Petty [24], is that if T is a linear operator on R” of determinant 
1 then, for every C, 


mero) = Tir (cy): (1) 


Motivated in part by Aleksandrov’s theorem on the injectivity of I*, Shephard asked whether, 
if C and D are centrally symmetric convex bodies with 


|PoC| >|PoD| forall 9¢ 5"! 


then necessarily |C'| > |D|. This question was answered in the negative by Petty and Schneider 
independently in [24] and [25]. (The corresponding question for sections rather than shadows 
was posed in [26] and answered (again in the negative) by [27.) The second section of this paper 
contains a strongly negative answer to Shephard’s question. It will be shown that a “random” 
n-dimensional subspace of 2” has a unit ball, all of whose shadows are very large compared with 
those of a Euclidean ball of the same volume. Such examples suggest that the Shephard problem 
is less delicate than the Busemann-Petty problem for sections: it is an important open question 
as to whether there are highly pathological examples for the latter problem. This question is 
usually referred to as the slicing problem. 


2.4.2 <A local isoperimetric inequality. 
In [28], Vaaler conjectured that for every n € N, every symmetric convex body CC R” and 


every k <n, there is an affine image TC of C' (for some automorphism T of R") so that for 
every k-dimensional subspace H of R” 


JH ATC| > |TC|*. 


(Vaaler actually conjectured something slightly stronger, which is false for small values of k.) 
This conjecture strengthens the slicing mentioned above, namely: there exists a 6 > 0 so that 
for each n and C there is a 1-codimensional subspace H of R” with 


J NC| > 6|C|"=. 
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The case k = 1 of Vaaler’s conjecture (for arbitrary n and C’) was proved by the present 
author in [Bi], where the result is stated as a volume ratio estimate. The proof for k = 1 
really estimates volumes of 1-dimensional shadows and then uses the fact that the smallest 
1-dimensional section of a convex body is its smallest 1-dimensional shadow. Since minimal 
sections and minimal shadows are not identical for subspaces of dimension larger than 1, such 
an argument cannot be employed ifk >1: but it is natural to ask whether Vaaler’s conjecture 
can be proved for shadows (of dimension other than 1) independently of the outstanding problem 
for sections. The principal result of this paper deals with the most important case, 
k=n-1. 


Theorem 2.4.1. Let C be a convex body in R”. There is an affine image Cc of C (with non-zero 
volume) so that for each unit vector 6 € R”, 


oa tee 
|PeC| > |Cl >. 


The result is exactly best possible as shown by the cube. 


The proof of Theorem 1 uses the well-known theorem of John [29] which characterises 
ellipsoids of minimal volume containing convex bodies. This result is stated here as a lemma. 


Lemma 2.4.2. Let K be a symmetric convex body in R". The ellipsoid of minimal volume 
containing IK is the Euclidean unit ball BY if and only if K is contained in By and there are 
Euclidean unit vectors (u;)7’ (for some m € N) on the boundary OK of K and positive numbers 
(ci)7" so that 


m 
) cu; ® uj = In. 
1 


(Here, u; ® u; is the usual rank-1 orthogonal projection onto the span of u; and J, is the 
identity on R”.) The identity above states that the u,’s are distributed rather like an orthonormal 
basis in that for each « € R”, 

m 


|x|? = So ci(us, 2)”. 


1 


m 
The equality of the traces of the operators appearing above shows that > ¢; =n. 
1 


Theorem 22.4.1] will be deduced from the following, which is little more than an affine invariant 
reformulation. 


Theorem 2.4.3. Suppose C' is a convex body in R”, (u;){" a sequence of unit vectors in R” and 
(c;)" a sequence of positive numbers for which 


m 
Ss Cu; ® uz = In. 
1 
For each 1, let P; be the orthogonal projection Py, along u;. Then 
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er < TT Bc". 
1 


There is an obvious relationship between Theorem Z4.3)2-4-2) 24-1]. is closely related to an 
inequality of Brascamp and Lieb [BU] which has been used in several places by this author, [BI] 
and [B82]. Theorem and generalisations of it were conjectured in [BO] (in a different form). 
The special case of Theorem in which the u,’s form an orthonormal basis (in which case, 
necessarily, c; = 1 for 1 <i < m=vn) was proved by Loomis and Whitney [83]. Theorem 3 can 
be regarded as an isoperimetric inequality in that it estimates the volume of a body in terms 
of an average of volumes of its shadows: in this case, a geometric average. The key point is 
that the “number” of shadows involved is small enough that the local isoperimetric inequality 
of Theorem 2.4.1] can be deduced. 


Proof of Theorem E-Z-]. Because of the intertwining property of II* with linear transformations 
(1), there is an affine image C of C so that the ellipsoid of minimal volume containing II*(C) is 
the Euclidean ball BY. This ensures that 


|Po(C)| > 1 


for every unit vector 6 € R” and, by Lemma 22, that there are unit vectors (u;)” and positive 
numbers (c;)7” so that 


|Pu,C| =1 foreach 7 
m 
and = cju; ® uj; = In. 
1 


Now, from Theorem 2.4.3, 


m 
Jer < J 1PCl* = 1. 
1 


The proof of Theorem uses Minkowski’s inequality for mixed volumes to establish a 
duality between the 1-codimensional problem to be solved and a 1-dimensional problem. The 
relevant information on mixed volumes is included here for completeness. 


For a fixed n, let C =C, be the set of compact, convex subsets of IR”. C can be regarded as 
a convex cone under Minkowski addition and multiplication by non-negative scalars. A crucial 
theorem of Minkowski states that there is a symmetric n-positive-linear form 


V: Cx---xC —> (0,00) 
meJ_—-_— 


n times 


whose diagonal is volume: i.e. V is positive linear in each of its n arguments and, for each 
CEC, 
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AVG: 


The values of V are called mixed volumes. As a consequence of Minkowski’s theorem, the 
volume |C’ + tD], (t € [0,00)) can be expanded as a polynomial in ¢, 


Ic+tD| => (;) Un_x(C, D)t® where tp_z(C, D) = V (C,...,C)(D,...,D) 
a n—k k 


and is called the n — kt mixed volume of C and D. 
The Brunn-Minkowski inequality states that 
1 
|C+tD|» 


is a concave function of t (on [0,00)). Differentiation of (2) at t = 0 gives Minkowski’s 
inequality 


\C|"=" |D|= < vp_1(C, D). (3) 


If D = BY is the Euclidean unit ball, (3) is the classical isoperimetric inequality. Inequality 
(3) will be used here with an appropriate choice of D. 


A Minkowski sum of line segments 


m m 
S (+2, 21] = {x ER": r= So divi for some sequence (A;)j" with |\;| < 1,1<i< m| 
1 1 


is called a zonotope. It is easily checked that if u is a unit vector and D = [—u,u] = {x € 
R”: x = Xu for some X € [—1, 1]} then 


2 
bei, D) = 7 |PuC| 


for any convex body C’. So if Z is the zonotope 


m 


i Ss" ay |—ui, ui] 


1 


with (u,;){” a sequence of unit vectors and (a;)/” a sequence of positive numbers, 


9 m 
Un—1(C, Z) =, po AS (4) 
There is equality in Minkowski’s inequality (3) if C = D and so with Z as before 


33 


9) m 
= eee: (5) 


This identity is usually called the volume formula for zonotopes. A simple induction argument 
can be used to obtain an expression for |Z| in terms of the a;’s and determinants of square 
matrices formed from the u,’s. In the following lemma, a similar inductive argument is used to 
obtain an estimate for |Z| which is easier to use than the actual value. 


Lemma 2.4.4. Let (uj)7" be a sequence of unit vectors in R",(c;){" a sequence of positive 
numbers with 


m 
y Ciu; ® uz = Ln 
1 


and (a;)7" another sequence of positive numbers. If 


m m Bye é 
z= S> ai[—ui, us] then |z| > 2" T] (“) 


1 1 


Proof. The proof uses induction on the dimension n. For n = 1, 


m 
[Z| = 25° ai 
1 
a) 
Cy {| — 
Cj 
ae 
Cj 
m 
by the AM-GM inequality since }> ¢; = 1, when n = 1. 
I 


For larger n, the volume formula (5) shows that with P; = P,, 


) m 
Z|=— S> ail P:Z| 
1 

is (omer 

m Ou; CE 
>2 (=17.21)" 
2 II A iS 


m 
since > é;= in. 
1 
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Now, for each fixed 7, P;Z is a zonotope with summands 


aj|-Pi(u;), Pi(uj)], Ls j<m 


and contained in the (n — 1)-dimensional space P;(R”). For each i and j let 


Vig = |Pi(uy)| = |Pj(ua)| 
(so Vj = 1— (uj,u;)”). Then for each i, 
m 
PZ =D) ay yij[—vig, 044] 
j=l 


where v;; is the unit vector in the direction of Pju; (or any direction if y; = 0). Now, for 
each 4, 


m 
= > CH YM ® Vij (2.1) 
and P; acts as the identity on P;(IR”). So, by the inductive hypothesis, 


m 2 
Piz > PT] (SB) 
ja NG 


where it is understood that if 7; = 0, the j* factor is 1: (so in particular, the i‘ factor is 1). 


Substitution of the inequalities for each 7 into ZI] shows that 


1 

“ fay \ ay \%e \ 
aee(T (ey) 
ijoi % Ci Vij 


and this expression is at least 


because aa > 1 for all i and j and, for each j, 


m 


mm 
aw = yal — (uj, u)?) =n —-1. 
1=1 


i=1 
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Proof of Theorem 4.9. Let C, (us)7", (ci)7” and (P;)7" be as in the theorem’s statement. For 
each 7, set 


m 
since }> c¢; =n. 
n 


Now by Lemma 244, 


m™m 


jor s2r(oT] (2)*) = T[]incr 
i . i=1 


i=l 


Remark 4. The lower estimate for volumes of zonotopes given by Lemma 4 could have been 
obtained from the volume ratio estimates proved in the author’s paper [23] together with Reisner’s 
reverse Santalo inequality for zonoids, (34). 


Remark 5. For every convex body C in R", there is an affine image C of C with 


|PoC| < MVnlC|"*= 


for each unit vector 6 (M being an absolute constant). This estimate depends upon the fact 
that subspaces of LZ; have uniformly bounded volume ratios. It seems likely that M could be 
taken to be 1 for symmetric convex bodies C’ (the cube again being extremal). The estimates 


in [81] show that M can be taken to be ae ~ 1.05 in this case. 


2.4.3 A remark on the Shephard problem. 


This section contains a strongly negative solution to the Shephard problem described in the 
introduction. Petty and Schneider ((24] and [25]) constructed pairs of bodies C' and D in R” so 
that 


|PoD| <|PoC| forall 96¢S"', (7) 
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but |D| > |C|. Schneider also showed that the conclusion |D| < |C| does hold if C' is 
a zonoid (a limit, in the Hausdorff metric, of zonotopes). A little more generally, if C and 
m 


D are convex bodies satisfying (7) and Z = 5) a;|—uj, uj] is a zonotope included in C (with 
n 


uz € S"—-!,1 <i<m), then, rather as in the proof of Theorem 3, 


|D|= a = |Z|n = Up_i( DZ) = YoalP DI 


<S° a4|Pu,Cl = un—1(C, Z) 
1 
< un-1(C, C) = |C| 


where the last inequality is a consequence of the monotonicity of mixed volumes: (this 
particular case is obvious from the fact that if ZC C, 


CA4Z COL HC 


for all t > 0). 


Hence, 


nis (101 


IC| 


\Z| not too large, the last inequality shows 


Since every convex body C' contains a zonoid Z with 
that under hypothesis (7), one does have 


3 
ID < Svalc. 


Apart from a constant factor, it turns out that this is the most that can be said. The 
Euclidean ball of volume 1 in R” has shadows of 1-codimensional volume about \/e (as n — 00): 
in Theorem 5 it is shown that there is a body of volume 1 in R”, all of whose shadows have 
volume about /n. 


Theorem 2.4.5. There is a constant 6 > 0 so that for each n EN, there is a symmetric convex 
body K in R” satisfying, 


|PyK| > bVn|K|"= 


for every unit vector 6 € R”. 


The proof of Theorem depends heavily upon the theorem of Minkowski on the existence 
of bodies with given projections. An appropriately detailed statement of this theorem is given 
as Lemma 2.4.6 below: the following notation is needed. For a sequence (u;)}” of unit vectors 
spanning R” and a sequence (y;){”" of positive numbers let F = F((u:),(yi)) be the family of 
convex bodies of the form 
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{cER”: |(e,um)|<, 1<7¢<m} 


indexed by sequences (t;)/” of positive reals satisfying 
1 


m 
So yiti = 1. 
1 


Lemma 2.4.6. With the above notation, F has an unique element of maximal volume, K (say), 
satisfying 


nk] 
|PoK| = FD Tile 8)| 
1 


for each 9 € S"~!, 


The body that satisfies the conclusion of Theorem 2.4.5] will be the unit ball of a “random” 
n-dimensional subspace of £2”. Such subspaces are known to have many pathological properties 
stemming from the fact that the ¢7” and ¢3” norms are well-equivalent on such spaces: this was 
proved in [85]. For the history of this result and its many extensions, see e.g. [BG]. The form of 
the result needed here is given as a Lemma. 


Lemma 2.4.7. There is a 6 >0 so that forn €N there are unit vectors uj,...,Uan in R” with 


2n 


do l(a, ui)| = dVale| 


1 


for every vector x € R”. 


The last lemma that will be needed is a result of Vaaler [28], concerning volumes of sections 
of the cube in R”. The form required here is the following. 


Lemma 2.4.8. Let (uj) be a sequence of unit vectors in RR”. Then the volume of the symmetric 
convex body with these vectors as boundary functionals satisfies. 


{x €R": |(z,u)| <1, 1<i<m}lr > 24/— 


Proof of Theorem 4.9. Let (uj;)?” be a sequence of vectors with the property described in 
Lemma 224-7. Take m = 2n and apply Lemma 2.4.6 with 7; = 1, 1l<i<m. 


The body K of maximal volume in the family ¥ satisfies 


nlK| < LA 
|Pek| = Qin Da M8 2 Tova 
for every unit vector 6. Now, F also contains the body 
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C= {7 ER”: |(g,u)|<1, Laat. 


So (by the maximality of Kk), |K| > |C|. But, by Lemma 2-23, 


ICl* > 2)/— = v2 


and hence | |r > /2. Therefore, for every unit vector 0, 


6 n= 
PoK| > Ke, 
2/9 


Remark 6. The above argument can be extended slightly to estimate surface area to volume 
ratios of subspaces of l.. Ifiq(X) is the isoperimetric quotient of the finite-dimensional normed 


space X (see [i] for definitions) normalised so that iq(l}) = 1 then for every n-dimensional 
subspace X of (™, 


iq(X) > on 
s/ 1+ log = 


for some absolute constant 6 > 0. 
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2.5 Volume ratios and a reverse isoperimetric inequality 


Keith Ball“) 
Trinity College Cambridge 
and 
Texas A&M University College Station, Texas 


Abstract: 7 
It is shown that if C is an n-dimensional convex body then there is an affine image C of C for 
which 


|ac| 
Velie 


is no larger than the corresponding expression for a regular n-dimensional “tetrahedron”. It is 
also shown that among n-dimensional subspaces of Ly (for each p € [1,00]), @) has maximal 
volume ratio. 


A.M.S. (1980) Subject Classification: 52A20 
Supported in part by N.S.F. DMS-8807243 


2.5.1 Introduction. 


The famous isoperimetric inequality in R” states that among bodies of a given volume, the 
Euclidean balls have least surface area. Measurable sets of finite volume may have infinite 
“surface area” and, if mn > 2, even convex bodies of a given volume may have arbitrarily large 
surface area if they are very flat. Nevertheless, classical inequalities such as the isoperimetric 
inequality do admit of reverse forms: the important reverse Santalo and reverse Brunn- 
Minkowski inequalities of [B83] and [BY] are examples. 


Probably the most natural way to reverse the isoperimetric inequality is to consider classes of 
affinely equivalent convex bodies rather than individual bodies. The inequality between volume 
and surface area is proved only for one representative of each class; the “least flat” member of 
that class. 


Modulo affine transformations it will be shown that among all convex bodies in R”, the n- 
dimensional tetrahedron has “largest” surface area for a given volume, while among symmetric 
convex bodies, the cube is extremal. More precisely, the principal theorems proved in this paper 
are the following: (volume and area are denoted throughout by | - |). 


Theorem 2.5.1. Let C be a convex body in R" and T a regular n-dimensional tetrahedron (solid 
simplex). Then there is an affine image C of C satisfying 


|C| =|T| and 
|OC| < |AT]. 
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Theorem 2.5.2. If C is a symmetric convex body in R” and Q an n-dimensional cube then 
there is an affine image C' of C' satisfying 


\C|=|Q| and 
|AC| < [AQ]. 


Theorems [25-1] and are proved in Section 1 below. The upper bounds for surface area 
that are needed depend upon volume ratio estimates. The volume ratio of an n-dimensional 
convex body C' is 


ur(C) = (Bh) ” 


where € is the ellipsoid of maximal volume included in C’. Similarly, if X is an n-dimensional 
normed space, ur(X) is defined to be vr(C) for any convex body C which is the unit ball of X 
in some representation of X on R”. Section 2 of this paper deals with a further question about 
volume ratios. It was proved in |B8] that the volume ratio of a finite-dimensional normed spaced 
can be bounded above, solely in terms of the cotype-2 constant of the space: (see e.g. [40] for 
definitions). In particular, finite-dimensional subspaces of L; have uniformly bounded volume 
ratios. An isometric form of this result is proved below: it is shown that for each p € [1, co], &F 
has maximal volume ratio among n-dimensional subspaces of Lp. 


This paper constitutes a sequel to the paper [41] which appeared recently. 


2.5.2 The reverse isoperimetric inequality. 


There are (at least) two ways in which to couch reverse forms of the classical inequalities 
for convex bodies. In the case of the reverse Santalo inequality, the expression to be estimated 
is |C||C°|. This expression, the volume product for a symmetric convex body and its polar 
is invariant under linear transformation of C. So there are bodies for which the expression 
is minimal. Surface area does not behave well under linear transformations. Although there 
are affine invariants which measure surface area it seems natural to reverse the isoperimetric 
inequality by choosing representatives of affine equivalence classes of bodies, as described in the 
introduction: (for the affine invariant problem, see the appendix at the end of this paper). 


For many of the classical inequalities involving convex bodies, the extremal bodies are 
ellipsoids or Euclidean balls and often this means that the inequalities can be proved by well- 
known symmetrisation techniques. For the reverse inequalities, one expects extremal bodies 
such as cubes or tetrahedra: because of this, classical symmetrisation methods do not seem to 
be readily applicable. 


As was mentioned earlier, Theorems 2-5-1 and 2-5-2) are proved via volume ratio estimates. 
Two well-known theorems of John [42], characterise ellipsoids of maximal volume contained in 
convex bodies. These are stated here as lemmas. 


Lemma 2.5.3. Let C be a symmetric convex body in R". The ellipsoid of maximal volume in 
C is the Euclidean unit ball BY, if and only if C contains BS and there is a sequence (u;)7" of 
contact points between BY and OC (i.e. unit vectors on the boundary of C’) and a sequence (c;){" 
of positive numbers so that 


Al 


m 
S > cits @ ts = (1) 
1 


Here, u; ® u; is the rank-1 orthogonal projection onto the span of u; and I, is the identity 
operator on R". Condition (1) shows that the u;’s behave like an orthonormal basis to the extent 
that for each x € R”, 


m 


pr = ais. 


1 


The equality of the traces in (1) shows that 


m 
) cq =n. 
1 


Lemma 2.5.4. Let C be a convex body in R” (not necessarily symmetric). The ellipsoid of 
maximal volume in C is B3, if and only if C contains B} and there are contact points (u;)7" 
and positive numbers (c;)'" so that 


m 
a) > Gt Oy 1, and 
I 


b) \ Gy =0 


1 


Theorems [2.5.1] and are proved by combining the theorems of John with a generalised 
convolution inequality of Brascamp and Lieb, [43]. A “normalised” form of this inequality was 
introduced in the author’s previous paper [41]. The normalisation is motivated by the theorems 
of John: its principal advantage is that it “automatically” calculates the best possible constant 
in the inequality. The theorem of Brascamp and Lieb is stated here as a lemma. 


Lemma 2.5.5. Let (u;){” be a sequence of unit vectors in R” and (c)7" a sequence of positive 
numbers so that 


m 
) Cu; ® uz = Ip. 
1 


For each i, let f;: IR — [0,co) be integrable. Then 


[Tl su, 2)ynae < I ([#) 


There is equality in Lemma if the f;’s are identical Gaussian densities or if the u,’s 
form an orthonormal basis of R” (and in some other cases). Lemma is a generalisation of 
Young’s convolution inequality with best possible constant, proved independently by Beckner, 


[24]. 
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It is relatively simple to combine Lemmas and to show that among symmetric 
convex bodies in R”, the cube has exactly maximal volume ratio. (This was done in [1] and the 
result is quoted below as the p = oo case of Theorem 2.5.7.) Thus, if C is a symmetric convex 
body whose ellipsoid of maximal volume if BY, then |C| < 2”. From this it is easy to deduce 
Theorem [2.5.21 


Proof of Theorem 22.2. Let C’ be a symmetric convex body in R”. It is required to show that 
some affine image C’' of C satisfies 


|AC] < In|C| 


since these expressions are equal if C is a cube in R™. Choose C so that its ellipsoid of maximal 
volume is B?. By the remark above, |C| < 2”. But, since B? Cc C, 


my [C+ eB ICL ey C+ eCl- ICI 
beak = 


|AC| = 


Buel Ee >0 E e>0 


i Ay) nat 
= nlC| = nlC|" ae Ow < In|C|" 


In exactly the same way, Theorem 1 may be deduced from the volume ratio estimate given 
by Theorem 1’ below. (In each case the argument loses nothing, because each of the cube and 
tetrahedron has the property that all its faces touch its ellipsoid if maximal volume.) 


Theorem 2.5.6 (Theorem 1’.). Among all convex bodies in R”", n-dimensional tetrahedra have 
maximal volume ratio. 


Proof. The n-dimensional regular tetrahedron that circumscribes By has volume 


n2(n+ 1)" 
n! ; 


So, it suffices to prove that if C is a convex body whose maximal ellipsoid is B? then 


n?(n+1)"2" 
n! 


IC| < 


By Lemma 4 there are unit vectors (u;)/” on OC and positive numbers (c;)7" so that 


m 
_ cu; ®@uj—=Ipn and (2) 
1 

m 
> Cru, = 0. (3) 
1 


Since the u;’s are contact points of BY and OC, 
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Gcig eR’: um) <1,1<14<mjeaHk (say). 
It will be shown that K has volume no more than 


nt+l1 
2 


n2(n+1) 
n! 


Now, there is equality in Lemma if the vectors appearing in its statement are orthogonal. 
The key to the following estimate is the construction of a new sequence of vectors (v;)i” in R"*+ 
which would be orthogonal in the extreme case in which K is a regular tetrahedron. The estimate 
follows from an application of Lemma 5 to a family of functions whose product is supported on 
a cone in R™+! whose cross-sections are similar to K. 


Regard R™*+! as R” x R. For each i, let 


n 1 
— . Ee Rt! 
ms Vn+1 ( mi a) 


d; = Cj. 


and 


Then, for each 7, v; is a unit vector and the identities (2) and (3) above, together ensure that 


m 
y divi ® vi = In+1.- 
I 


Also, )> d; =n+1. For each i, define f;: IR — [0, co) by 
I 


e* af ¢S0 
fit) = { 0 if t<0. 
Finally, for x € R"*! set 
F(x) = [| fa((vi,2)) 
i=1 


By Lemma [2.5.5 


Now, suppose xz = (y,r) € R" x R. For each i, 


oo a eos Vinay 
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m 
Since 5) cju;j = 0, there is some j (depending upon y) for which (u;,y) > 0. Hence, if 
1 


r <0, (v;,2) < 0 for some j and so F(x) = 0. On the other hand, if r > 0 then F(a) is non-zero 
precisely if for every 7 


r 
(ea) Ss Fe 


in this case 


(a) =e (- oa a5 a) 
= exp ( n+1-r4 (22 Sews)) 


= exp(—Vn+1-r). 


Thus, for each r > 0, the integral of F' over the hyperplane {x: 2,41 = 1} is 


e-Vntir 


ak =e me) IK 


Therefore, from (4), 


as required. 


Remark 7. It is possible to obtain estimates on outer volume ratio, which involves the ellipsoid 
of minimal volume containing a body C, by using a reverse form of the Brascamp and Lieb 
inequality. Among symmetric convex bodies, the n-dimensional “octahedron” is extremal, and 
among all convex bodies, the tetrahedron. 


2.5.3 Volume ratios of subspaces of L,. 


In [41], the author showed that among n-dimensional normed spaces, ¢%, has maximal volume 
ratio: (this fact was used in the proof of Theorem above). The inequality of Brascamp and 
Lieb can be applied equally well to estimate the volume ratios of subspaces of L, for 1 < p < ov, 
since the volumes of their unit balls can be easily expressed as convolutions: (this is done in 
Lemma 7 which was observed in [A5]). 


Theorem 2.5.7. Let 1 < p < oo. Among n-dimensional subspaces of Lp, the space ¢) has 
exactly maximal volume ratio. 


The remainder of this section is devoted to the proof of Theorem 2.5.71. 
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Lemma 2.5.8. Let Kk be a symmetric convex body in R” with Minkowski gauge || - || and 1 < 
p<co. Then 


1 
k| = ——~ e llel” da. 
a Dias) [. 


Proof. Let o be the rotation invariant probability on the Euclidean sphere S”~! and vu, the 
volume of the Euclidean unit ball BY. Then 


i clear = nun [ / ell? -”—l dda (0) 
Rn Sr-1 JO 


=n» [ |al-"doe) - f er ldr 
gn-l 0 


CoO 
= nix | er —ldr 
0 


=T(1+=)IK\. 
Pp 


Proposition 2.5.9. Let (u;)}" be unit vectors in R" and (cj)7" positive numbers satisfying 


m 
y Ci, By = Ins 
1 


(a;)" positive numbers and 1 <p < oo. For each x € R” set 


m a 
Pp 
lll = (Sasltus2}P) | 
1 
Then if K is the unit ball of the space (R”, || - ||), 


IS hapa) II (=)”. 


Remark 8. For 1 < p < 2. Meyer and Pajor, [M-P], proved that the largest n-dimensional 

sections of the unit ball of £;' are those spanned by n standard unit vectors. This result is a 
P 

consequence of Proposition 8 applied with a; =c?,1<i<™m. 

Proof. For 1<i<m, let f;: R— [0,00) be defined by 


f,(t) = exp ( -- = [tP). 


By Lemmas [25-5 and ??, 
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PU) II Gy 


The deduction of Theorem 2.5.7 from the preceding proposition uses an important lemma 
of Lewis [6], which extends John’s theorem, Lemma [2.5.31 


Lemma 2.5.10. Let 1 < p< 00 and X be an n-dimensional subspace of t;'. Then X may be 
represented on R” with norm given by 


ell = (Salem.aP)" 


1 


where (u;)/" is a sequence of unit vectors and (c;)}” a sequence of positive numbers satisfying 


m 
y Gi; QU = Ty: 
1 


Remark 9. The key point in Lemma 9 is that the same c;’s appear in both expressions. Thus, 
Proposition 8 may be applied with a; = cj,1 <i <m; in this case the estimate of Proposition 8 
has a particularly simple form. 


proof of theorem Zi. It may be assumed that p < oo and it suffices to estimate the volume 
ratios of n-dimensional subspaces of £7" for each integer m > n. Let X be such a space and 
assume that it is represented on R” in the way guaranteed by Lemma 9, with unit ball K (say). 
By Proposition 8, 


2°r(1 +3)" 


2 Se 
ts Pils) 


The latter expression is the volume of the unit ball of £7 in its normal representation on R”. So 
it is enough to check that AK contains an Euclidean ball of radius 


AT 


In the first case, for every x € R”, 


m 


(|z| being the Euclidean length of x). In the second case 


= al? 


m m 
lal? = So eal (ui, 2) SSO ealal? (us, 2)? = Jal? - el? 
1 1 


2.5.4 Appendix. 


For a convex body C in R” and unit vector 0 € R”, let PoC be the orthogonal projection 
of C’ onto the 1-codimensional subspace of R” 


perpendicular to @. It was observed by Petty in 
[47], that the expression 


(ice f_\recr-*aot) ” (5) 


is invariant under invertible affine transformations of the body C. This expression measures 
“minimal surface area” in the sense of Theorems 1 and 2. To see this, note that, on the one 
hand, the Cauchy formula for surface area states that for a convex body C in R” 


aoa | |P,C|do(6) 
gr-1 


Un—1 


and so by Hoélder’s inequality 


|OC| n 


ot 

Un n— —n 7 

oh (ic ey \PyC do(0)) . 
|C| n Un—-1 gr-l 


On the other hand, Theorem 2.5.7 (for p = 1) states that if X is an n-dimensional subspace of 
Ly then 


wens (EER)! 
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From this it is easy to deduce that each convex body C has an affine image C for which 


ay fee 
le 2 fy es (ier | [FeCl "a " 
|C| T Un-1 gn-1 
2€ NUn 4 _ ai 
= — —____ my P, iC n, 
(== C [_, weci-naace)) 


A strong isoperimetric inequality of Petty, [A&], states that the expression (5) is minimised by 
the Euclidean balls. It would be possible to reverse the isoperimetric inequality by determining 
the bodies which maximise (5). It seems likely that the cube and tetrahedron are extremal for 
this modified problem: this is certainly true if n = 2. 
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2.6 On the volume of the intersection of two Ly balls 


G. Schechtman# and J. ZinnS 


2.6.1 Introduction. 


This note deals with the following problem, the case p = 1, g = 2 of which was introduced 
to us by Vitali Milman: What is the volume left in the Ly; ball after removing a t-multiple of 
the L? ball? Recall that the L? ball is the set {(t1,t2,...,tn); t¢ © R, n-+ Of, |i" < 1} and 
note that for 0 <p <q < oo the Lj ball is contained in the Ly ball. 


In Corollary 4 below we show that, after normalizing Lebesgue measure so that the volume 
1 all 
of the L7 ball is one, the answer to the problem above is of order ent foe Pct 5nP 4, 


where c and T depend on p and q but not on n. 


The main theorem, Theorem 8, deals with the corresponding question for the surface measure 
of the Ly; sphere. Theorem 3 and Corollary 4 together with some other remarks form Section 
3. In Section 2 we introduce a class of random variables to be used in the proof of the main 
theorem. These random variables are related to L, in the same way that Gaussian variables are 
related to Lo. 


2.6.2 Preliminaries. 


Here we introduce a class of random variables to be used in the proof of the main theorem and 
summarize some of their properties. Fix a 0 < p < oo and let 2,71, %2,...,%, be independent 
random variables each with density function cpe~’”, t > 0. Note that necessarily c, = p/T'(1/p). 
The first claim is known, though we could not locate a reference. 

Lemma 2.6.1. Put S = (ey de) ue then (4. ee %) is uniformly distributed over the 
positive quadrant of the sphere of I), t.e., over the set 
Ay = {(ti,t2,---,tn) 3 ti > 0, Ot = 1} equipped with the (n — 1)-dimensional normalized 


Lebesgue measure. Moreover, ce 3, hstely 2) is independent of S. 


Proof. For any Borel subset A of Ap, 


P((Gige 1g) € 4/8 =a) = 


ge gtr g 
— tim P (Cf Bn) ER,A&a-e<S<a+te) 

e>0 Pia-—e<S<ate) 

; as Pp _ p 
= lim € Etat / n e Vtidt 

e—>0 (ty yes tn)ERLA (t1,.-,tn)ER 

(a—e)P<>>  <(ate)P (a-—e)P<>> P <(ate)P 
p 
< lim sup eee) dt / ' dt 
SS ea (t1,..,tn)ER LA (41 ,-tnJERD 
(a—€)P<D wP <(ate)P (a—e)P<>> tP <(ate)P 

= A(A), 


*Supported in part by the US- Israel BSF and by the Glikson Foundation 
SSupported in part by NSF DMS-86-01250 and by Texas Advanced Research Program 
TGrant no. 3825 
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where 4 is the normalized Lebesgue measure on A. Similarly, 


PC oe) c A|S =a) > A(A). 


This proves that P((4, eee %) E A) = )(A) and that (4, Be ear %) is independent of 
iS: 


In the next claim we gather some more properties of the random variables 2;. 


Lemma 2.6.2. Let x,21,...,2%n be as above, then 


1. Cp is bounded away from zero and infinity when p — ov. 


1/p 
9. For allh > 0 and all 0 < p < 00, Ee7h” = (ch) . In particular, 


Ee"? > e*"/P_ for all h>O and Be” <e7*/? for all O<A<1. 


8. For all0 <u < oc andall0 < p< ow, Par aa) > ee. Ifp >1andu > 1, then 


also P(xP >u) < ee ul? In particular, for p > 1 and all u, P(a? > u) < Ce~“/? for some 
universal C’. 


1/q 
4. Foralll1<p<q<o, BOS ze) is equivalent, with universal constants, to q!/Pn\/4, 
if q <logn, and to (logn)!/” otherwise. 


Proof. 1. Follows easily from the fact that c, = p/T'(1/p) = rG +1)71. 


2. is a simple computation. 


3. is also simple, here is a sketch of the proof. 


Re Sa) = | edt 


ul/P 


(wt)? (pt) 
2, ee amen GE 
ul/p p(u + 1)(P-1)/p 


_ Cp 1 4h 
~ be + 1)@-DP (1- Ze 


IV 
| 


The other inequality in 3 is proved in a similar way. 


4. First note that for all 0 < p,q < 


ad 1 
Ex! =c tle" dt = Pp aa 
‘p 
0 Pp Pp 
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so that, by the triangle inequality and 1, if1<p<q<o 


n 


0S ih Z (o Ex‘) Wa (@r(*)) a < CqtlPntla 


for some universal C. For the lower bound in the case q < logn, divide {1,2,...,n} into 
approximately n/e? disjoint sets of cardinality approximately e% each, then 


> c (log e*)/?(n/et)"/4 
= lg /Pnl/4, 


Now, for the case q > logn we note first that, by 3, 


Cp _94P\n 
P SSI". 
So ee aa 
For n smaller than an absolute multiple of p, the lower bound follows easily from the fact 
that Ea, is larger that a universal positive constant, so assume that n > 20p/cp and put 


1/p 
t=2-'/p (log se | .Then, for some universal c, 


: 1/P) > 
P( max @; > c(logn)"/?) > 1/2. 


In particular, Emaxj<j<n 2; > c(log n)i/ P. which implies the lower bound in this case since 


1/q 
Ee x!) is universally equivalent to max,<j<, 2;. The upper bound in this case, though 


a bit harder, is also standard and since we don’t use it in the sequel we shall leave it to the 
reader. 


The statement in 4, for the case p = 2, was noticed by the first named author several years 
ago while seeking a precise estimate for the dimension of the Euclidean sections of I; spaces (see 
[29] p.145 Remark 5.7). The original proof was more complicated. The proof presented here is 
an adaptation of a proof of the case p = 2 shown to us by J. Bourgain. 


2.6.3 The main result 


Theorem 2.6.3. For all 1 < p< q < o there are constants c = c(p,q) , C = C(p,q) and 
T =T (p,q) such that if u denotes the normalized Lebesgue measure on the positive quadrant of 
the unit sphere of Ly, then 


y(|[ullaz > t) < exp(—ct?n?/*) (1) 
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for allt > T, and 
(lull ce > t) > exp(—Ct?n?/4) 


fee 
forall2<t< 5znP 4. 
Moreover, for q > 2p (or any other universal positive multiple of p), one can take c(p,q) = oe 
C(p,¢) = 7 and T(p,q) = Tmin{q, logn}!/? < q!/?. Here y T andr are universal constants. 


Proof. By Lemma 1 above, 


L(l|ull oe >t) = P(nra()> OD cP) !/p > t) 


i=1 i=1 


where x; are independent random variables each with density Ger: Assume, for the simplicity 
4 = 1,232.0 /2 be 


of the presentation, that n is even. Put S = (Sv, 2?)'/? and let pj, 


positive numbers with sum < 1/2. Then 


P(n?4(S > af)/4/(S aP)H? > t) = 
a1 11. 


. tye 2)? 
=P() > oe) 
i=l aus 
n/2 4 n 
q 
< S7 P(e} > tpi!*S/n?-4) + P( > a]? > #85%/2n#*) (3) 
i=1 i= 51 


where {x} denotes the nonincreasing rearrangement of {|2x;|}. 


Since 
n ie 
ag sae Ge. *p\q/p 
di SgeF SoG i) 


we get that, if t > 2!/P, the second term in (3) is zero. 


To evaluate the first term in (3), fix 1 < 7 <n/2. Then, 


P(e > tp;!"S/n?~7) < (") Pte soesiy > tpy!48/n®*) 


n 
n = 
< ( |Past soe ) a? /n' Pid) 
i=jtl 


From Lemma 2 (first 3 and then 2) we get that the last expression is dominated by 


("orm exp (anh! S> a? /n1-?/4) 
i=j4l1 


("CF exp(— apt! (n 2pm!" 
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for some universal C’. Note that the last inequality holds if jn?/ ge 14? < 1. If this is not the 
case the probability we are trying to evaluate is zero. Finally, the last term is dominated by 


(4) 


cr. 


exp(i (log +C i 


Now, for a to be chosen momentarily, let p;, 7 = 1,...,n/2, be such that 


)= anP/U4P 


en 
j(log— + C 
( J Ap 


log > A4C'p ; oP yale 


Ey ( Ppnpla tPnp/4 j 


We thus get that,for some universal constant C, 


/P (log &)4a/P ‘ 
fs) (Cp)? ( og j ) | q/p (4p)4 P 
PpSe? Hii Saal (5) 
It is easy to see that, for 1 <p<q<o, 

n/2 
S-(log—)1/” < Anmin{q‘/”, (logn)4/?} 
" Jj 
j=l 


for some universal A. Thus the sum over j of the first terms in (5) is smaller than 1/4 if, for some 
universal y, t > ymin{q!/?, (logn)!/?}. The sum over j of the second terms in (5) is bounded 
by 1/4ifa<B ras — 1)/4, for some universal B. Choosing a to satisfy this inequality and 


using (3),(4) and (5) we get that, for t > ymin{q!/?, (logn)'/?}, 


—anP/44P 


nr 
u(lullnn > t) < Be 


Under the conditions on t, the factor n/2 can be absorbed in the second term (changing a to 
another constant of the same order of magnitude as a function of p), thus proving (1). 


We now turn to the proof of the lower bound (2) which is simpler. Using Claim 1 again, 


pllellng > 8) = Pla 9 Saf) (S at)? >) 
w=1 i=l 


P 
= t . p\1/p 
— P(a1 = (nG-P/4) =; pyr (2 2) ). 


Since t? < 5n(t—-P/9), this dominates 


DMP E ie 
P(a1 a oa”) 
EE i? 
Now, by Claim 2.3., 
P(a1 > = ( Bye) = 2 Bexp(—4t? 2? /nt-¥/9)) 
np a “= 2p c 
i=2 1=2 
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&p 
2p 
1 (n—1)/p 
= +(——,-) (by Claim 2.2.) 
2p\1+ 
ni-p/4 
Gs AtP(n — 1) 
2 2 exp( (1—p/q) ) 
P pn 
S D AtPnP! 4p. 
= op 


(E exp(—4tPa? /n(t-P/9)\" 


Finally observe that, since cp is bounded away from zero and t > 2, the factor oH can be absorbed 
in the second term (changing 4 to another universal constant). 


Remark 10. 1. It follows from the proof that, for n large enough and q close to p, one can take 


6p g) = AG — 1) for some universal constant c. 


2. It follows from the statement of the theorem that, for q = ov, 
p1(|24lloo > t) < e P 


for allt > r(logn)*/”, and 


p(|ltUlloo > t) = eT? 


1 
forall2<t< 5nP, where y, T and 7 are universal constants. 


3. Note that it follows from Claim 1 and Claim 2.4. that the order of magnitude of T is the 
correct one. 


4. The restriction p > 1 in Theorem 3 above and in Corollary 4 below can be replaced by 
p > 0 if one replaces the inequality t > 2 with t > d, for some d depending only on p and q, 
and removes the “moreover" part. We didn’t check the dependence of the constants on p and q 
in this case. 


The last remark is that one can get a similar statement for the full balls. We state it as a 
corollary. 


Corollary 2.6.4. For all 1 < p< q< o there are constants c = c(p,q) , C = C(p,q) and 
T =T(p,q) such that if v denotes the normalized Lebesgue measure on the ball of Li, then, for 
all n large enough, 

v(\lulloe > t) < exp(—ct?n?!*) (6) 
for allt > T, and 

v(\lullcp > t) > exp(—CtPn?/*) (7) 


1 
for all2<t< sn 
one can take c(p,q) = 
are universal constants. 


Moreover, for q > 2p (or any other universal positive multiple of p), 


1 
a, 
; Opn) = 7 and T(p,q) = Tt min{q, logn}'/? < q'/?, where y ,T andr 


The proof follows easily from Theorem 3 and the formula 


y(A) = nf rtu(2)ar 


which holds for all Borel sets A in the ball of Oe 
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2.7 The Rademacher Cotype of Operators from /* 


S.J. Montgomery-Smith 
Department of Mathematics, University of Missouri, Columbia, MO 65211. 
M. Talagrand 
Department of Mathematics, The Ohio State University, 231 W. 18th Avenue, Columbus, OH 
43210. Equipe dAnalyse Tour 46, Universitte Paris VI, 4 Place Jussieu, 75230 Paris Cedex 05. 


Abstract: 

We show that for any operator: T : IN — Y, where Y is a Banach space, that its cotype 2 
constant, (?)(T) is related to its (2, 1)-summing norm, 7,1(T), by K?)(T) < c.loglogN72,1(T). 
Thus, we can show that there is an operator T : C(K) > Y that has cotype 2, but is not 
2-summing. 

A.M.S. Classification: Primary 46B20, Secondary 60G99 


2.7.1 Introduction. 


The notation we use in this paper is loosely based on that given in[b0+52]. 


we let €1,€2,... be independent Rademacher random variables, that is, Pr(e, = 1) = Pr(e,; = 
—1) = 3 A linear operator T : X — Y is said to have (Rademacher) cotype p(p > 2) if there is 
a constant C' < co such that for all 71, 29,...,25 in X we have 


8 z 
(>> treat) < cE Drs) 
s=1 s=1 


The smallest value of C is called the (Rademacher) cotype p constant of T, and is denoted 
by K)(T). These definitions extend to spaces in the obvious way; a space X has cotype p if 
its identity operator has cotype p. 

We define the (p,q)-summing norm of a linear operator T : X — Y, denoted by zy,q(T'), to be 
the least number C' such that for all 71, 272,...,2g in X we have 


i 
q 


S ; S 
(> iro) < Csup (> lore) 
s=1 s=1 


where the supremum is taken over all x* in the unit ball of X*. We call a (p, p)-summing 
operator a p-summing operator, and write m,(Z’) for mp ,(T). We say that the operator is 
(p, q)-summing ( p-summing) if mp4(T) < oo (respectively m)(T) < 00). 


If l1<p<oo,and1<q<o, then we let Ly4(j1) denote the Lorentz space on the measure 
ju. We refer the reader to [bI, 53] for details, but just note that the ZL, norm may be calculated 
using 


a i a oe os 
Ifa = fo (ltl > drat == f° sel yr(o)as 
0 P Jo 
where f* denotes the non-decreasing rearrangement of | f|. 
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The basic motivation behind this paper is in classifying operators from C(k) that factor 
through a Hilbert space, where C(/‘) denotes the continuous functions on the compact Hausdorff 
topological space, K. The first result in this direction is due to Grothendieck, which states that 
any bounded linear operator C(A) — Ly factors through Hilbert space. This was generalized 
by Maurey [54], allowing L, to be replaced by any space of cotype 2, to give the following result 
(see also [52] ). 


Theorem 2.7.1. Let T: C(K) > Y be a linear operator, where Y is any Banach space. Then 
the following are equivalent: 
i) T is 2-summing; 


ti) T factors through Hilbert space; 

tii) T factors through a space of cotype 2. 

However, we are still left with the following question: if the operator T : C(k) > Y has 
cotype 2 , does it follow that it factors through Hilbert space? 


One way one might tackle this problem is to consider the (2,1)-summing norms of such 
operators. Jameson [55] showed that there is an operator T : IX — Y such that m(T) > 
c 'V/log Nr21(T). Hence, if we can establish a strong relationship between the cotype 2 
constants and the (2,1)-summing norms of such operators, then we can answer the above 
question in the negative. To this end, we have the following - the main result of this paper. 


Theorem 2.7.2. There is a constant c such that for any operator T : IX + Y, where Y is a 
Banach space, then the cotype 2 constant is bounded according to the relation: 


K)(T) < clog log Nr2,1(T) 
Corollary 2.7.3. There is an operator T : C(k) + Y, where Y is a Banach space, that has 
cotype 2, but does not factor through Hilbert space. 
Finally, before embarking on the proof of this result, we point out that for p > 2, the above 


problems have been completely answered. 


Theorem 2.7.4. Let T: C(K) > Y be a bounded linear operator, where Y is a Banach space. 
Then for all p > 2, the following are equivalent: 
i) T is ( p,1 )-summing; 


ti) T has Rademacher cotype p; 
tii) T factors through a space with Rademacher cotype p. 
The implication (i) <= (ii) is due to Maurey |b6]. The third equivalence follows from the 


fact that any (p, 1)-summing operator from C(ic) factors through Ly (see [BZ] or Theorem 5 
below), and that Ly has Rademacher cotype p, (see [5§J). 


Theorem 2.7.5. If p > 2, then there is a bounded linear operator C(K) + Ly that is not 
-summing. 


We refer the reader to [59]. 
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2.7.2. Proof of the Main Result 


To prove Theorem 2, we need the following two results. The first allows us to reduce questions 
about (p, 1)-summing operators from C(/c) to the canonical embedding C(/.) + Loi(K, 1) ( 
a probability measure), and is due to Pisier (see {57]J). 


Theorem 2.7.6. Let T: C(K) — Y be a (p,1)-summing operator, where Y is a Banach space, 


and p> 1. Then there is a Radon probability measure up on K and a constant C < p? ta(T) 
such that for all x € C(K) we have ||Tx|| < Cllzllz, (Ky) 


The second result is about Rademacher processes, and is due to the second named author 
(for the proof, see [60] ). First we establish some more notation. If T is a bounded subset of 
R*, we write 


S 


r(T) = Esup 
teT 


Est(s) 
i 


s= 


If B is a subset of R°, we write N(T, B) for the minimal number of translates of B required 
to cover D. We write B? for the unit ball of /7, and B for the unit ball of 13. From now on, 
we take all logarithms to base 2 . 


Theorem 2.7.7. There is a constant c, such that if T is a bounded subset of R°, and « > 0, 
then letting D = cir(T) BP + «BF, we have 


r(T) > cy ev/log N(T, D) 


Now we will state the main result towards proving Theorem 2. 


Proposition 2.7.8. There is a constant co such that if (Q,F, 4) is a probability space with N 
atoms, and £1, %2,...,25 € Loo(w) are such that 


Wy 


S 
) EsXs 
s=1 


ae 
[oe 


then 


2 


S 
(> lo < cz loglog N 
s=1 


Our first step in establishing this result is to restate Theorem 6 in a more suitable form. 


Lemma 2.7.9. There is a constant c, (the same one as in Theorem 6) such that the following 
holds. Suppose that (Q,F,) is a measure space, with Q finite, and 71, X2,...,¢5 € Loo(m) with 


7 
Wy 


S 
y Egls 
s=1 


<1 
[oe 
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Then for all integers k, we may partition 2 into at most 22" measurable sets, find yj, 
Y2, +++) YSs 21; 22,--+,2%9 © Loo(m), and find 71, %2,...,Zg € Loo (Q,F', uw) (where F’ denotes the 
algebra generated by the partition), such that 7, = %, + ys + 2s, 


Ls 


<c (Str) < 273 
ad fore) 


Proof. Let T = {(xs(w))31 :We ah, and let € = cj —lo-3. If we apply Theorem 6 , we see that 


there are 22" translates, tj +c, (BF + 2-3 BS) (1 <I< 2), that cover JT. We let the covering 
of 2 be the sets 


A, = {w : (w5(w))2_y Et + er (Bi a 22 Bs)} 


and if A; is non-empty, we choose w; € A;. Define %,(w) = x, (wu) if w € Ay. Now, if w € Aj, 
we know that (#,(w) — %5(w))>_, Ec (35 + 2-3BS), that is, there are (ys(w))>_, € cB? and 


(z5(w))9_, € c1272 BS, with x,(w) = 25(w) + ys(w) + 25(w). 


Lemma 2.7.10. There is a constant cz such that if (Q,F, 1) is a measure space with Q finite, 
then the following hold. 


i i 
i) If y € Loo(u), then |lylla1 < |lyllecllylli- 


ti) If the smallest atom is of size a, then for all z € Loo(p) we have 
IIZlla1 < e3(1 + Vlog(u(Q)/a))||zIl2 
iii) If there are N atoms, then for all z € Loo(u) we have ||z\]21 < VN||z|l2- 
Proof. i) We have that 


IIulloo 


IlYlloa = Ve(lyl > t)dt 


llloo 2 6 fllatlce 2 
(f° a) (i Hi > 8a) 


i i 
= |lylleollull 


ii) We have 
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JE fe ets) 
Ila =5 f eas 


1 se) z*(s) 
Vallallo +5 f wee 


) as\? (pul 2 
<tite+3([" *) (/" oa) 
< e3(1 + Vlog(u(Q)/a))||zIl2 


iii) Let By, Bo,..., By be the atoms of 2 arranged so that z*(n), the value of |z| on By, is 
in non-increasing order. Also, let z*(N +1) =0. Then 


IA 


1 


N n 2 
lIzllea = >> bs lu n)) (2*(n) — 2*(n + 1)) 
n=1 \m=1 


as desired. 


We remark that Lemma 9(i) is a well known interpolation result, and is true for all measure 
spaces. 


Lemma 2.7.11. Jf (Q,F,,) is a probability space with Q finite, then 


mE 
S 2 
2 
(31m) < 
s=1 


Ss 
Y= ysl 
s=1 


(oe) 


Proof. This follows straight away from Lemma 9(i). 


Lemma 10 is also well known (and true for all probability spaces). In fact it is a reformulation 
of the statement that the canonical embedding C(Q) — L21() has (2,1) summing norm equal 
tol. 


Lemma 2.7.12. There is a constant c4 such that, if (Q,F,) is a probability space with at most 
N atoms, then 


1 


S 2 Ss 
(> ts < ca log N (> al 
s=1 s=1 


i 
2 


(oe) 
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Proof. Let A Cc Q be the union of those atoms of measure less than nee so that (A) < x By 


Lemma 9(ii), we have that l|zsxo\all, , < c3vlog N ||2s||2, and by Lemma 9(iii), we have that 
llzsxAlloa < VN ||zsxallp- Thus, we have that 


1 
S 2 
2 
(S18, ] 
s=1 


1 
2 


IA 


s ; 7 g 
(> |zxoull 1 (> lvl 
s=1 s=1 
Ss 2 S 
cw ibew (¥° tel + JNA) (si) 
s=1 s=1 


i 
2 


IA 


(oe) 


IA 


cay/logN (Sia) 


s=1 
oo 


as desired. 


Proof of Proposition 7: Without loss of generality, we may suppose that N = 22" We prove the 
result by induction over k. Suppose that Q has 22°" atoms. Apply Lemma 8 to cover Q by 22" 
subsets, and to give 71, Z2,...,%9,Y1,Y2,---; YS, 21, 22,---,2g as described in the lemma. Then, 
by the triangle inequality 


aie 1 1 


S 2 S 2 S 2 S 2 
2 — 12 2 2 
(Sst < (So teul8,] + (Sot) + (Sotetf} 
s=1 s=1 s=1 s=1 


By the induction hypothesis, 


NIB 


Nile 


Ss 
(>: 18. < cok 
s=1 


By Lemmas 10 and 11 we have that 


S 2 
(stmt =. 
s=l1 


and 


1 


Ss 2 
(> ts < e423 (1 + \/log 2 < 2ere4 
s=1 


Hence 
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S i 
(>: lB) < eg(k +1) 
s=1 


as required, taking cg = 1 + 2cjcy. 


To prove the main result is now easy. 


Proof of Theorem 2: By Theorem 5, it is sufficient to show that for any probability measure pu 
on {1,2,..., N}, the cotype 2 constant of the canonical embedding IX > L21(j) is bounded by 
some universal constant times loglog N. But this is precisely what Proposition 7 says. 


2.7.3. Final Remarks 


There is a similar result for Gaussian cotype (see[6J)). 


Theorem 2.7.13. There is a constant c such that, for any operator T : IN + Y, where Y is a 
Banach space, the Gaussian cotype 2 constant, Be) (T), is bounded according to the relation: 


BAT) < ev/log log N21 (T) 


This result is the best possible, as is implicitly shown in [62]. 


Theorem 2.7.14. There is a constant c such that for any integer N, there is an operator 
T : IN + Y, where Y is a Banach space, such that 


6°) (T) > 7} \/log log N72,1(T) 


Since the Rademacher cotype 2 constant is greater than a constant times the Gaussian cotype 
2 constant, we have the following corollary. 


Corollary 2.7.15. There is a constant c such that for any integer N, there is an operator T : 
IN + Y, where Y is a Banach space, such that 


K)(T) > c71 log log Nr2,1(T) 


We also have the following, the result originally stated in [62]. 


Corollary 2.7.16. There is an operator T : C(K) > Y, where Y is a Banach space, that is 
(2,1)-summing, but does not have Rademacher cotype 2. 


If we write Ry for the supremum of K)(T)/m21(T) over all T : IN. > Y, then we have 
shown that c~!/loglog N < Ry < cloglog N. Clearly, we are left with the following problem. 


Open Question. What is the asymptotic behavior of Ry ? 
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2.8 Remarks on Talagrand’s deviation inequality for Rademacher 
functions 
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The Weizmann Institute of Science Rehovot, Israel 


2.8.1 Introduction. 


Recently Talagrand [64] estimated the deviation of a function on {0,1}” from its median in 
terms of the Lipschitz constant of a convex extension of f to £5; namely, he proved that 


P(|f —M;|>ce¢)< det (40? 
where o is the Lipschitz constant of the extension of f and P is the natural probability on 
{0,1}”. 


Here we extend this inequality to more general product probability spaces; in particular, 
we prove the same inequality for {0,1}" with the product measure ((1 — 7)d9 + 761)”. We 
believe this should be useful in proofs involving random selections. As an illustration of possible 
applications we give a simple proof (though not with the right dependence on ¢) of the Bourgain, 
Lindenstrauss, Milman result {65] that for 1 < r < s < 2 and « > 0, every n-dimensional 
subspace of L, (1 + €)-embeds into @% with N = c(r,s,e)n. 


2.8.2 The main results. 


For i =1,...,n let (X%4, ||-||;), be normed spaces, let 0; be a finite subset of X; with diameter 
at most one and let P; be a probability measure on 2. Define 


«- (Ses) 
i=1 2 
and 
Q=O1 xX N2 X +++ XO, CX 


and let 


P=P%=P,xPBx:---xP, 


be the product probability measure on 2. For a subset A C 2 and t € 2 let 


Il 
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a(t) = d(t, conv A) 
be the distance in X from ¢t to the convex hull of the set A. 


Theorem 2.8.1. Eei?a® < Pay’ 


Remark 11. Talagrand’s theorem is the special case of Theorem 1 when each Q; consists of two 
points and P; gives weight 5 to each of them. In the application below we use two point spaces 
for each Q;, but P; does not assign the same mass to both points. 


Proof. We repeat Talagrand’s induction argument [T]; the difference is only on the calculus 
level. For n = 1 


Bea? < P(A) + (1— P(A))et < —— 


as the maximal value of r(r + (1 — ret) for 0 <r <1is 1. Assume the theorem holds for n 
and suppose that 


ACQy & +++ & On & On41. 
Set, for w € On41, 
Ay = {t€01x---x On: (t,w) € A}, 


where for t = (t1,...,tn) € Q1 x --- X Qn and w € On41,(t,w) denotes (t1,...,tn,w). Let 
v € On4+1 be such that 


P®(A,) = max P(A,,). 


WEQn+1 
We shall use the following two inequalities: 
ba(t,v) <¢4,(t) forall teEQyx---xQ, (1) 
HA(tw) <, inf [adi (i) + (1-0), +(1-a)] 2) 


for allt € Q) x--- x OQ, and for w ¥ v. 


Using (1) and (2), Hélder’s inequality and the induction hypothesis (in this order) we get 


Qa l-a 
BEA = Paalodteltia + 5 Prete} at, B(ela(9) (eben) Se onor 
1 1 a 1 l-a j 2 
< —— S i q(l-a) 
= mil Bag.) + f stv} int, (sara) Gorwry. ie (3) 


wHV 
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For 0 < A < 1, let a(A) be the point where omin, Lege): in attained; ice., 
Sas 


Q) = 1+2logA if 2log\>-—-1 
7 > e4 otherwise 


and set 


1 


1 eg (l-a(a))? 7 Ee log A—(log 2)? if 2 log A>-l 
e4 otherwise 


Fei%als) < TAs) | Posato) + ¥ Paster) (4) 
where 
7 P) (Ay) 
Aw = P©)(A,) 


Claim: g(\) <2—Afor0<A<1. 


Using the claim we get from (4) that 


(5) Beth) < Sasa + (1-2-2) 


where g = P,41(v) and t = ae eee EaET a Pa (note that 0< q,t <1). As 


6) ee | 1 
P(A) PM(A,) ¢+(1- Qt? 
it suffices to prove that 
(7) P=gie-os : 
a ~ q+(1—a)t 


for all 0 < q,t < 1, which is easily checked. The proof of the claim is elementary: Let 
F(A) = 9A) +A— 2. 
Then f(1) = f’(1) =O and f”(A) < 0, 0 < A < 1, which implies that f(A) < 0 for0 <A <1. 
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n 
Remark 12. Let 2 < p< oo and consider Q as a subset of (S> @Xi)p. Set 
i=1 


1/p 
PA p(t) = int {( lls - slP) fa = (Si;.++48—) € conv ne 


Then, as pointed out by Talagrand, we also get 


1 4p 1 
Fei?ar®) < —_ 
ee Se 


A) 
because Oy p(t) < ¢4(t). 


Corollary 2.8.2. Let 2 < p< oo and let f be a real convex function on (% @PX;j)p (it suffices 


to assume that f is defined on conv Q). Let op be the Lipschitz anon of f. Then, for all 
c>0, 


(8) P(|f — Mj| > e) < de—°?/40p 


where My is the median of f. A similar inequality (with absolute constants replacing the two 
fours) holds with expectation replacing the median: 


(9) P(|f — Ef| >) < Ke? /%, 


1 
(One can take K = 8,6 = 35). 


The proof of the first assertion is identical to the proof of Theorem 3 in Talagrand’s paper|64]. 
The second assertion follows from the first; see [66, p.142}. 


Remark 13. Inequality (9) easily extends to the more general setting where each P; is a Radon 
probability on Bx,. 


Remark 14. In inequalities (8) and (9) the left hand side involves only the values of f on Q 
while the right hand side involves, through op, the values of f on conv 2. Thus one can replace 
Op by the infinum of the Lipschitz constants of all conver extensions of f\g to conv Q. We do 
not know how to compute this infimum even in the original setup of Talagrand’s theorem where 
each Q; is a two point set. 


2.8.3. An application. 


Lemma 2.8.3. Let js be a probability measure on {1,...,N}. Let0 <r < 8s < 2r and let 
X be an n-dimensional subspace of L,({1,...,N},) such that |la||, < K |x|], for alla € X 
(|| - \|s denotes the L,({1,...,.N},j) norm). Assume moreover that u(i) <= for alll <i<N. 
Then, for all1 > €> 0 and all k > ce~"r*/P (log 2)\/P Kn VPN 4, where q = 3, p= ras there 
exists a subset A C {1,...,N} of cardinality k such that the restriction to A is a multiple of a 


(1+ ¢)-isomorphism on X. In particular, X (1+ ¢)-embeds into 0%. 


Proof. Let 6;,i = 1,...,N, be independent mean 6 0,1-valued random variables. Fix 
a € X,||z||, = 1 and define f : RY > R by 
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N 
Hay) = rane!" 
i=1 


Then 


It follows from Corollary 4 that 


(10) P( 


N 
Y dim(i)|x(s)" - j ° :) eu 
i=1 


and, consequently, using the usual estimate on the size of an e-net in OBx; cf. [MS] p. 7, 
that 


N 

2 
S > di(i)|a(@) |” — 5 <e"6 for all re € aBx > 1-4exp (nr log = —<"?PN/8K"?). 
i=1 


P( Y 


el 
Set k = 26N (= twice the average size of {7;6; = 1}). Then, for 7 = cer (r log 2) (c 


universal) and n < 76?N/K'?, the probability above is larger then 5 so we can find a set of 


cardinality k which satisfies the requirement. Eliminating 6 from the two equations k = 26N 
and n = 76?N/K'? we get 


ke Qn VPnVPNVIK", 


Theorem 2.8.4. /63/. Let 0 <r<t < 2 and let T,e > 0. Then there exists a constant 
C=C(e,T,r,t) such that any n dimensional subspace X of Ly with type t constant K, (1+ ¢)- 
embeds into (N with N<C-n. 


Proof. We may assume that X C L™ for some finite M. By the Maurey-Nikishin-Rosenthal 
factorization theorem ({M] Theorem 8 and Proposition 44), there exists a probability measure pw 
on {1,...,M} such that ||z||; < K||z||, for all « € X where s = *#* and K depends on r,t and 
T only. Splitting the large atoms of ys into ones with measure < a we get a new probability 
measure fi on {1,...,N} with N < 2M and fi(i) < q7 < %. Lu(u) embeds isometrically (as 
a sublattice) into L,,(f) for all wu and the inequality ||z||, < K'||z||, for all « € X (in the new 
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embedding) stays true. Applying Lemma 7 we get that X (1+ 6)-embeds into L* where k is of 
order n!/PM 1/4, 


Using the Maurey-Nikishin-Rosenthal theorem again we may repeat the argument to get 
1 1 


Eee 
that X (1 +)?-embeds into L* for k of order a MM" Iterating one gets the result. This 
part is the same as in [65]. (One should be more careful than we have been above, taking the 
exact form of k into account, but it works.) 


Remark 15. Both B. Maurey and M. Talagrand pointed out to us that versions of inequality 
(10) follow from known inequalities; in particular, (10) is an immediate consequence of the 
Azuma-Pisier inequality (see p. 45 in[6G/) except that the exponent on the right side of (10) 
must be multiplied by a constant 6, which tends to infinity with p. 


Since the degeneracy of this constant is unimportant for proving Theorem 8, we in fact do 
not have a good application of (our slight generalization of) Talagrand’s isoperimetric inequality. 


On the other hand, it is possible that the approach outlined above can be used for general 


subspaces of L,, in which case one expects to use a version of Lemma 7 with "s" close to "r', 


which forces "p" to infinity. 
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2.9 Integral Operators on Spaces of Continuous Vector-valued 
functions 


Paulette Saab 


Abstract: 
Let X be a compact Hausdorff space, let E be a Banach space, and let C(X, F) stand for the 
Banach space of E-valued continuous functions on X under the uniform norm. In this paper we 
characterize Integral operators (in the sense of Grothendieck) on C'(X, E) spaces in term of their 


representing vector measures. This is then used to give some applications to Nuclear operators 
on C(X, E) spaces. 


AMS(MOS) subject Classification (1980). Primary 46E40, 46G10; Secondary 28B05, 
28B20. 


2.9.1 Introduction. 


Let X be a compact Hausdorff space, let E and F' be Banach spaces. Denote by C(X, E) 
the space of all continuous £-valued functions defined on X under the uniform norm. In|6Z C. 
Swartz showed that a bounded linear operator T : C(X, F) = F with representing measure G 
is absolutely summing if and only if each of the values of G is an absolutely summing operator 
from E to F' and G is of bounded variation as a measure taking its values in the space of 
absolutely summing operators from E£ to F’ equipped with the absolutely summing operators 
norm. In this paper we shall extend Swartz’s result to the class of (Grothendieck) absolutely 
summing operator on C(X,F) spaces. More precisely we shall show that a bounded linear 
operator T: C(X,F) > F with representing measure G is an integral operator if and only if 
each of the values of G is an bounded variation from E to F and G is of bounded variation as 
a vector measure taking its values in the space of absolutely summing operator from FE to F’ 
equipped with the integral norm. This result is then used to give some applications to Nuclear 
operators on C(X, EF) spaces. 


2.9.2 Preliminaries. 


If X is a compact Hausdorff space and F is a Banach space, then C(X, FE) will denote the 
Banach space of all continuous E-valued functions equipped with the uniform norm. It is well 
known [4,page 182] that the dual of CX, E) is isometrically isomorphic to the space M(X, E*) 
of all regular E*-valued measures on X that are of bounded variation. When EF is the scalar 
field, we will simply write C(X) and M(X) for C(X, E) and M(X, E*). If we M(X, E*) and 
e € E, we will denote by || the variation of jz and by (e, mu) the element of M(X) defined on 
each Borel subset B of X by 


(e, #)(B) = u(B)(e). 


The duality between M(X, E*) and C(X, E) is then defined as follows: for each f € C(X, F) 
ande€ E 


u(f @ €) = I fale, n) 
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where f ®e is the element of C(X, E) defined by 
f ®e(x) = f(x)e for all xe X. 


If B isa Borel subset of X, then 1g will denote the characteristic function of B, and ife € E 
we let 1g denote the element of C(X, E**) defined by 


Ip(H) = (e, u)(B) = w(B)(e) 
for each up € M(X, E*). 

If X is a a compact Hausdorff space , EF and F' are Banach space, every bounded linear 
operator T : C(X,E) = F has a representing measure G. The measure G is defined on the 
o-field © of Borel subsets of X and takes its values in£(E, F**), the space of all bounded linear 
operator from EF to F**. The measure G is such that for each Borel subset B of X and for each 


ec E 
G(B)e =T™ (1) 


For y* € F*, if we denote by Gy» the E*- valued measure on X such that for each Borel subset 
B of X and each e € E 
(e, Gyx)(B) = (y", G(B)e) 


then G« is the unique element of M(X,£*) that represents T*y* in the sense that for each 
fe C(X,E) 


Wy, TS) = I. f(x)dGye(e) 


If EF ad F are Banach space, we denote by EF @, F the algebraic tensor product of FE and F’ 
endowed with the norm ||.||c 
= sup 


m 
> Li @ Yi 
i=1 


The completion E&,F of E ®, F is called the injective tensor product of E and F. 


Ser w 


i=1 


| ll2"ll, lly" s i} 


A bounded linear operator T.: E — F from a Banach space EF into a Banach space F’ is 
said to be an integral operator if the bilinear form rt on E x F* defined by r(e, y*) = y*(Te) 
for e € E and y* € F* determines an element of (E®_F*)*, the dual of the injective tensor 
product E&,F* of the Banach spaces E and F*. The integral norm of T’, which we will denote 
by || T |lint, is just the norm of the bounded linear functional induced by 7 as an element of the 
dual space (E®,F*)*. Hence if T: E —+ F is an integral operator, then 


n n 
|| T° llint = sup { > wi (Te)| : | 5 @ ¥ Iles i} 
i i=1 


i=1 


Finally, I(£,F) will stand for the bounded variation of all integral operators from E to F 
equipped with the integral norm. For all undefined notions and notations we refer the reader to 


[68-120] 


One of the most useful tools in the study of an integral operators T’ between two Banach 
spaces F and F is its representation by a finite regular Borel scalar measure on the compact 
B(E*) x B(F**), the product of the closed unit balls of E* and F** equipped with their weak*- 
topologies. This, of course, goes back to Grothendieck [6] and can be used to characterize 
integral operators by the following characterization that we will state and prove before proving 
the main result. 
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Proposition 2.9.1. A bounded linear operator T: E — F between two Banach spaces is an 
integral operator if and only if there exists a regular F**-valued vector measure m of bounded 
variation defined on the o-field of Borel subsets of the closed unit ball B(E*), such that for each 
ecEH 


Te= Jn? dm(e*) 


In this case m can be chosen so that ||T||int = |m|(B(E*)). 


Proof. Assume that there exists a regular F’'**-valued vector measure m defined on the o-field 
of Borel subsets of B(E*) with |m(B(E*)) < co and such that for each e € E 


Tée= ao dm(e*) 


This in particular shows that the operator JoT : E — F**, where J denotes the natural 
embedding of F' into F** , has an extension T to an integral operator from C(B(E*)) to F**. 
Hence T is an integral operator [69, p.233] and 


[Tlint S IT lineT = |m(B(E")). 


Conversely, suppose that T : E — F is an integral operator, then it follows from [69, p.231] 
that there exists a regular Borel measure 4, on B(E*) x B(F**) such that for each e € E and 


(y*,Te) = | e*(e)y"™ (y")du(e, y™) 
B(E*)x B(F**) 


and 
IT line = [| (B(E") x BUR™)). 


Following [69, p.234], define 
S:E>L. by Se(e*,y**) =e*(e) 


and 
R:F* +L. by Ry*(e*,y™*) =y™(y"). 
Then S and R are bounded linear operators with ||,S, |||| Rj] < 1. 
Let Q be the restriction of R* to L4,,, then @ is a bounded linear operators from L,,, into F**. 


It is immediate that JoT = QolIoS where [/ : Leg, > In, 18 the natural inclusion and 
J:F — F*™ is the natural embedding. 


This in particular shows that the operator Qo I restricted to C(B(E*) x B(F**)) is an 
integral operator whose representing F**-valued measure ji is such that 


f(C) = Qc) 


for each Borel subset C of B(E*) x B(F**). Finally note that since the natural projection of 
B(E*) x B(F**) onto B(E*) is a continuous mapping it induces a bounded linear operators from 
C(B(E*)) into C(B(E*) x B(F**)) as follows; for ¢ € C(B(E*)), let 6 € C(B(E*) x B(F**)) 
be such that 


ole", y"*) = o(e*). 
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This of course shows that the operator J oT extends to an integral operator 


T : C(B(E"*)) > F™ 
such that for each ¢ € C(B(E*)) . . 
T¢=QolI(¢) 
It is immediate that the F**-valued measure m representing T' is such that 


m(B) = Q(1px BF) 


and 
|m|(B(E") < |u| (BCE") x BUR) = [IT line: 


Since T extends T it follows that 


IIT lint = |m|(B(E")). 


2.9.3 Main Result. 


Throughout this section X is a compact Hausdorff space, EF and F’ are Banach space and 
T : C(X, E) > F is a bounded linear operators with representing measure G. The main result 
of this paper gives a characterization of integral operator T in terms of some properties of G. 
The first step to achieve such a characterization is to show that if T is an integral operator 
on C(X, E), then one can do a little better than Proposition 1 by representing the operator T 
by a regular F**-valued measure of bounded variation defined on the o-field of Borel subsets 
of X x B(E*) rather than on the whole unit ball of (C(X,))*. The proof we present here 
is different from our earlier proof which relied on our result [[ZI]|. We would like to thank the 
referee for suggesting the following approach which relies more on basic knowledge and classical 
results of vector measures that can be found in [69, [70]. 


Theorem 2.9.2. If C(X, E) > F is an integral operator, then there exists a regular F**-valued 
measure of f bounded variation 6 on the o-field of Borel subsets of X x B(E*) such that for each 
f © C(X, E) and y* € F* 


Wy", Tf) = | e* (F(t) dB («,€") 
Xx B(E*) 


and 
\|T lline = |O|(X x B(E*)). 


Proof. Suppose that T : C(X, F) —> F is an integral operator, then the bilinear map 7 (f, y*) = 
y*(T(f)) for f € C(X, E) and y* € F* defines an element of (C(X, EF) ®, F*)”. It is easy to check 
that C(X, F) ®. F* embeds isometrically in C(X x B(E*) x B(F**)) such that if f € C(X, E) 
and y* € F* 

fey" (x, ey") = e(Flx))y™ (y") 
for each (x, e*,y**) € Q = X x B(E*) x B(F**. Hence by the Hahn-Banach theorem there 
exists a regular Borel measure 4 on 2 so that for each f € C(X, F) and y* © F* 


Wy", Tf) = fA e* (F(a) 9" (u") dy (2, €", 9"). 
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and 
\|T ]lint = || (Q) 


The proof now follows the steps of Proposition 1. Indeed, since the natural projection of Q onto 
X x B(E*) is continuous it induces a bounded linear operator 


S:C(X x B(E*)) — Lo(p) 
such that if ¢ € C(X x B(£*)) then 
S(@) (a, e",y™") = 6(2,e*) 


for all (x, e*, y**) € OQ. Let R: F* —>+ L.o(s) be defined by R (y*) (x, e*, y**) = y** (y*) and let 
Q be the restriction of R* to Li (yu). It is straightforward to check that the operator QoloS is 
an integral operator whose representing measure 9 is such that 


8(C) = Q (Icx B(F**)) 
for each Borel subset C of X x B(£*), and 
|| (X x BCE*)) < |u|(Q) = |IZ'llint - 
Moreover note that C(X, F) embeds isometrically in C (X x B(E*)) by 
f (a, e*) = e*(f(2)) 
for each f € C(X, F) and (a,e*) € X x B(E*). It is easy to see that for each f € C(X, E) 
JoT(f) =QoloS(f) 


hence 


TA fg ADAM ese") 


and 
[Thins < ]Q00S]lint < |] (X x B(E")). 


This complete the proof of Lemma 2. We are now ready to state and prove the main result 
of this paper. 


Theorem 2.9.3. Let X be a compact Hausdorff space, let E and F be Banach spaces and let 
T : C(X,E) > F be a bounded linear operator with representing measure G. Then T is an 
integral operator if and only if for each Borel subset B of X, the operator G(B) : E —> F is 
integral and the measure G is of finite variation as a vector measure taking its values in I(E, F) 
equipped with the integral norm. 


Proof. Assume that T : C(X,E) — F is an integral operator. Let G denote the vector measure 
representing the operator T’, hence for each Borel subset B of X and each e € E 


G(B)e =T* (1p @e) 


It is clear at this stage, that since T** is also integral (69, p.236], then for each Borel subset 
B of X the operator G(B) : EF —> F is an integral operator as the composition of T** and the 
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bounded linear operator E —> C(X, F)** which to each e in E associates the element 1p ® e. 
In what follows we shall concentrate on estimating the value of ||G(B)|lint . For this note that 
by Lemma 2 there exists a regular F'**-valued measure 6 defined on the o-field of Borel subsets 
of X x B(E*) such that, for each f € C(X, FE) 


TA fy ead se") 


and 
\|T lint = |0| (X x B(E")). 


It follows that for each y* € F* and f € C(X, E) 
Cry th= fe Fla))dbye (ae"). 
Xx B(E*) 


where @,« is the scalar measure on X x B(£*) defined by 


for each Borel subset C' of X x B(E*). We claim that for each Borel subset B of X and for 
each e € E 


G(B)e = | (2,e"). 


For this suppose that y* € F* and K is a compact G5 subset of X. Let (un),,., be a sequence 
of continuous real valued functions so that 0 < u, < 1 for all n > 1 and uy, converges to 1x 
pointwise. If e € FE, then 


(G(K)e,y") = (e, Gy*) (K) 


= lim (y", T (un @ €)) 


Therefore 


Geox = e*(e)d0 (x, e*). 


Moreover, since for each y* € F* the E*-valued vector measure Gy» is regular, it follows that 
G(B)e = : e*(e)d0 (x, €") 
Bx B(E*) 


for all Borel subsets B of X. This proves our claim. If we denote by p: X x B(E*) —> E* 
the projection mapping which to each (#,e*) in X x B(E*) associates e* in B(E*), then for 
each Borel subset B of X, let Ag denote the regular F'**-valued measure defined on the o-field 
of Borel subsets of B (E*) as follows: for each Borel subset V of B (E*) 


\p(V) = 0(B x V). 


75 


In other words \p = 0 | B x B(E*) 0 p~! which is the image measure of the restriction of 0 
to B x B(E*) by p. This implies that for each e € E (**) 


= e*(e)dAz (e*) =| o*(6)d0 (x, €*). 


Bx B(E*) 


Equations (*) and (**) show that the measure Ag is a regular F**-valued measure that 
represents the operator G(B) : E —+ F. Hence by Proposition 1 


|G(B)llint < [Al (B(E")) = [0] (B x B(E")). 


and therefore 
(tT) |G(B)]lin < 19] (B x B(E*) 


Hence the vector measure G representing the operator T takes its values in [(F, F’) and it 
follows from (ft) that 
|Glint (X) < 0] (X x B(E*)) 


Here of course |Glint (X) = sup 7p. cx IG (Bi) ling Where the sup is taken over all the finite 
partitions of X into Borel subsets of X. Conversely, suppose T' : C(X, E) —> F is such that 


G:X4—>1(F,F) and |Gling (X) < c, 


we need to show that 7 is an integral operator. For this, note that if J denotes the natural 
embedding of F into F**, then by [4, p. 233] it is enough to show that JoT : C(X, FE) —> F*™* 
is an integral operator. The mapping J induces a mapping J : I(E,F) — I(E, F**) defined 
as follows, for each U € I(E, F) 


J(U)=JoU 


(U) = 
this in turn induces a vector measure G : © —> I (E, F**) such that 


G(B) = J(G(B)) 

for all B € 5°. It is immediate that G is the measure representing the operator J oT. Since 
|Glint (X) < 00, it follows easily that |Glint (X) < 00. Moreover, since I (E, F**) is isometric 
to the dual space of the injective tensor product E®,F*|[4, p.237], it follows that G is a vector 
measure of bounded variation taking its values in the dual space (E®-F*)”. Since [Clint (X) < 
oo, it follows from [4,page 7] that G is strongly additive. Recall that for each e € E and y* € F, 
the scalar measure (e, Gy+) is in M(X). Hence for u = 7, e; @ y} € E®@-F", let (u,G) be the 
scalar measure defined on X as follows: for each Borel subset B of X 


(u, G)(B) = G(B)(u) 


_ Yo (G(B)ei, uf) 
i=1 


= oy (ei, Gyr) (B) 
i=1 


This implies that for each u € E®.F* the measure (u,G) € M(X). This in particular 
shows that G : © —> (E®.F ie is countably additive with respect to the weak * topology on 
(EO,.F Ze Since G is strongly additive, it follows easily that G is countably additive. Finally, 
since G is weak k* regular, a glance at (69, p.157] reveals that it is also regular. 
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It follows that G defines an element of C Ce E®.F aie hence by [5, page 269] there exists a 
weak * IG lint — integrable function 


h: X—+I(E,F") ~ (E@.F*)* 


such that ||h(x)|line =1 |Glint a-e., G = h|Glint , and for each f € C (X, E&.F*) 


(fO.< I (f(x), h(a) dlGlin (2) 


In particular, if g € C(X, E) and y* € F*, let f = yp @ y* be the element of C (X, E®,F*) 
defined by 
yey (x) = (x) ®y* for allxe X. 


then 


(pau.6)= f rhe) g(e))d\Gin | () 


But we also have (x * *) 
(J oT, y) = (y, Gy) 
where Gy» is the element of M (X, E*) such that for each Borel subset B of X 
Gy-(B) = y"(C(B) =v" (GIB). 


Hence since G = h- IGlint , it follows that for each Borel subset B of X 


Guay - y*h(z)d| Clint (2). 
This implies that for each y € C(X, E) (* * **) 
(e.Gyr) = f vila), (@))dGli (2) 


It follows that if )7;_, yj @ yf is in C(X, E) ®, F* with ||Sy_, v ® yf ||, < 1, then for each 


xin X 
n 
se < |[h(z) lint 
i=1 
since 
)OyF By] <1 


It follows then from (***) and (****) that 


n 
d T Yi, Yi) 


<1Ghne( x) <6 


Hence Jo T is an element of J (C(X, E), F**) which implies that T € I(C(X, E), F). This 
completes the proof. 
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2.9.4 Applications. 


The study of integral operators on C(X, EF) spaces was motivated by some problems that 
arose in [[72] concerning nuclear operators on C'(X, E) spaces. Recall that an operator T between 
two Banach spaces Y and Z is said to be a nuclear operator if there exist sequences (y*) and 
(zn) in Y* and Z respectively, such that 5°, ||y%|| ||Zn|| < oo and for each y € Y 


T= > u(u)en 


the nuclear norm is defined by 


Flue = inf > lly at 


where the infimum is taken over all sequences (y*) and (z,) such that Ty = >>, yf (y)Zn for all 
y € Y. We shall denote by N(Y, Z) the space of nuclear operators from Y to Z under the nuclear 
norm. The study of nuclear operators on C'(X, E) spaces was initiated in [73] where some of 
the known results in the scalar case were extended. Nuclear operators on C(X, £) spaces were 
also considered in [74] where it was shown that if T : C(X, E) —> F is a nuclear operator then 
for each Borel subset B of X, the operator G(B): E — F is nuclear. In [2] it was shown 
that the representing measure G of a nuclear operator is in fact of bounded variation as a vector 
measure taking its values in N(E, F’). Hence all the above known results can be summarized as 
follows: 


Proposition 2.9.4. Let X be a compact Hausdorff space and let E and F be two Banach spaces. 
If T is a nuclear operator from C(X, E) into F with representing measure G, then (i) For any 
Borel subset B of X the operator G(B): E > F is nuclear, and (ii) G is of bounded variation 
as a vector measure taking its values in N(E, F’) under the nuclear norm. 


Easy examples show that conditions (i) and (ii) above do not characterize nuclear operators 
on C(X, F) spaces. As a matter of fact, it was shown in [72] that counterexamples can be given 
as soon as the range space F' fails to have the so-called Radon-Nikodym property (RNP) see 
[69]. The interesting question that arises is then: 


Assume that F' has the (RNP) and that T : C(X, E) —> F is an operator whose 
representing measure G satisfies conditions (i) and (ii) of Proposition 4, is T a nuclear 
operator? 


In what follows, we shall show how Theorem 3 can be used to give a positive answer to 
Question 5 in case F’ is assumed to be complemented in its bidual. 


Theorem 2.9.5. Let F be a Banach space with the Radon-Nikodym property and assume that F’ 
is complemented in its bidual. A bounded linear operator T : C(X, E) —> F is nuclear whenever 
its representing vector measure G satisfies the following conditions (i) For each Borel subset B 
of X, the operator G(B) : E —> F is nuclear, and (ii) G is of bounded variation as a vector 
measure taking its values in N(E, F). 


Proof. First note that for an arbitrary Banach space F’ any element U in N(E, F) is in I(E£, F) 
with ||UJlins < ||Ul|nuc. Hence by Theorem 3 an operator T : C(X,E) — F that satisfies 
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conditions (i) and (ii) above is indeed integral. Therefore when in addition we assume that F’ 
is complemented in its bidual F**, the operator T becomes Pietsch integral (also called strictly 
integral) see [69, p.235]. Under these conditions and if F' is assumed to have the Radon-Nikodym 
property, it is well known [69, p.175] that T becomes a nuclear operator. This completes the 
proof. 


Remark As we have just seen, Theorem 6 is a direct application of the main result of this 
paper, it should be noted that Theorem 6 gives a positive answer to Question 5 when F is a 
dual space and when F' is a Banach lattice. 
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2.10 Operators which factor through Banach lattices not containing 
1) 


In this supplement to [RI 82], we give an intrinsic characterization of (bounded,linear) 
operators on Banach lattices which factor through Banach lattices not containing a copy of cg 
which complements the characterization of [SI 82] that an operator admits such a factorization 
if and only if it can be written as the product of two operators neither of which preserves a 
copy of co. The intrinsic characterization is that the restriction of the second adjoint of the 
operator to the ideal generated by the lattice in its bidual does not preserve a copy of cg. This 
property of an operator was introduced by C. Niculescu [83]. under the name strong type B. 
That this condition is stronger than the property that the operator itself does not preserve a 
copy of co is exhibited by the example constructed in [84] and studied further in [85]. When we 
wrote [81 82] we did not know that Niculescu [&3, 86, 87] was independently considering some 
of the same problems; we now want to acknowledge his priority for discovering some results that 
overlap with ours. Also, in remark 1 below, we indicate how our results, when translated into 
Niculescus language, answer some questions he raised. 


Before stating the theorem of this note, we introduce some notation: Given a Banach 
lattice E, I(E) (respectively, Bd(E)) denotes the closed order ideal (respectively, band) in 
E*™* generated by E. The symbols E, Ff’, G will be reserved for Banach lattices while X, Y, Z 
will be used for general Banach spaces. Terminology is as in [GJ3], and the reader will probably 
need a copy of [GJ3] on hand to follow the proof of the theorem. 


Theorem 2.10.1. Let E be a Banach lattice and let T be an operator from E into a Banach 
space X. The following are equivalent: 


(1) T**\1(m) does not preserve a copy of co. 
(2) T™\1() does not preserve a positive disjoint copy of co. 
(3) T™|Bd(E)| Cc X. 


(4) There exists a Banach space Y and bounded linear operators u: E+ Y andv: Y > X 
such that neither u nor v preserves a copy of co and T = vu. 


(5) There exists a weakly sequentially complete Banach lattice F, an interval preserving 
lattice homomorphism R: I(E) > F,, and an operator S: F + X so that T**\;(~) = SR. 


Proof. That (1) and (2) are equivalent follows from Theorem 1.3 of [82] (that the other conditions 
in Theorem I.3 are equivalent to (2) was proved earlier by Niculescu—see Theorem 3.4 in [§3]). 
Niculescu [[83], Proposition 4.2] stated the equivalence of (2) and (3); we follow his lead in 
leaving the proof as an exercise for the reader, but note that (2) is the statement we tie to the 
other conditions. The equivalence of (4) with (5) was proved in Corollary 18 in [2] and (5) 
= (2) is immediate, so we only need to check that (2) implies (5). In fact, the proof of this 
implication is essentially contained in the proof of Theorem I.7 of [82], but since only weaker 
implications are explicitly stated there we present here a detailed proof. 


Let W be the absolute convex solid hull of T* Ball(X*) in E* and let G be the interpolation 
space (cf. [82]) corresponding to W in E*. Let J: G > E* be the canonical injection and 
I: X* + Gsuch that T* = JI. By Lemma I.5 of [R2] we have for each in E** andn = 1,2,..., 


|u|] < 2% sup {Tvs ve BM, |v] < [elf +27" [ll (7) 
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Letting F be the norm closure of J*|I(£)] in G* and setting R = J*\7(z), S = I*\p, we have 
that T”"|7(~) factors through R and hence in order to complete the proof we only need to check 
that F’ does not contain a copy of co. 


Since J(£) is an ideal in E** we have from (f) that for each f € I(£) andn=1,2,..., 


RF] < 2° sup {|IT™" gl: g € T(E), lol SFE +2" FI. (f) 


Now J* is a lattice homomorphism since J is interval preserving ([AB, p. 90]). Since T**) 7g) 
does not preserve a copy of cg, neither does R by Lemma I.1.a of [GJ3], hence (+) implies that 
F has order continuous norm by Lemma I.1.b of [R2]. 


We first prove that if (e,,)°°_, is an increasing sequence in I(£)+ such that (J*em) = (Rem) 
is norm bounded in F' then it is norm convergent in F’. Indeed, let yz be the w*—limit of 
(J*em)°°_, in G*. Since J*|E**] is norm dense in G*, there exists for each « > 0 an element 
ve © E** such that ||J*v. — pl| < e. 


Since I(£) is an ideal in E**, the sequence (1% A €m)°°_, is in I(E£); moreover, it is increasing 


and norm bounded by ||r<||, hence J*(v_ A em) norm converges to some z, in F' by Theorem I.3.d 
n [82]. Using again the fact that J* is a lattice homomorphism, we have that J*(y. A em) = 
J*(v,_) A J*(€m) hence J*(ve \ Cm) w*—converges in G* to J*(v%,) A. Therefore J*(ve) A uw = Ze 
is in F’. Thus we get 


lim ||Z — pt] = Tim ||(J" ve) A w = pall < lim || Jv. — pul] = 0. 
e>0 e>0 e>0 


It follows that js is in F’. Since the sequence (J*e,,)°°_, is in the order interval [0, u] and F 


is order continuous, it follows that (J*em)°°_, norm converges to [. 


Suppose now that (fm)°_, is any increasing sequence in F. To show that it is norm 
convergent, it is enough to show that for any € > 0 there exists (€m)°°_, increasing in [(E)+ 
such that || fm — J*em|| < e. For that, let 2, € I(£)+ be such that ||J*zm — fm|| < €2~™. Set 
em = Vit, 2%. Then (e€m)?°_, is increasing and 


|J*em — fl = |J* (V2) — fml = [Vio 2 — VE fil $ SO lJta — fil. 
i=1 


It follows that - - 
|T*em — fill $ DOF — T*all Se I <e. 


i=1 i=1 


By the classical version of Theorem I.3 in [82], F' does not contain a copy of cp and hence F’ 
is a weakly sequentially complete Banach lattice (|, p.34]). 


In the above proof of (5) = (2), if X is Banach lattice and T is a positive operator, then 
every positive operator dominated by T also factors through R. Thus we get: 


Corollary 2.10.2. Let E be a Banach lattice, let T be a positive operator from E into a Banach 
lattice X, and assume that T™*|;(~) does not preserve a positive disjoint copy of co. Then 
there exists a weakly sequentially complete Banach lattice F and an interval preserving lattice 
homomorphism R: I(F) — F such that for any operator 0 < T; < T there is a positive operator 
Si: F + X so that TT p(~) = SiR. 
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Remark 16. The examples in [84] of positive quotient mappings onto co which do not preserve 
a copy of co were shown in [84] to fail property (4) of the theorem, hence are, in Niculescu’s 
terminology [83], operators of type B which are not of strong type B. This answers problem 4.1 
in [Sa]. (However, if E is order continuous then I(E) = E and so operators from E of type B 
are of strong type B.) These operators also give a solution to problem 4.4 in [8&3]; namely, there 
exists a lattice homomorphism T on some Banach lattice which does not preserve a copy of Co 
or of l,, yet T? is not weakly compact, while T® must be weakly compact: see remark 2 in [82, 


p.164]. 


Remark 17. One of the operators mentioned in remark 1 (“T," in the terminology of [83]) 
maps weakly Cauchy sequences into weakly convergent sequences; this gives a countererample to 
one part of Proposition 4.2 in [83]. 


Remark 18. Since a weakly sequentially complete Banach lattice has the so-called analytic 
Radon- Nikodyn—ARN—property (cf. [89]), an operator which satisfies condition (3) of the 
theorem is an ARN-operator. This implication was recently proved in a direct way by Bukhvalov 
[90]. Although aware of [82/, Bukhvalov mistakenly thought that his result could not follow from 
the factorizations in [83] (he applied the error from [83] mentioned in remark 2 to conclude that 
the operators mentioned in remark 1 satisfy condition (8) of the theorem). 
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Chapter 3 


Second 10!” Articles 


3.1 Nuclear Operators on Spaces of Continuous Vector-Valued 
Functions 


Paulette Saab and Brenda Smith 
Research supported in part by an NSF Grant DMS-87500750 


Abstract: 

Let Q be a compact Hausdorff space, let E be a Banach space, and let C(Q, £) stand for the 
Banach space of all E-valued continuous functions on Q under supnorm. In this paper we 
study when nuclear operators on C(Q, £) spaces can be completely characterized in terms of 
properties of their representing vector measures. We also show that if F’ is a Banach space and 
if T : C(Q,E) — F is a nuclear operator, then T induces a bounded linear operator T* from 
the space C(Q) of scalar valued continuous functions on 2 into N(E, F’) the space of nuclear 
operators from FE to F’, in this case we show that E* has the Radon-Nikodym property if and 
only if T# is nuclear whenever T is nuclear. 

Primary 46E40, 46G10, 47B10, Secondary 28B05, 28B20 


3.1.1 Introduction. 


Let 2 be a compact Hausdorff space, let FE be a Banach space, and let C(Q, £) stand for 
the Banach space of continuous E-valued functions on 2 under supnorm. It is well known [9J, 
p.182] that if F is a Banach space, then any bounded linear operator T: C(Q,E) —> F has 
a finitely additive vector measure G defined on the o-field of Borel subsets of Q with values in 
the space $(£, F**) of bounded linear operators from FE to the second dual F** of F. 


The measure G is said to represent 7. The purpose of this note is to study the interplay 
between certain properties of the operator T’ and properties of the representing measure G. 
Precisely, one of our goals is to study when one can characterize nuclear operators in terms 
of their representing measures. This is of course motivated by a well known Theorem of L. 
Schwartz [92] (see also [S1, p.173]) concerning nuclear operators on spaces C'((2) of continuous 
scalar-valued functions. 


The study of nuclear operators on spaces C(Q, F) of continuous vector-valued functions was 
initiated in [93] where the author extended Schwartz’s result in case E* has the Radon-Nikodym 
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property. In this paper, we will show that the condition on E* to have the Radon-Nikodym 
property is necessary to have a Schwartz’s type theorem. This leads to a new characterization of 
dual spaces E* with the Radon-Nikodym property. In [94] it was shown that ifT: C(Q,E) ~ F 
is nuclear then its representing measure G takes its values in the space N(F, Ff) of nuclear 
operators from F to F’. One of the results of this paper is that if T: C(Q,F) — F is nuclear 
then its representing measure G is countably additive and of bounded variation as a vector 
measure taking its values in (EF, F’) equipped with the nuclear norm. 


Finally, we show by easy examples that the above mentioned conditions on the representing 
measure G do not characterize nuclear operators on C(Q, E) spaces, and we also look at cases 
where nuclear operators are indeed characterized by the above two conditions. For all undefined 
notions and terminologies we refer the reader to [UI]. 


3.1.2 Preliminaries 


If X and Y are Banach spaces, then $(X,Y) will stand for the space of bounded linear 
operators from X to Y. An element T in $(X,Y) is said to be a nuclear operator if there 
exist sequences (x*) in X* and (yp) in Y such that for each x in X 


oe) 


T(x) = Soa (2)yn, 
n=1 


and 


(oe) 
do I 2h IL I gn I< 00. 


n=1 


We say that >> x* ® yn represents the nuclear operator T. The nuclear norm of a nuclear 


n 
operator T’: X — Y is defined by: 
|| T |lnuc= inf » Il en Il ll yn 1 
n 


where the infimum is taken over all sequences (x*,) and (yp) such that T(x) = >> x*(x)yn holds 


for all x in X. The nuclear operators from X to Y form a normed linear space under the nuclear 
norm [91 p.170], which we shall denote by V(X,Y). If Q is a compact Hausdorff space and 
E is a Banach space, then C(Q, £) will stand for the space of continuous E-valued functions 
defined on 2 under supnorm. If E = R or C we will simply write C(Q). The space M(Q, E*) 
will stand for the space of all regular E*-valued vector measures ju defined on the o-field 5° of 
Borel subsets of 2 that are of bounded variation. We shall use the fact (see [3, p.182]) that 
M(Q, E*) is a Banach space under the variation norm || 4 ||= |u|(Q), and that M(Q, E*) is 
isometrically isomorphic to the dual space C(Q, F)*. When FE = R or C we will simply write 
M(Q). If we M(Q, E*), then for each e € E we will denote by (e, 4) the element of M(Q) such 
that for each f € C(Q), 


[ falen) =nlt 0) 
where f @e is the element in C(Q, E) such that f ® e(w) = f(w)e for each w € 2. 
If vy € M(Q) and a* € E*, we denote by v ® 2* the element of M(Q, E*) which to each 
Borel subset B of 2 associates the element v(B)a* of E*. lf F and F' are Banach spaces and 2 
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is a compact Hausdorff space, then we will denote by G the finitely additive $(E£, F**)-valued 
measure representing the operator T. Recall that if B is a Borel subset of 2 then 


G(B)e=T™" ($B) 

for all e € E, where $p.¢ is the element of M(Q, E*)* such for each A € M(Q, E*) 
bB,e(A) = A(B)(e) 

and T** is the second adjoint of T’. 


Finally we recall that a Banach space X has the Radon-Nikodym property (RNP) if 
for every finite measure space (.$,%, 4) and every vector measure m: % — X of bounded 
variation that is absolutely continuous with respect to y there exists a strongly measurable 
Bochner integrable function g: S — X such that 


m(A) = I fa 


for each A Ed. 


3.1.3. Some Properties of the Measure representing a Nuclear operator 


Throughout we let Q be a compact Hausdorff space with > its o-field of Borel subsets and 
we let E and F be Banach spaces. In what follows we shall look at some of the properties that 
a nuclear operator on C(Q, F) induces on its representing measure G. In [2] it was shown that 
ifT: C(Q,£) > F is nuclear then G: S> > N(E, F). In the next proposition we shall show 
that G enjoys a stronger property. 


Proposition 3.1.1. [fT : C(Q,E) > F is a nuclear operator with representing measure G, 
then: 


1. for each Borel subset B of Q, G(B): E > F is a nuclear operator, and 


2. the measure G is countably additive and is of bounded variation as a vector measure taking 
its values in N(E, F) under the nuclear norm. 


Proof. If T : C(Q,E) > F is nuclear, then there are sequences (un) in M(Q, E*) and (yn) in 
F such that for all f € C(Q, F) 


DiS ies un 
n=1 


and 


[oe) 
Yo Il An Il 9 Il < 00. 


n=1 


In particular the operator T** is nuclear with 
(oe) 
T™($) = D7 dun) on 
n=1 


for all ¢ € C(Q, E)**. This implies that for any Borel subset B of Q and for all e € E 


G(B)e=T™" ($B) 
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= », Mr(B 
n=1 


Since (~n(B)) is a sequence in E* and b3 ll) tee BY |) ae = | un || ll yn ||< co, this 
=1 


will quickly show that for each Borel gubect B of Q, the pperatar G(B ): E — F is nuclear. 
To prove (ii) note that since G: )> > N(E,F), let |G|nuc denote the extended non negative 
function whose value on a set B in )> is given by 


IGlnuc(B = sup > I G(B i) Mle 


" Bien 


where the supremum is taken over all finite partitions 7 of B. We first show that 
|G|nuc(Q) < co. 


For this, note that if 7 = {B;} is a finite partition of 0, then 


do | (Bi) Imus SY 3 I| Hn (Ba) II I] yn Il 


Byer Byer n=1 

<2 Yo Maal (Bi) Il Yn I 
Byer n=1 
<y » | nl(Bi) |] Yn | 
n=1 Bier 

SD |Hnl(Q) II yn Il 


| Hn Il ll Yn || <0 


[oe] 
2) 
n=1 

(oe) 
| 
n=1 
This of course shows that |G|nuc(Q) < oo. To complete the proof of (ii) we need to show that 


G is countably additive. First note that since |G|nuc(Q) < oo, it follows from [91 p.7] that G 
is strongly additive, that is if (B;) is a sequence of pairwise disjoint Borel subsets of Q we have 


Co 
that the series }> G(B;) converges in (EF, F’). To complete the proof we need to check that the 
i=1 
lee) [oe] 
series }> G(B;) converges to G(J B;) in N(E, F). To this end, consider a series S> Un @ Yn 
i=1 i>1 n=1 
representing the operator T such that 


CO 
Y= Iltnll |Iynll < 00. 
n=1 


Without loss of generality we may and shall assume that ||y,|| <1 for all n > 1. Let « > 0 and 
pick N € N such that 


oe) 


S> [Ital < €/2 
v=N+1 
Since ji, /12,-.., and wy € M(Q, E*), there exists kK € N such that 
€ . 
[45 U Bi| < 3741 for all 7=1,..<5NV 


i>K 
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This implies that 


-1 


i>l i=1 


i>k 


Soll ( LU Bi) I< 


n=1 i>K 

N ioe) 

Se [tn U B; + > | Ln | U B; <eE 
n=l i>K n=N+1 i>K 


This shows that G is countably additive as a vector measure taking its values in V(E, F’). 


The first question that arises at this stage, is when do properties (i) and (ii) above characterize 
nuclear operators? The next proposition shows that one necessary condition is that F’ should 
have the Radon-Nikodym property. 


Proposition 3.1.2. If F' fails RNP, then for any Banach space E there is a non nuclear operator 
T: C([0,1),£) > F whose representing measure takes its values in N(E, F) and is of bounded 
variation as a countably additive vector measure taking its values in N(E, F). 


Proof. If F lacks RNP then by there is[9I, p.175] an F-valued countably additive vector measure 
m on the Borel subsets of [0,1] such that m is of bounded variation, m is absolutely continuous 
with respect to Lebesgue measure but m admits no Bochner integrable derivative with respect 
to its variation |m|. If we define T’: C[0,1] > F by 


r(f)= | fam 
[0,1] 
then T” is not a nuclear operator (see [92] or (90, p.177]). Now fix e £0 in FE then choose e* in 
E* with e*(e) = 1 and define T: C((0,1], H) — F by 
T(y) =T'(e* og) 
for each y in C([0,1], £). In particular, for each f in C[0,1] and x in E we have 
T(f ® x) =e*(x)T'(f). 


It is clear that the measure representing the operator T’ is the measure G = m ® e* which to 
every Borel subset B of [0,1] associates the one-rank operator such that G(B)x = e*(x)m(B) 
for each « € FE. On other hands for any finite partition 7 = {B;} of [0,1] we have 


S> || G(Bi) Inwes S2 II e* [Ill m(B:) || 


Byer Bien 
<|| e* |] |m|([0,1]) < 00 
|G|nuc([0, 1]) < oo. 


87 


If T were a nuclear operator then there would exist (4,) in M([0,1],£*) and (y,) in F’ such 
that for each ¢ in C((0, 1], £) 


T(¢) = 3 Lin(O)Yn 
In particular for each f € C[0, 1] - 
T(f ®e) =T(f) 
> lin(f @ e)Yn 


Df Fale.tin)un 


This of course shows that T” is represented by > (e, fin) ® Yn; moreover 


n 


[oe] 
DoW (ese) Ul ge SMe DE Wl An III gn I< 00 


n=1 n 


which implies that T’ is nuclear. This contradiction finishes the proof. 


This brings us to ask the following question. Let EF and F' be Banach spaces such that F' has 
the Radon-Nikodym property. Let Q be a compact Hausdorff space and let T: C(Q,E) > F 
be a bounded linear operator satisfying conditions (i) and (ii) of Proposition 2. Is T’ nuclear? 
Recently, the first named author has given a positive answer to the above question when F is 
complemented in its bidual F'** (see {95j). 


3.1.4 The Radon-Nikodym Property and Nuclear Operators 


Throughout this section Q is a compact Hausdorff space and & and F' are Banach spaces. 
Every bounded linear operator T : C(Q,E) —> F induces a bounded linear operator T* : 
C(Q) —35(E, F) where for each f in C(Q) 


T* (f(e) =T(f @e) 
for alle € E. 


In this section we shall look at the interplay of the two operators T and T#. The next result 
shows that when T is nuclear, then the range of T* is in N(E, F). 


Theorem 3.1.3. [fT : C(Q,E) — F is nuclear, then T* takes its values in N(E, F). 


Proof. Let (fin) in M(Q, E*) and (yn) in F be such that >> || Ln |||] Yn ||< oo and for each y in 
n=1 
C(Q, E) 
T(p) = >- Un(G)Yn- 
n=1 
For each n > 1 define p# : C(Q) + E* by 


ut (fle = un(f @ e) 
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for each f € C(Q) and e € E. Since for each f € C(Q) and e € E 
T*(f)(e) =T(f ®e) 
= Ss" Ln( f ® e€)Yn 


it follows that for each f in C(Q) T#(f) can be represented by the series )> ut (f) ® yn- 


n=1 


Moreover since )> || “i (f) [Ill ye ISI FI XS I Hn lll fr I< 00, it follows that T#(f) is a 


n= 


nuclear operator from E to F for each f € C(Q). 


The next result illustrates one key relationship between T and T*. 


Theorem 3.1.4. Theorem 4 The operator T C(Q, E) > F is nuclear whenever T# : C(Q) > 
N(E, F) is nuclear. 


Proof. Assume T# : C(Q) — N(E,F) is nuclear. Then there exist sequences (vp) in C(Q)* 
and (N,,) in N(E, F’) such that for each f € C(Q) 


T*(f) = >> un(f)Nn 


n=1 
and 
oe) 
Yo [Ye Il Nan Iimuc< 00. 
n=1 
Without loss of generality we may and do assume that || v, ||< 1 for all n > 1. Similarly, since 


each N,, is a nuclear operator, for each n > 1, there are sequences (e’, ,,,) in E* and (Ynm) in F 
such that for all e € E 


CO 
AC Le ee On 
m=1 
and 
CO 
SO Ul bye Ulll Yam ISI Nn Ine +1/2”. 
m=1 


Hence 


loo o-e) ioe) ioe) 
So SS Mn Ull ehan Ill Yn WS SS | Mn III Nn Ine +5 || Yn || /2” < 00 
n=1m=1 


n=1 re 


Moreover, for each f € C(Q) ande ec E 


[o.e) (oe) 
n=1m=1 


Since the set {f@e: f € C(Q),e € F} is total in C(Q, E), we can assert that T is represented by 
the double indexed series }) >) (Yn ® €F,m) @ Ynjm, Where (Vp @ €F ,) is in M(Q, E*) ~ C(Q, E)* 


nom 
and (Ynjm) is in F. An appeal to ({{) shows that T is nuclear. 


In the following we will show that the converse of Theorem 4 does not always hold. But 
if in addition E* is assumed to have the Radon-Nikodym property then a close look at [[93}, 
Theorem III.4] reveals that any nuclear operator T: C(Q,E) > F will indeed induce a nuclear 
operator T# : C(Q) > N(E,F). Moreover our next result shows how critical the condition 
on E* to have the Radon-Nikodym property in order that T nuclear implies T* nuclear. As a 
matter of fact one can characterize dual Banach spaces with the Radon-Nikodym property as 
follows: 


Theorem 3.1.5. Let E and F be Banach spaces. The following properties are equivalent: 


1. The dual space E* has (RNP); 


2. For every compact space 2, a bounded linear operator T: C(Q,E) > F is nuclear if and 
only if T# : C(Q) + (E, F) is nuclear. 


Proof. (ii)=(i). 
If E* fails RNP, by [90, p.175] there exists ~ € M([0,1], £*) such that the operator p* : 
C0, 1] — E* defined by 
u*(g)e = wg @ e) 
for all g € C[0,1] and e € BE, is not nuclear. Choose y € F' such that y 4 0, and define 
T: C((0,1],£) — F by 


for all y € C((0, 1], £). It is clear that T is a rank-one operator, hence it is nuclear. The operator 
T# : C[0,1] ~ N(E, F) induced by T is clearly the operator such that for each g € C[0, 1] 


T* (9) = u* (g) @y. 


To see that T% is not nuclear, note that for each y* € F*, we can define the operator fee 
C0, 1] — E* by 

Tj. (9) = (T*g)*(y") 
for each g € C[0, 1). 


If T# were a nuclear operator then T He would also be a nuclear operator for each y* € F*. 
This of course follows from the fact that sa is the composition of T# and the bounded linear 
operator from V(E, F’) to E* which to an element N in \V(E, F) associates the element N*(y*) 
in E*. But for each g in C[0, 1] 

T7(9) = y*(y)u* (9). 
By the Hahn-Banach Theorem, choose y* in F* such that y*(y) = 1, then for this particular y* 


we have 
c = bt, 
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This contradiction shows that T* can not be nuclear. This proves (ii)=(i). 


The proof of (i)= (ii) is implicit in [1, Theorem III.4]. We shall provide a sketch of a proof 
for the sake of completeness. For this, assume that T.: C(Q,£) > F is nuclear and that E*has 
the Radon-Nikodym property. By Proposition 1 we know that the measure G representing 
the operator T is countably additive as a vector measure taking its values in V(E, F) and 
IG|nuc(Q) < co. Here it is easy to note that it follows from general vector measure techniques 
(91, p.3] that |Glnuc is countably additive. The proof that T% is nuclear now follows the proof 
of the scalar case as given in [91 p.173] with some minor changes. For instance, since E* has 
the Radon-Nikodym property, one can proceed to produce a Bochner |G|,,--integrable function 


H: Q—N(E,F) 
such that for each Borel subset B of Q, 
B= i H(w)d|G|nuc(w). 
B 
and for each f € C(Q) and each e € E 
TF @e)= | fw)H(e)(e)d\Glmel) 


Hence for each f € C(Q) 
f) = f F(e)H()A\Gmel) 


Another appeal to (91, p.173] shows that 7% is nuclear. 
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3.2 Permutations of the Haar system 
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Abstract: 

General permutations acting on the Haar system are investigated. We give a necessary and 
sufficient condition for permutations to induce an isomorphism on dyadic BMO. Extensions of 
this characterization to Lipschitz spaces A( 11); (0 < p < 1) are obtained. When specialized 


to permutations which act on one level of the Haar system only, our approach leads to a short 
straightforward proof of a result due to E.M.Semyonov and B.Stoeckert. 


Let us briefly describe the setting in which we are working. D denotes the set of all dyadic 
intervals contained in the unit interval. 7: D — D denotes a permutation of the dyadic intervals. 
The operator induced by z is determined by the equation 


Tx hy = hr(D) 


where h; denotes the L..-normalised Haar function supported on the dyadic intervall I. The 
main result of this paper treats general permutations on BMO and on Lipschitz spaces. The 
condition on 7 which controlles the boundedness of T; is given in termes of the Carleson constant 
of collections of dyadic intervals. The proof of the general result given below is quite complicated. 
We start therefore by considering first a special class of permutation operators. To study these 
operators on L, E.M. Semyonov introduced the parameter, 


|7~*(B)*| } 
kK =sup { :BCD 
|B*| 
where for example B* denotes the pointset coverd by the collection 6 
E.M Semyonov and B.Stéckert proved the following result. 


Theorem 3.2.1. If for every I € D we have |r(1)| = |I| and K < oo then for 2 < p< oo the 
operator T, is bounded on Ly 


We will obtain this result from 


Theorem 3.2.2. If for every I € D we have |r(L)| = |I| and K < o then the operator T;, is 
bounded on dyadic-BMO 


Proof. Recall that for formal series f = }7;¢-p arhy the dyadic - BMO norm is given by 


1 
1 Sean? 
[sp By > «ii 


B 1B 


where the supremum is extended over all collections of dyadic intervals B. We fix now x = S> arhy 
and obtain T,7 = )> Le—-1qyhr. Then choose 6 C D such that 


1 1 
5lFetllisaco S iB] So etal 
B 
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By hypothesis this expression equals with 
i a 
Be tel (I 
B 


Which equals trivially with 


|7—*(B)*| i) 2 =i 
By) |r (By] » 1 |™ (Z)| 


The last expression is of course bounded by K'||2||%jy9- This finishes the proof of Theorem2. 


Remark 19. 1) For every permutation which satisfies |r(I)| = |(I)| there exist E C D and 
xz € BMO for which the above chain of inequalities can be reversed. Hence for such permutations 
the condition K < oo is implied by the boundedness of T;. 2) As Tz is bounded on Lz we obtain 
from [26] Corollary2 p60 that T, is bounded on Ly, for 2 < p < oo. We thus obtained 
Theorem 1 from Theorem 2 by interpolation. 


Up to this point we considered permutations which act on one level of the Haar system only. 
We now turn to arbitrary permutations. 
To do this we need a scale invariant measure for the size of collections of dyadic Intervals B : 
the so called Carleson condition. This notion was studied and carefully analyzed by P.W. Jones 
in his work on the uniform approximation property of BMO/97]. 


Definition 1. 1. B is said to satisfy the K-Carleson condition if 


1 
opt Yo lsk 
a {JEB:JCI} 


The infimum over all such K is called the Carleson constant of B and will be denoted 


CCB 


2. maxB denotes those intervals in B which are not contained in other intervals of B. As 
dyadic intervals are nested, the collection maxB contains only pairwise disjoint dyadic 
intervals. 


Theorem 3.2.3. Let 7: D— D be any permutation. The operator T, is an isomorphism on 
BMO if and only if there exists M € R* such that for all B Cc B 


CCB < CCB < CCBM 


We will prove Theorem 3 by decomposing DP so as to control the norm of 7, on smaller 
parts. During the decomposition process we will collect additional information concerning the 
interaction of the small pieces. Each iteration step is based on 


Lemma 3.2.4. Let 7: D + D be a permutation which satisfies the condition of Theorem 3 
Then for any D(1) C D with D(I)* CT ,K € R*, and x € BMO we obtain a decomposition 
D(I) = G(1) VU S(t) 


1. where G(1) satisfies 


S> a§lr (9) < (DY IlelleokllelleuoK 
JEG(I) 
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2. and S(I) satisfies 


JEmaxS (1) 


Consequently for N(I) = 7~!(maxnD(I) and O(I) = (N(I)N S(1)) UmazxS(I) we obtain 


Proof. We define 
[x J| |J| 
s(1)= {J € DU): wok 
|IrD(I)"| [Z| 


and let G(1) = D(Z) \ S(Z). The defining inequality for J € G(J) implies that 


y Alni< earls nD(I)"| 


JEG(I) JEG(I 


This expression has ||a'||;,79|tD(JZ)*| as upper bound. It remains to analyze S(I): by definition 


of S(I) we get 
Hee pt yt |r J | 
y Se <p y ——— 
| ~ [7 DI)" 
JEemaxS (I) JEmaxS (I) 


The sum on the right hand side is dominated by the Carleson constant of mmaxS(JI), which by 
assumtion is bounded by M times the Carleson constant of maxS(I) . However maxS(JI) beeing 
a collection of pairwise satisfies the 1 Carleson condition. Summing up we obtain 


y sd 

JEmaxS (LI au) 
The collection marmD(I) like any other collection of disjoint dyadic intervals has Carleson 
constant equal to one. Hence t~!(maxmD(Z)) satisfies the M Carleson condition. In particular 
for L € maxS(I) 


~~ VWs MIE 


{JEN (I):JCL} 


Let us combine this estimate with the previous analysis of S(I) to describe the size of O(J). 


Sue SS ie. Se 


JEO(L) LemazS(I) {JEN (1): ICL} LemazS(1) 


The generations of the index set O(/) are used to form a stopping time decomposition of S(I). 


Definition 2.1. We first recall how generations are formed: let Go(O(I)) be maxO(I). 
Having defined Go(O(1)),...,Gi(O(L)) we put 


Gixi(O(D)) = max { O(1)\ LJ GeO) 
k<l 


2. We now form the crucial decomposition of S(I): 
For k € {0,1,2,...} and L € Gy(O(1)) we define D(\L)={J EST): JI cCLY\{JI CP: 
P€Gri(OW))} 
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Comment 


1) Consider the following identity 


d~ ele(Dl= So eilDi+ SSS e3lay) 


JED(L) JEG(I) LEO(L) JED(L) 


In view of Lemmal the sum indexed by G(I) admits a good upper bound. We shifted the bad 
behavior of the permutation into the sum indexed by O(I) However we used the hypothesis 
to show that this index set is geometrically small compared to I. This remark indicates that 
Lemmal permits us to show that a repeated application of the identity defines a converging 
algorithm. 

2) One’s first idea might be to choose maxS(I) as index set O(I). However when one tries 
to prove convergence for the associated decomposition procedure one meets serious technical 
difficulties. The way to get around these complications is to choose an index set which contains 
information about mar$(I) and 1~!(marz(D(1)). 


Proof of Theorem8. The necessity of our condition is implied by the following relation between 
the Carleson condition and BMO : CCB = || Oyeghr\|%yo- The rest of the paper is used to 
show that the condition of Theorem3 is also sufficient. We first choose Jo € B such that $||T,2||? 


is bounded by 
1 
Ueto 
{J:m(J)Cm(Jo)} 

We now let B = 1 1({J : r(J) C m(Jo)}) and Op = maxB For I € Og we put D(I) = {J € 
B: JC I} having produced O,...0),B,...B, and Ny...N we choose I € QO; and D(L) € B,. 
Lemmal is now applied to D(I) and we obtain G(I), S(1), N(Z) , and O(J). Finally S(I) is 
decomposed according to the Definition2 . This gives us {D(L) Cc S(J): L € O(L)}. Doing this 
for each I € O; allowes us to define 


On1 = U OT), Bin = ee DT), Nia = U NI 


IEO; LEOi41 LEO; 


We thereby completed the induction step. The next two claims describe the behaviour of our 
construction. From now on, K denotes any number bigger than 4M? 


Claim 3.2.5. O = Ulen O1 satisfies the 2 Carleson condition 


Proof. Fix I € Ox,. If J € Ox, and J C I then by construction we obtain k > ko. Applying the 
estimates of Lemmal we obtain for k > ko 


M(M +1)\*-* 
Se wis(F yn 
{JEOx:ICI} 


For I € Ox, 


Se. Se. ee ‘lel 


{JEO: JCI} k>ko {JEOx: JCI} 
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Invoking the observation above we obtain for this sum the following majorization: 


"p> (Me (M+ Se sas 


k>ko 


Claim 3.2.6. N = Ujen Vi satisfies the (3M) Carleson condition. 


Proof. When we look back at the construction we see that each dyadic interval lies in at most 
one of the collections V(J). Fix now I € N. Hence I € Nj, for some ko , and there exists 
exactly one dyadic interval P such that I € N(P). This remark gives the representation 


{JEN: JCI ={JEN(P): Jc PHU{M(L): LE O,L cP} 
We thus obtain the following identity: 
1 1 1 
i me =F S> I+ 7 S> S | J| 
{JEN: ICI} JEN (P) {LEO:LCP} {JEN (L)} 


The first summand is simply estimated by NV’, , which in turn is less than M.The second term 


J 


1 
Fi S> M|L| < MCCO 
| eco! 


Having proved claim2,we resume the proof of Theorem3. 


is majorized by 


We know now that N satisfies the 3M Carleson condition. Observe that mV = U;eo marnD(L) 
Therefore 


ma i S° |maxn(D(I))*| < CCr(N) 


IEO 


By hypothesis on 7 we get CCr(N) < M.CCN. Recall next that {G(J) : I € Os} isa 
decomposition of 6B. We thus obtain the following final estimates. 


1 HE 
5lTratllisaco = Taal be x5 \n(J) — Tro] a | os De x5 |n(J)| 


{n(J):JEB} 1€O {n(J):JEG(D)} 
< py DL maem (DUI? 
1eEO 


As we observed above this sum is bounded from above by 3M?||z||?,,, 


This proves that 7, is a bounded operator on BMO. As the hypothesis of the theorem is 


symmetric in and 7+ we conclude that T,-; = T~! is bounded as well. 


Extensions to Lipschitz functions: The dyadic BMO condition appears as a natural 
limit of some Lipschitz condition for martingales. We describe subsequenty an extension of our 
main result to Lipschitz spaces. 1 For y € L? say and 0 < p < 1 the Lipschitz condition assumes 


the form : 
dt \ 2 yi 
ella =sup( f1e- er? 5) rp? 
($-) reo \Jr Z| 
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where y; denotes the meanvalue of y over I. The particular interest in these class of functions 
stems from a duality relation due to C. Herz,[/? |], which generalizes C.Feffermans duality 
theorem. Herz’s theorem identifies A ( 1 =i) with the dual space of dyadic H?(0 < p< 1). 

Pp 


We shall now discuss permutations of Haar functions which are normalised in A ( 1 1)" The 
Pp 


1 
norm of the L® normalised functions hy in A/,_,) equals |J |'~>. Hence the operator induced 
Pp 


by the permutation 7 :D — D is given by the relation 


hy hg 
|I|" |n(I)|- 


It is useful to observe that the A (1 1) norm of f = >> ay AL + can be expressed in terms of the 
> [r|'~ 2 


coefficients a;. In fact we obtain 


eal 


(4-3) 
= sup 7 Laue 74) 
(p>) y |I| ED ) Gar 
This formula suggests how to extend properly the notion of Carleson - constant. 
Definition 3. For a collection B of dyadic intervals, the Carleson p-constant is given by 
1 g(1_1 
sip{—aa OC (4) 
FEE Ke (5-2) epscn 


It will be denoted by CC,(B) 


Our extension of Theorem 3 reads now as follows 
Theorem 3.2.7. Let 7: [| — | be a permutation. Let 0 < p< 1. The operator T,,, is an 
isomorphism on N11) if and only if there exists M € R* such that for every | C | 
p 


1 


ap cOvll) $ CCp(m(L)) $ CCp(IM 


The proof of theorem4 follows the pattern explained above. The first step is again given by 
the following 


Lemma 3.2.8. Let 7: | > | be a permutation which satisfies the condition of Theorem 4 
Then for any D(I) C [ with D(1)* CI ,K € R*, andze A Gos) we obtain a decomposition 
p 


D(L) = G() U S(J) 
1. where G(1) satisfies 


Satta) <P Dial 


ds. 
{nJ:JEG(1)} Lemaaxn(D(I)) ) 


2. and S(I) satisfies 


» ae an 


JEmaxS(L) 
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Consequently for N(I) = 7~!(maxnD(I) and O(I) = (N(I)N S(1)) UmazxS(I) we obtain 
ja}\2(3-3) MM +1) 

eli) Se 

JEO(L) 


Proof. We define 


a(+—4 
S(=¢ se DD: nse?) 


ay2* (i 


and let G(Z) = D(L) \ S(). The defining inequality for J € G(J) implies that 


Samed. ry aA ped 


Lemazr(D(I)) 


2 
renee) |L| 


This expression has 


Wel, KS nt) 


(>-1) Leémazxn(D(1)) 


as upper bound. It remains to analyze S(I): by definition of S(I) we get 


J)\2e-3) In(F)[2AB-2) 
(a) <2 = 
JeEmaxS (IL) 


The sum on the right hand side is dominated by the Carleson p constant of mmaxS(JI), which 
by assumtion is bounded by M times the Carleson p constant of maxzS(I) . This in turn is 
bounded by one. We obtained: 


Ai 


JEmaxS (I) 


The collection maxzzD(JI) has Carleson p constant equal to one. 


Hence 1~'(maaxmD(J)) satisfies the M Carleson p condition. In particular for L € maxS$(I) 


SPO) <p) 
{JEN (I):JCL} 
This estimate and the previous analysis of S(1I) gives an upper bound for the size of O(1). 


wwe < yo yy spl) 


JEO(I) LemazS(I) {JEN (1): ICL} 


6 yo mph) <M 
LemazxS(1) 
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Proof of Theorem 4. The necessity of our condition is implied by the following fact 
hy 
CCp(1)L = 11), —IlA,,_y- 
OL ND Egy 
We show now that the condition of Theorem4 is also sufficient. We first choose Jo € D such 
that $||Zpr2\|% __., 18 bounded by 
(3-1) 
1 cies 
Se aile(nPGr?) 


I(Jo)|24?-2) { I:m(J)Ca(Jo)} 


We now let B= 27! ({J : (J) C m(Jo)}). Using Lemma2 we form as in the proof of Theorem3 
the collections O,N, {G(1) : I € O} and {D(I) : I € O} such that : 


1. CC,(1)M < 3M 
2. {G(I) : I € O} is a decomposition of B 
3. 
Sy aye(P) < yy PG DyaiR 


JEG(L) Lemaxn(D)) (>-1) 


As 1N = Useo marr D(L) we obtain 


2 PG) eco, yr) 


lar(Ja)|2A? 2) IEO Lemaxrn(D(1)) 


By hypothesis on 7 we get CC,(1)mW) < MCC,(1)N. Moreover {G(I) : I € O} isa 
decomposition of B. We thus obtain 
1 9(1_2 

— enh) = 


(3-1) — In(Jo) 20-2) {n(J):JEB} 
! YS a3lr(J) 


Led 
I(Jo) [242 2) IO {n(J):JEG(D} 
1 (11 
<—aay EoD ict 
|7(Jo)| (3-3) Ie€O Lemaxn(D(1)) , 
We observed already that this sum is bounded by 3M?||2||? ‘ 
ne 


1 
lionel A 


1) 
This proves that T,,, is a bounded operator on A ( 1 =) 
p 


wwe are able to conclude that T,,,-1 = Ty, + is bounded as well. 


. Repeating this procedure with 7 


replaced by 17! 


Remark 


In view of the above mentioned duality results due to C. Herz and C. Fefferman the transposed 
operator of Ty.z, (0 < p < 1) is given by the operator S,,, defined by 7~! acting on H? normalised 
Haar functions. More precisely Sp, : H? — H? is given by the relation. 


h Reni vA 
Son ( 7 _ wo. 
|I|P |n—1(I)? 


An equivalent formulation of Theorem 4 is thus given by 
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Theorem 3.2.9. Let 7: D — D be a permutation. Let 0 < p< 1. The operator Sp, is an 
isomorphism on dyadic H” if and only if there exists M € R* such that for every BC D 


1 


<7 CCp(B) < CCp(n(B)) < CCp(B)M 


100 


3.3. On The Complemented Subspaces of X, 


Dale E. Alspach 
Department of Mathematics Oklahoma State University Stillwater, OK 74078-0613 


Abstract: 
In this paper we prove some results related to the problem of isomorphically classifying the 
complemented subspaces of X,. We characterize the complemented subspaces of X, which 
are isomorphic to X, by showing that such a space must contain a canonical complemented 
subspace isomorphic to X,. We also give some characterizations of complemented subspaces of 
X» isomorphic to lp @ £2. 


3.3.1 Introduction. 


Rosenthal [98] introduced the £, space X, in 1971. Among its interesting properties are that 
it contains and is contained in isomorphs of ¢, © ¢2, but is not isomorphic to a complemented 
subspace of ¢, © £2. These properties have made X, rather resistant to standard approaches to 
classifying its complemented subspaces. For example it was first proved that X, was primary 
in [99] where the device of simultaneously Ly, L2 bounded operators was employed to prove a 
version of the decomposition method for X,. The problem really is that the £, and ¢2 structures 
in Xp are mixed in a much different way than they are in £,@¢ or ()/ ¢2),,. Let us also recall that 
X, or really the technique for building X, is the central device used to construct an uncountable 
number of separable £, spaces, [I00]. Thus a better understanding of X;, is critical for the study 
of the complemented subspaces of Ly. 


In order to state precisely our results we need to introduce some special notation. Throughout 
this paper w = (w,) will be a sequence of positive real numbers and 2 < p < oo. As usual 
Xpw is the completion of {(a;) : i € N, a; 0 for finitely many i} with the norm |](a;)|| = 
max{|(ai)|p, |(ai)|2,0} where |(4%)|p = [S;|asl?]/? and |(ai)|2,0 = [32; lae|?ev7]"”?. 


The Rosenthal space Xp is Xp,» where w = (w;) is such that for everye > 0, >> 
Wi<e 
oo. Throughout this paper we will always consider X, to be the subspace of (£) @ €2)oo spanned 
by (on + WnYn) Where (6,) and (7) are the usual unit vector bases of £, and 2, respectively. 
If E CN, the symbol w(£) will be used to denote \o cz we?!) which occurs frequently in 
computations in X,. We will also need the ratio of 2-norm and p-norm, |x|2/|x|,p, which we will 
denote by r(x). For a subspace Y of Xp, define r(Y) = sup{r(y): y € Y} and A(Y) = inf{r(y) : 
y € Y}. In defining functionals on X, it is convenient to use the inner product induced by the 
norm | - |2. Thus < (gn), (Yn) >= Do tnynv2. 


2?!) 


We will use standard Banach space notation and terminology as may be found in |[01]. Here 
subspace will mean infinite dimensional closed subspace unless otherwise noted. The properties 
of X, can be found in [101] or in the original paper of Rosenthal [98]. 


3.3.2 Complemented subspaces of X, which contain X, complemented 
In this section we will show that a complemented subspace of X, which contains a complemented 


subspace isomorphic to X, contains a canonical complemented copy of Xp. In [98] Rosenthal 
showed that there were nice block bases of the usual basis of X, with complemented closed 
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linear span. The point of his construction was to make sure that the coordinate functionals of 
the block basis could be chosen to be bounded in both the p and 2 norms. Explicitly, if for each 
jEN, 
kyj41 
yj = Ss" w/e, 


n=k; +1 


where (e,,) is the natural basis for X, and (e7,) is the corresponding sequence of biorthogonal 
functionals, then 


Rj44 1/2 kj4t 1/p 
lyjl2 = | se ubple-a)] and |y;|p = | S- ubpli-9) 
n=kj+1 n=kj;+1 
Let 
kj 
yj (2) = lysla? oS we! P-2) ay? e* (x) 4 lyjlo? Ua 
n=kj;+1 


By applying Holder’s inequality first in ¢2 and then in ¢,/2 we see that 


kyj41 
lyf (@)l = Iysla? 4 | D> we Pw ek (a) 
n=k;+1 
kj41 1/2p Rita 1/2 
<lwilz?] So wif ual” | > wine 
n=k;+1 n=kj+1 
kj41 1/2 Rj41 1/2 
<luilz?] So wl] ming | wien cere] 
n=k;+1 n=kj+1 
kj4a (p—2)/2p pitt 1/p 
> upple-| | ento) 
n=k;+1 n=kj+1 


‘ =] —1 
= min {lye 41.4541) l2lyila » |p; +1,ky 41] lplYslp \. 


Thus 
yj ()yslo S [eypej+1jkj pale and [yj (x)yjlp S |2yn,41,4)41] |p: 


The important point is that this computation works because 


Rj4a (p—2)/2p - Ri+t 1/p 
k= | 3 upplo-2) | S uplo-2) 


n=k;+1 n=k;+1 
ki+t (p—2)/2p 
[Sep], 
n=k;+1 


Remark 20. The choice of coefficients for y; has the following geometric motivation. These 
coefficients give the maximum for the ratio |-|2/|-|p for elements supported on [kj +1, kj41]. Thus 
if x is supported on [kj +1, kj41] and x € Be, (the unit ball of ly ) then (|yjlp/lyjl2)@ € B).\, 
and there is exactly one x so that the multiple has 2-norm one. 
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If we replace y; by any z; with the same support which satisfies 


kj41 
elzgla =| > wep 2) 2/20 | 21) = w([kj +1, hjsa])” 2? zap 
n=k;+1 
and define : 
j+1 
Z@v=lalo° = peeslais 5. Qe, @Ou,- 
n=k;+1 


applying Hoélder’s inequality as above shows that 


* 


[zj (x)zjlo < |ryps4tej41)l2 and [27 (2)z5lp < ela y(e;41,kj42]1p- 


Combining this observation with the isomorphic classification of subspaces spanned by block 
basic sequences, we arrive at a prototype for a complemented subspace of X, isomorphic to 
Rep eit 

p,w 


Proposition 3.3.1. If (z;) is a normalized block basis of the natural basis of Xp, (Ej) is a 
sequence of disjoint subsets of N and there are positive constants c and 6 such that for all 7 


1. |zjn,\2 = 4|z;le 
2. clzj1p,|2 > w(B;)P-)/?? 


f 
j 


Then [z;| is a max{d~',c} complemented subspace of Xp isomorphic to Xp», where w 
w( Ej )(-2)/2P 


Proof. A block basis of the natural basis of X, spans a subspace isomorphic to Xp.” where 
wi = |zjl2/lzjlp = r(z;). By Hélder’s inequality and b), 
|zj]p (Ej) P- PP > | 251255 |p (Ej)??? > | 251m, la = dlzyle- 


Hence 
5h (Ej) 0-2)/2? > r(z;) > c~tw( By) P-?)/P 


and thus Xp,» is isomorphic to Xp». Define a projection onto [z; : 7 € N] by 


Clearly P is the required operator if it is bounded. The computations above using b) in the 
form 
—2)/2 
(clzj1p,\p)|zj1Bjl2 = (Bj)? lz, |p 


show that. 
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1/2 


[DE g@esB| ae 


||Px|| < max{ pe [23 (x) 25/3 


1/2 
= max [SH yen Ble B/ene [SFE jeden Ble Bey D 


3 
ee 


a 


1/2 1/p 
- ms [BH je, BO ; be nee ! < max{d~', c}||z||. 


Next we will prove our characterization of the complemented subspaces of X, which contain 
X, complemented and thus are isomorphic to Xp, [? |. 


Theorem 3.3.2. Suppose that X is a complemented subspace of Xp. Then the following are 
equivalent. 


1. X contains a complemented subspace isomorphic to Xp 


2. There exist positive constants c and 6 such that for every € > 0 there is an , O< e <e, 
such that for every N € N there is anz € X, ||x|| = 1 anda finite set E C{N, N+1, ...} 
such that 


3. ||z\a,yl| < Nt 
4. |z\pl2 = d|zl2 


5. € > c|zpl2 > w(E)?-2)/2P > é, 


Proof. Suppose that 2) is satisfied. Let e, = k~!. By induction we may choose for each k 
a sequence (x,%,;) of norm one elements of X which are a perturbation of a block basis of 
the basis of X, satisfying b) and c) (for ¢, and E,;). Clearly we may assume that Ex 3M 
Exm = ¢ for 7 #m. By a simple diagonalization argument we can find sets F, C N such that 
(Ue )Ro1, 7eFy is equivalent to a block basis of Xp, the sets Ex, k © N, j © Fy are disjoint, 
and (¢,)??/@-card F, > 1 for each k. It now follows from Proposition 1.2 and standard 
perturbation arguments that Y = [x,; : k © N,j € Fy] is isomorphic to X, and that Y is 
complemented in Xp. 


For the converse we will actually show that if we take as our isomorph of X, the special 
representation Xp, where w’ is actually a doubly indexed sequence w’ = (w,,;), where wk,j = 
wy, for all 7; lima, = 0, and ¥- + were?) = oo, then the images of a subsequence of the 
basis satisfy the properties in 2). Thus we suppose that Y is a complemented subspace of X 
and that T is an isomorphism of Xp»: onto Y. By passing to a subsequence of the basis of Xp w/ 
and using a standard perturbation argument, we may assume that Y is the span of a block of 
the basis of the containing X,. Let (y;) be the normalized basis of Y and let F; be the support 
of y; relative to the basis of Xp. 


Let y; denote the biorthogonal functional to y;. Because Y is complemented in X,, we may 
assume that each y* is defined on X, and sup ||y*|| < ||Z~+|| ||Q|| where Q is the projection onto 
Y. Because Y is reflexive, y(e;) > 0 as i > oo for each j where e; denotes the jth basis vector 
of X,. Thus we may assume by passing to a subsequence, a perturbation argument and perhaps 
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enlarging the sets Fj slightly that y(x) 4 0 only if jz, 4 0. In other words y¥(x) = yf (z)\p,). 
Also it follows from this that the projection Q onto Y is given by Qx = S°>°, y3(x)yi. Fix i and 
let Ey = {7 € Fi: |yi(y)| = pus ye} and assume that b) is satisfied for y; and E;. 


eS - : 4/(p—2 
wo( Ei) = S9 wy < p-? S™ luis) Plodla Pw} 
jek; jek; 
= 4/(p—2 
= ply, lalyile 
< p26 PP) ayaa, (BPE) 


Thus if p is independent of 7, condition b) will imply the middle inequality in condition c) 
(with c = p—'?-?)/P§—2/P), Also observe that because 


|yilp w (Ey) 'P-2)/2? > [yay 22; |p w( Ex) 2/2? = |Yirp,l2 2 Olysl2 


the third inequality in c) will be satisfied if |y;|2 is bounded away from zero. Hence it is sufficient 
to show that for some p > 0 there is a 6, 0 < 6 < 1, such that if €5 = {7: |yya,|2 = Olyilo} then 
for every €; > 0 there is an €2 > 0 such that €; > |y;|2 > €2 for infinitely many 7 in €5;. Then c) 
will be satisfied with ce; = € and ée = deg. 


Note that ign, yA)? < Dygm, iA)?” Pw7lyila? < p?-?. Hence 
Ilyas] = [1 - p?-?]!/P and Yar \Bilp < p'—?/P_ Thus if p is small, [vijwe : 7 ¢ Es] is not better 
than p~'+?/P equivalent to [y; : i ¢ &5]. 


For each K define Mg = {i : |¥F(Yin,)| < Klyyn,l2/lyil2}- Observe that because ||yF|| < 
7-1 QI, 


Yi Yir\B) SN || Q||max{lyn\ x le, Iyam\zilp} 
< ||T7"|| [Ql] maxflyil2, p'-7/?}. 


Thus if we consider only those y; with |y;|2 < p!~?/? we have that 


lyz (vyz2,)| > 1 —|T [Ql|pt-2”. 


Under our assumption on the sequence (y;), the span of such y; is still isomorphic to Xp». From 
now on we will assume that p!~?/? < (||T~"|| ||Q||2)~! and thus that ly? (Yip, )| = 1/2 for all i. 
In this way we can work with Mx instead of € 5 since for such 7 ifi € Mx then 7 € E;/ox. 


Let us now see how the projection onto |y;] acts on the span of [y;)z,]. Our assumptions on 
the y;’s imply that Q >7?°, Yi, = ype. (Yi) m, yi. Hence 


CO CO 
2d ane = |S° aii (yiyn, yi 
i=1 2 i=1 2 
1/2 1/2 
> KL el? lula aps eine 3 : 
i@€Mk tEM Kk 


If a; = vam fori ¢é Mx andi < N, and 0 else, then 
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N 


1/p 1/2 
Yaue||=mex{] D> laPiswe] +] 32 lasPbael] | 


i=l i¢ Mk 1€Mk 
2p/(p—2) me 2p/(p—2) ue 
< max{ | S- lyim,|o° . nl ; ps yim, lo” : | } 
igMik 1€M k 
/2 
< max | 3 an. |32/( p- ay" sl S- loi, 3p p- y \ 
igMrk 1¢M 
/(p—2) ue 2p/(p—2) 
= S> lve a | ’ if ne AOA) a 
igMk igMk 


This implies that 


1/2 
Halll bow] KO tone] 


tEM Kk tEM Kk 


va) > 1. Therefore, if K > ||Q|], 


> yaya, [pert p—2) <1. 
i@Mrk 


: 2 
if ae Iya] 2, es 


Because yale lp > [L—p?-?]!/”, ( We are assuming that p < 1.) this implies that [vite | [Yaz II-* 
i € Mx] is equivalent to the basis of £,. Therefore for any ¢e’ small enough only finitely many of 
the y;’s with |y;|2 > é’ have index not in Mx. Indeed, if this were not the case, then there would 
be a subsequence of (y;), say (yi)iem, such that MC M& and € > 0,|yi|2 > € for alli € M. 
However this would imply that Q is an isomorphism from [yj)g, : 1 € M], which is isomorphic to 
fp, onto [yi : i € M], which is isomorphic to 02. 


It follows that (yi)ieM, is equivalent to the basis of Xp», where w’ = (w/) and for each € > 0 
there is a e’ > 0 such that € > wi > ’, for infinitely many i. Note that because |y7(yj),)| > 1/2, 
for any i¢ Mx, |yin,|2 = Olyil2, where 6 = 1/2K, ie., i € &5. 


Remark 21. If X is not isomorphic to Xp we can use part of the proof that 1) implies 2) to 
get a natural way of splitting vectors in X into a piece with large ratio and a piece with small 
ratio. Indeed suppose X is a complemented subspace of X, and that P is the projection onto X. 
By [29] we may assume that P is bounded in the norm |-|2 as well. Suppose that 2) fails for 
o< iPS, c and €. Choose positive constants é, p, a, and 8 such that 


é’ < min{e, da}, 
8 < min{(1— 4|Pl2)/(I|PIl), €/c}, 
p< min{c—?/(P-?) §2/(P—2)_gp/(P-2)) 
B >a > max{86|Pl2/(1— 6||P||), B7I|PII/ — 4|Pl2)- 


Let N be an integer so that a), b), and c) of 2) fail for «’ and N and suppose that x € 
X, 2lp,y) = 0, < r() < 6 and |le|| = 1. Let By = {7 : |a(s)| = ows! [a7 }. As 
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in the proof above the choice of p guarantees that the middle inequality in 2) c) is satisfied 
by z\z,- Because r(x) < 8 < e/c, the first inequality in 2) c) is also satisfied. Finally if 
lt\5,l2 = O|zl2, tae eee |t\z,|2 = 5|a\2 > da > e’ and thus all of the inequalities in c) 
are satisfied. The failure of 2) then implies that |z)p,|2 < 4|2|2. 


Let y = P(ajp,) and z= x —y = P(a2)g¢). We claim that r(y) < a and r(z) > G. Indeed, 


lylo < |Plalzyz,l2 < |Pled|zle < |Pl268 
< a(1— B||P||) < a([z|p — ||P lz Zell) < elylp 


since || pe|p < p-2)/P < B and |alz < B, and 


|zl2 = (1 — 6|Pl2)a > (1 — 6|Pl2)6"||P||/(1 — 5|Pl2) = SI|PI| lleyzell = Blzlp- 


Thus any x € X with support in {N+1,N+42,...} can be split into an element with ratio 
greater than § and one with ratio smaller than a. If this could be accomplished in a linear 
fashion it would follow that X is then isomorphic to a complemented subspace of £, © 2. 


3.3.3 Complemented subspaces of X, which are isomorphic to ¢, © 2 


In this section we look at some ways of discriminating between complemented subspaces of 
X, which are isomorphic to complemented subspaces of ¢, © ¢2 and those isomorphic to Xp. 
First we will examine how the conditions in Theorem 1.3 fail if X is isomorphic to @, © ¢2. Below 
P,, denotes the basis projection onto the span of the first n elements of the basis of Xp. 


Proposition 3.3.3. Suppose that Z, X, U, and W are subspaces of Xp such that ZC X = 
U@W, U is isomorphic to l2 and W is isomorphic to £,. Suppose that Z has a normalized 
K unconditional basis (zn). Let 8 = limnsoor(Zn) and B’ = limn+oinf{b : for every e > 
0 there exists u € U such that \|P,ul| < € and r(u) < b}. IfB >0, 6’ <1, and P is a projection 
from X onto Z then ||P|| > 6'/KB. 


Proof. Let z, = Un + Wy where un, € U and w, € W. By passing to subsequences and a 
standard perturbation argument we may assume that (u,,) and (w,,) are block bases of the basis 
of Xp. (It could happen that ||w,|| + 0, but then 6’ < 8.) Moreover we may assume that the 
projection P composed with the corresponding basis projection @ acts disjointly with respect 
to the subsequence (Zn)nem, i-e., QP is a projection onto [z, :n € M] and QPuy = TrZn and 
QPun = (1—t™)Zn. Because (wn) is equivalent to the usual unit vector basis of €,, p > 2, 6 > 0, 
and (z,,) is equivalent to the usual unit vector basis of £2, it follows that 7, > 1. 


Because W is isomorphic to £,, |wn|2 + 0 and thus |un|2 — |zn|2 + 0. Therefore 


lim sup ||un|| = lim sup max{|un|2, |un|p} < limsup max{f, |un|2/r(un) } 


< max{6, 6/8} = 6/6". 
Consequently K’||P||G/6' > limsup ||Q]] ||P] |/un|| > 1. 


Corollary 3.3.4. Suppose that X, U, and W are subspaces of X, which satisfy the hypotheses 
of Proposition 2.1 and X is complemented in X, with projection P. Then for any c and 6 
and € < ('cd/max{c,d—'}, there is no €, 0 < & < €, such that for every N € N there is an 
xe X, |\x|| = 1 and a finite set EC {N, N+1, ...} such that 
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1. |lz\,ayl| < No? 
3. €> ez pl2 > Bye re ><, 
Proof. Suppose ¢’ exists for some c, 6, and e. Then there is a sequence (z,,) of norm one vectors 


in X which is a perturbation of a block basis of the basis of X, and disjoint sets (E,,) such that 
for all n 


1. |2y)n, 12 > 4lZnl2; 


2. € > ¢lZn\n, |2 = w(Ep,)&-2)/2P > 


Then [z, : n € N] is complemented in X, by a projection of norm at most max{c,6—1} and 
r(Zn) < €/cd. Thus by the previous proposition ||P|| > 6’cd/e and hence 


€ > B'c5/max{c, 571}. 


We now turn our attention to the classification of the complemented subspaces of Xp. It 
was shown in [99] that if a complemented subspace of X, has an unconditional basis then it is 
isomorphic to fp, 02, lp © 2, or Xp. In [102] the same conclusion was established if X has a 
“o,2 F.D.D." Thus it seems likely that same result holds without the additional assumptions. 
We will next look at some well known results but recast in terms of the ratio of the 2-norm 
and p-norm. To begin let us recall that results of Kadec and Pelczynski [103] give a natural 
criterion for isomorphs of f2 contained in X,,p > 2, namely, a subspace X of X, is isomorphic 
to 2 if and only if there is a constant C > 0 such that r(x) = |z|2/|x|, > C for all x € X, ie., 
h(X) > C. It follows from [? | that if a complemented subspace of X, does not contain ¢2 then 
it is isomorphic to @,. A standard gliding hump argument yields the following criterion. (Below 
Qn denotes the projection onto the span of the basis vectors of X, with index greater than N.) 


Proposition 3.3.5. A complemented subspace X of Xp is isomorphic to ¢, if and only if for 
every € > 0 there is an N EN such that ifx € QnX then r(x) <e. 


Theorem 1.3 gives a criterion for identifying complemented subspaces isomorphic to Xp, 
however it seems to be rather difficult to formulate useful conditions which identify complemented 
subspaces isomorphic to f2 © £, or a complemented subspace of it. Here are some attempts at 
such criteria. 


Proposition 3.3.6. Let X be a complemented subspace of Xp and suppose that Z is a subspace 
of X and e, 8, and B' are positive constants with €« <1 such that 


1. for all z € Z, r(z) > 6’ 


2. ifx EX andr(x) > BG then there exists z € Z such that |x — z|2 < elax|o. 


Then X is isomorphic to a complemented subspace of ¢, B l2 and conversely. 
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Proof. Condition: 

a) implies that Z is isomorphic to 2. Let Y be the kernel of the orthogonal projection from X 
onto Z. If y € Y and r(y) > 8 then by b) there exists a z € Z such that |y — zl2 < elyl2. But 
y is orthogonal to z so we have that |y|2 < [|y|3 + |z|3]!/? = |y — zle < elyl2, an impossibility. 
Therefore r(y) < 6 for all y € Y and Y is isomorphic to @,. 


If X is isomorphic to ¢2 or ¢, the converse follows easily from our earlier observations. 
Thus by the results of Edelstein and Wojtasczyk [I04] we may assume that X is isomorphic 
to €, © 2 and let U and W be the complementary subspaces with U isomorphic to ¢2 and W 
isomorphic to ¢,. Because U is isomorphic to 2 there is a constant 1 > 6’ > 0 such that for all 
u €U, r(u) > 6’. We may also assume that W is the kernel of the orthogonal projection Q onto 
U. 


Then for any x € X, 


lx — Qal2 < r(W)lle — Qal| < r(W)C + [lQ|)llal 
< r(W)(1 + 1/6" az max{ 1, 1/r(2)}. 


Because W is isomorphic to @, it has a basis, let R, denote I — @ composed with the basis 
projection onto the span of the first n elements of the basis of W. Let K = sup ||R,||. Choose n 
so large that if Y = (I — R,)W, r(Y) < (2(1+1/8’)(14+ K))-1. Then if z € Y + Z the above 
computation shows that b) is satisfied with « = 1/2. Because R, is finite rank there exists a 
6 >1 such that if r(x) > 6 then ||Rrx|| < ||z||/4(1 + ||Q||). Now if r(x) > B, 


|x — Qal2 < (1+ |[Q]])||Rn2|| + |Z — Rn) — QU — Rn)ale 

< (1+ |/Q||)||2||/4. + 1/8) +r] — Rn)@ — QU — Rn)a|| 

< |x|2max{1,1/r(x)}/4+r(VY)(1 + |IQ|[) [|Z — Rall [ll] 

< |z|g max{1,1/r(x)}/44+r(Y)(141/8’)(1 + K)|2|2 max{1, 1/r(z)}. 
< (3/4)|al2. 


Remark 22. Condition b) may be replaced by 
1- ifx € X and r(x) > B" then there exists z € Z such that |x — z|2 < ella]. 


To see this note that if b') holds then b) holds with B = max{B”",«} and «= 1. 


To get a similar theorem but with the hypothesis on the @, part we seem to need to assume 
the existence of a projection. 


Proposition 3.3.7. Let X be a complemented subspace of Xp, and suppose that Y is the range 
of a projection P on X and e, a, and a! are positive constants with € < ||I — P||~! such that 


1. for ally € Y, r(y) <a’ 


2. ifx © X and r(x) <a then there exists y € Y such that ||x — y|| < e||z||. 
Then X is isomorphic to a complemented subspace of ¢, ® l2 and conversely. 


Proof. Condition a) implies that Y is isomorphic to £,. Let Z be the kernel of the projection P 
from X onto Y. If z € Z and r(z) < a then by b) there exists a y € Y such that ||z—y]|| < e||z]]. 
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But Pz = 0 and Py = y so we have that ||z|| = ||(J — P)(z — y)|| < ||Z — Pllellz|| < |lz||, an 
impossibility. Therefore r(z) > a for all z € Z and Z is isomorphic to 2. 


As in the proof of Proposition 2.6 the converse easily reduces to the case that X is isomorphic 
to l2£p. So we again let U and W be the complementary subspaces with U isomorphic to ¢2 and 
W isomorphic to , and let 6’ be a constant such that 1 > 6’ > 0 and for all u € U,r(u) > 6’. 
As before we will assume that W is the kernel of the orthogonal projection Q onto U. 


Then for any x € X, 
||Qz|| = max{|Qz2, |\Qz|p} < max{|Qz\2,|Qz|2/"} << Qx,x >"? / 8 
< [|Qzlor(x)|le|I]'/7/8" < []Q\|/?r(x)"? ||| /6" 


Thus if r(x) < a = 6 /\IQ||°, lle — (I — Q)2\| = |1Q2|| < |lel|/IIZ - Z — Q)||. Because Y is 
isomorphic to ¢, there is some a’ such that r(y) < a’ for all y € Y. 


Remark 23. Propositions 2.3, 2.4, and 2.6 do not really use the structure of Xp and thus can 
be restated for complemented subspaces of Ly. 


Proposition 2.6 should be compared to the following result for X,, itself. 


Proposition 3.3.8. There does not exist a subspace Y of X, and positive constants € and 
a, €< 1 such that 


THY) < co 


2. ifx © Xp and r(x) < a then there exists ay € Y with ||a — y|| < é||z||. 


Proof. Suppose such a subspace exists. Then there is a normalized block basic sequence (2p) 
of the X, basis such that a > r(ap,) > a/2 for all n and such that [x : n € N] is norm one 
complemented in X, with projection P. By b) for each n there is an element y, of Y such that 
\|2n —Yn|| < e||an||. Because P is norm 1, || Py, —2n|| < € < 1. Hence ||Py,|| > 1—«. By passing 
to a subsequence we may assume that (y,) is equivalent to the usual unit vector basis of ¢, and 
that (Py) is equivalent to a block basic sequence in [z, :n € N]. But (x,,) is equivalent to the 
unit vector basis of £2 and hence so is (Py,). Because p > 2 this is a contradiction. 


Remark 24. The above proposition fails if ¢ = 1. In this case the span of a perturbation of a 
natural basic sequence equivalent to the basis for ) may be used for Y. 
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3.4 p-Summing Operators on Injective Tensor Products of Spaces 
Stephen Montgomery-Smith™) and Paulette Saab‘**) 
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() Research supported in part by an NSF Grant DMS 87500750. 


Abstract: 

Let X,Y and Z be Banach spaces, and let nes Z) (1 < p < ow) denote the space of p-summing 
operators from Y to Z. We show that, if X is a $-space, then a bounded linear operator T : 
X®.Y —>+ Z is 1-summing if and only if a naturally associated operator T# : X —> [],(Y,Z) 
is 1-summing. This result need not be true if X is not a $50-space. For p > 1, several examples 
are given with X = C[0,1] to show that T# can be p-summing without T being p-summing. 
Indeed, there is an operator T on C[0,1]®.1 whose associated operator T7 is 2-summing, but 
for all N <N, there exists an N-dimensional subspace U of C[0,1]®_¢1 such that T restricted 
to U is equivalent to the identity operator on 0%. 


Finally, we show that there is a compact Hausdorff space K and a bounded linear operator 
T: C(K)®@cl1 — £2 for which T* : C(K) — J],(4, £2) is not 2-summing. 


A.M.S. (1980) subject classification: 46B99. 


3.4.1 Introduction. 


Let X and Y be Banach spaces, and let X®,Y denote their injective tensor product. In this 
paper, we shall study the behavior of those operators on X®,Y that are p-summing. 


If X, Y and Z are Banach spaces, then every p-summing operator T: X®-Y —> Z induces 
a p-summing linear operator T# : X —> IT, Z). This raises the following question: given 
two Banach spaces Y and Z, and 1 < p < oo, for what Banach spaces X is it true that a 
bounded linear operator T.: X®,Y —+ Z is p-summing whenever T#* : X —> [[,(Y; 2) is 
p-summing? 
In [05], it was shown that whenever X = C(Q2) is a space of all continuous functions on a 
compact Hausdorff space 2, then T : C(Q)®.Y —> Z is 1-summing if and only if T# : 
C(Q) — [],(¥Y, Z) is 1-summing. We will extend this result by showing that this result still 
remains true if X is any $.-space. We will also give an example to show that the result need 
not be true if X is not a $.-space. For this, we shall exhibit a 2-summing operator T on 0)®,9 
that is not 1-summing, but such that the associated operator T% is 1-summing. 
The case p > 1 turns out to be quite different. Here, the $.-spaces do not seem to play any 
important role. We show that for each 1 < p < ov, there exists a bounded linear operator 
T: C[0,1)®.l2 —> £2 such that T# : C[0,1] — [[,,(42, £2) is p-summing, but such that T is 
not p-summing. We will also give an example that shows that, in general, the condition on T# 
to be 2-summing is too weak to imply any good properties for the operator T at all. To illustrate 
this, we shall exhibit a bounded linear operator T on C(0, 1]®_¢1 with values in a certain Banach 
space Z, such that T#* : C[0,1] —> [],(4i, Z) is 2-summing, but for any given N €N, there 
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exists a subspace U of C[0,1)®.¢1, with dimU = N, such that T restricted to U is equivalent 
to the identity operator on 0%. 


Finally, we show that there is a compact Hausdorff space K and a bounded linear operator 
T: C(K)@cl1 — 2 for which T* : C(K) — J],(41, £2) is not 2-summing. 


3.4.2 Definitions and Preliminaries 


Let E and F be Banach spaces, and let 1 < q < p < oo. An operator T: E —> F is 
said to be (p,q)-summing if there exists a constant C > 0 such that for any finite sequence 
€1,€2,--.,@€n in E, we have 


1 
n Pp n 
(= || Te) r) < Csup (Srieeor se € EY, |e" <1 
i=1 i=1 


We let mp,q(T) denote the smallest constant C' such that the above inequality holds, and let 
I1,q(£,£) be the space of all (p,q)-summing operators from E to F with the norm 7p. It 
is easy to check that [],,,(#,/) is a Banach space. In the case p = q, we will simply write 
[],(£, F) and zp. We will use the fact that T ¢ |], ,(E,) if and only if yy |Ten||? < co for 


in 


every infinite sequence (e,,) in FE with 2 |e*(€n) |? < co for each e* € E*. That i is to say, T is in 


[l, Ae , F) if and only if T sends all Gently é,-summable sequences into strongly ¢,-summable 
sequences. In what follows we shall mainly be interested in the case where p = q and p= 1 or 2. 


Given two Banach spaces E and F, we will let E®,F denote their injective tensor product, 
that is, the completion of the algebraic tensor product E ® F under the cross norm || - ||. given 


n 
by the following formula. If 5) e; ® a; € E® F, then 
i=l 


n 
| Ss" €; © z; ||e= sup {See 
i=1 


elle ls 1, || IS de" ea” cr}. 


We will say that a bounded linear operator JT’ between two Banach spaces F and F is called 
an integral operator if the bilinear form 7 defines an element of (E®,F*)*, where T is induced 
by T according to the formula r(e,z*) = x*(Te) (e € E, x* € F*). We will define the integral 
norm of T, denoted by || T |lint, by 


|| T lint = sup 


n n 
> 22 (Tes)] + || Soe: @ a7 lle< 7 . 
i=l i=1 


The space of all integral operators from a Banach space EF into a Banach space F' will be denoted 
by I(E, F). We note that I(£, F) is a Banach space under the integral norm || _ lint. 


We will say that a Banach space X is a $..-space if, for some A > 1, we have that for every 
finite dimensional subspace B of X, there exists a finite dimensional subspace F of X containing 
B, and an invertible bounded linear operator T: E —> %™¥* such that || T || || T7! ||< 2. 


It is well known that for any Banach spaces FE and F, if T is in (FE, F), then it is also in 
I], (4, F), with ™(T) <|| T |line. But [(2, F) is strictly included in [],(£,F). It was shown 
in (106, p.477] that a Banach space F is a $-space if and only if for any Banach space F', we 
have that [(£, F) =[],(£, F). We will use this characterization of $..-spaces in the sequel. 
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Finally, we note the following characterization of 1-summing operators (called right semi- 
integral by Grothendieck in [5]), which will be used later. 


Proposition 3.4.1. Let E and F be Banach spaces. Then the following properties about a 
bounded linear operator T from E to F are equivalent: 


(i) T is 1-summing; 


(ii) There exists a Banach space Fi, and an isometric injection p : F —> Fi, such that 
poT: EK —>+ F;, ts an integral operator. 


For all other undefined notions we shall refer the reader to either [T07HI09). 


3.4.3 1-Summing and Integral Operators. 


Let X and Y be Banach spaces with injective tensor product X®,Y. For a Banach space 
Z, any bounded linear operator T: X®-Y —+ Z induces a linear operator T# on X by: 


T¥a(y)=T(x@y) (yeY). 


It is clear that the range of T” is the space $(Y, Z) of bounded linear operators from Y into Z, 
and that J is a bounded linear operator. 


In this section, we are going to investigate the 1-summing operators, and the integral 
operators, on X®,Y. We will use Proposition 1 to relate these two ideas together. First of 
all, we have the following result. 


Theorem 3.4.2. Let X,Y and Z be Banach spaces, and let T: X®<Y —> Z be a bounded 
linear operator. Denote byi: Z —>+ Z** the isometric embedding of Z into Z**. Then the 
following two properties are equivalent: 


(i) T € I(X®,Y, Z); 


(ii) 10 T € I(X, 1(Y, Z**)), wherei: I(¥,Z) —+ I(Y,Z**) is defined by i(U) =ioU for each 
U ely, 2). 


In particular, if T# € I(X,I(Y, Z)), then T € I(X®.Y, Z). 


Proof. First, we show that (X®.Y)®.Z* and X®,(Y®,Z*) are isometrically isomorphic to one 
another. To see this, note that the algebraic tensor product is an associative operation, that is, 
(X ®@Y)® Z* and X ® Oe @ Z*) are algebraically isomorphic. Also, they are both generated 


by elements of the form > x; @® yj; ® z7, where x; € X, y, € Y and z¥ € Z*. Now, if we 


let B(X*), B(Y*) and BZ") denote the dual unit balls of X*, Y* and Z** equipped with 
their respective weak* topologies, then the spaces (X ®. Y) ®,. Z* and X @, (Y ®@,. Z*) embed 
isometrically into C (B(X*) x B(Y*) x B(Z™)) in a natural way, by 


n 
(S22 @yi@ ze, (a*,y*,2**) =r (xi)y" (wile (2), 
i=1 
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n 
where >> 2; ® y; ® zf is in (X @- Y) @. Z* or X @e (Y @,. Z*), and (2*, y*, z**) is in the compact 
i=1 


= 
set B(X*) x B(Y*) x B(Z**). Thus both spaces (X®,.Y)®.Z* and X®,(Y®,Z*) can be thought 
of as the closure in C (B(X*) x B(Y*) x B(Z**)) of the algebraic tensor product of X, Y and 
Z*. Now let us assume that T : X®&,.Y —> Z is an integral operator. Then the bilinear map T 
on X®,Y x Z*, given by r(u,2*) = 2*(Tu) for u € X®,Y and 2* € Z*, defines an element of 
(X®.Y®.Z*)", that is, 


i=1 


n n 
|| T In=snfSo8 (T(ei@y)): || D2: @ yi @ 3 [les i} 
i=1 


To show that for every x in X the operator T7x is in I(Y,Z), with 
| TF a |ze<l] @ | NT ee, 


is easy. This is because, for each « € X, the operator T#z is the composition of T with the 
bounded linear operator from Y to X®,Y, which to each y in Y gives the element x ® y. If 
i: Z —» Z** denotes the isometric embedding of Z into Z**, it induces a bounded linear 
operator 7: I(Y,Z) —> I(Y, Z**) given by 1(U) = ioU for all U € I(Y, Z). It is immediate that 
2 is an isometry. We will now show that the operator io T# : X —> I(Y, Z**) is integral. It 
is well known (see [0Y, p.237]) that the space I(Y, Z**) is isometrically isomorphic to the dual 
space (Y®,Z*)*. Thus to show that 70 T# : X —>+ (Y®,Z*)* is an integral operator, we need 
to show that it induces an element of (X Si V@.2")) For this, it is enough to note that, by 
our discussion concerning the isometry of (X®.Y)®,.Z* and X®,.(Y®,Z*), that 


n n 
I 10 T# l= win] ISofo ttn = :|| S11 @y Bz les i} 
i=1 i=1 

But for each x € X, y € Y and 2* © Z*, we have 
(LoT* x,y @ 2*) = (T(x @y),2*). 
Hence, from (*) and (**), it follows that 


to Wall T lie. 


Thus we have shown that (i) = (ii). The proof of (ii) = (i) follows in a similar way. If 
ioT# : X —>+ I(Y, Z**) is an integral operator, then one can show that ioT: X®,.Y —> Z** 
is integral, which in turn implies that T itself is integral (see[L09, p.233]). Finally, the last 


assertion follows easily, since if T# : X —+ I(Y, Z) is integral, then io T is integral (see [T0Y, 
p.232]). 


Since the mapping 7: I(Y,Z) —> I(Y,Z**) is an isometry, Proposition 1 coupled with 
Theorem 2 implies that, if 7: X®.Y —> Z is an integral operator, then T* : X —> I(Y,Z) 
is l-summing. This result can be shown directly from the definitions. In what follows we shall 
present a sketch of that alternative approach. 


Theorem 3.4.3. Let X, Y and Z be Banach spaces, and let T: X®.Y —> Z be a bounded 
linear operator. If T is integral, then T# : X —+ I(Y,Z) is 1-summing. If in addition X is a 
$50-space, then T: X®.Y —> Z is integral if and only if T# : X —+ I(Y,Z) is integral. 
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Proof. First, we will show that, if T : X®.Y —+ Z is an integral operator, then T* is in 
Th (4, 1(Y, Z)) with m(T*) <|| T |lint. Let 21,22,...,2n be in X, and fix e > 0. For each 


ij le< ti, 


ni 
i <n, there exists nj € N, (Yij);<n, in Y, and (2j;)j<n, in Z*, such that || >) yij @ 2; 
< an 


a 
I= 
and 
ny € 
| THs lines Yh; (L(ei @ Hy) + 
j=l 


Since JT’ is an integral operator, and 


n Ny n 
| Dod. 24 ® vig @ 23; leS sup {Ske ‘|| o* I< 1a*e x} 


t=1 g=1 i=1 


it follows that 


n 5 n 
dd 4 (P(e: @ Yig)) SIT line. sup {Sete :||2* |< 1, ae x} 


i=1 j=l i=l 


Therefore 


nm n 
do TF a line SIT line sup > jz*(as)[: a € X", || &* |< 7 +6. 
i=l i=l 


Now, if in addition X is a $,.-space, then by [106, p.477], the operator T* is indeed integral. 


Remark 25. f X = C(Q) is a space of continuous functions defined on a compact Hausdorff 
space 2, one can deduce a similar result to Theorem 3 from the main result of [10]. 


Our next result extends a result of [II] to $.-spaces, where it was shown that whenever 
X = C(Q), a space of all continuous functions on a compact Hausdorff space 2, then a bounded 
linear operator T: C(Q)®-Y —+ Z is 1-summing if and only if T* : C(Q) — J], (Y, Z) is 
l-summing. This also extends a result of [112] where similar conclusions were shown to be true 
for X = A(X), a space of continuous affine functions on a Choquet simplex K (see [? ]). 


We note that one implication follows with no restriction on X. If X, Y and Z are Banach 
spaces, and T: X®,.Y —> Z is a 1-summing operator, then T* takes its values in Ty(.2): 
This follows from the fact that for each x € X, the operator T#zx is the composition of T with 
the bounded linear operator from Y into X®,Y which to each y in Y gives the element x ® y in 
X@®,Y, and hence 

m(T¥2x) <I] x || (7). 


Moreover, one can proceed as in [E11] to show that T# : X —> [],(Y,Z) is 1-summing. 
Theorem 3.4.4. If X is a $50 space, then for any Banach spaces Y and Z, a bounded linear 
operator T: X®.Y —> Z is 1-summing if and only if T# : X —>[],(Y,Z) is 1-summing. 


Proof. Let T: X®-Y —+ Z be such that T# : X —> [],(Y,Z) is l-summing. Since X is a 
$s0-space, it follows from [I12, p.477] that T# : X —> [],(Y,Z) is an integral operator. Let 
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denote the isometric embedding of Z into C (B(Z*)), the space of all continuous scaler functions 
on the unit ball B(Z*) of Z* with its weak*-topology. This induces an isometry 


o: TL,«%2 JT], mew), 


QU)=ypoU  forallU IL” By 


Now, it follows from[? , p.301], that [], (Y,C(B(2*))) is isometric to I (Y,C(B(Z*))). Hence 
we may assume that Go T* : X —+ I(Y,C(B(Z*))) is an integral operator. Moreover, it is 
easy to check that (poT)* = GoT*. By Theorem 2 the operator poT : X®,.Y —> C(B(Z*)) 
is an integral operator, and hence T is in |, (Xx One ) by Proposition 1. 


In the following section we shall, among other things, exhibit an example that illustrates 
that it is crucial for the space X to be a $ .-space if the conclusion of Theorem 5 is to be valid. 


3.4.4 2-summing Operators and some Counter-examples. 


In this section we shall study the behavior of 2-summing operators on injective tensor product 
spaces. As we shall soon see, the behavior of such operators when p = 2 is quite different from 
when p = 1. For instance, unlike the case p = 1, the $..-spaces don’t seem to play any particular 
role. In fact, we shall exhibit operators T on C[0,1}®_-¢2 which are not 2-summing, yet their 
corresponding operators T# are. We will also give other interesting examples that answer some 
other natural questions. 


We will present the next theorem for p = 2, but the same result is true for any 1 < p < ov, 
with only minor changes. 


Theorem 3.4.5. Let X,Y and Z be Banach spaces. If T : X®-Y —> Z is a 2-summing 
operator, then T# : X —+[],(Y,Z) is a 2-summing operator. 


Proof. If T : X®,.Y —+ Z is 2-summing, then using the same kind of arguments that we 
have given above, it can easily be shown that for each x € X, that T#x € I],(¥, 2), with 
ro(T#x2) < m9(T) || @ I 


Now we will show that T# : X —> J],(Y,Z) is 2-summing. Let (x,) be in X such that 
y> |z* (an) |? < 00 for each x* in X*. Fix € > 0. For each n > 1, let (Ynm) be a sequence in Y 


n 
such that 


°° 1/2 
Sup (>: Wm?) ly" I< yt ey*$ <1, 
m=1 


and 


a 1/2 


m=1 


Then 


2 


1/2 
2 2 é oo : 
[re (T#2n) | SDF Tn @ tam) IP +o (= | F (en @ Yam) r) + oa 
m=1 met 
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Now, consider the sequence (17 ® Ynm) in X®.Y. For each € € (X®.Y)* ~ I(X,Y*) we have 
that 


n=1m=1 
< So || (an) |? . 
n=1 


Since € € I(X, Y%*), it follows that € € [[,(X, Y*), and so 


>= Il E(x) P< 00. 
n=1 


Hence we have shown that for all € € (X®.Y)*, 


3 [€(22n) (Ynm)|? < oO. 


Since T € [], (X®Y, Z), we have that 


> || T(tn @ Ynm) \|?< OO, 


myn 


and therefore 


Proof. The above result extends a result of [13], where it was shown that if T: X@.Y —> Z 
is p-summing for 1 < p < oo, then T# : X —> $(Y, Z) is p-summing. 


Now we shall give the example that we promised at the end of subsection 2. 
Theorem 3.4.6. There exists a bounded linear operator T : l:® <2 —> 9 such that T is not 


1-summing, yet T# : 2 —> 7(lo, 2) is 1-summing. 


Proof. First, we note the well known fact that (:®-¢2 = slK(2, ¢2), the space of all compact 
operators from £2 to 2. Now we define J’ as the composition of two operators. Let P : 
sLK (2, £2) —> co be the operator defined so that for each K € slK (2, ¢2), 


P(K) = (K(en)(€n)) ; 


where (e,,) is the standard basis of @. It is well known [I0&8, p.145] that the sequence (e€, ® ey) in 
(2&2 is equivalent to the co-basis, and that the operator P defines a bounded linear projection 
of slK (2, £2) onto co. 


Let S : co —> £2 be the bounded linear operator such that for each (a) € co 


An 


S(an) = (=) 


It is easily checked [L0Z, p.39] that S is a 2-summing operator that is not 1-summing. 
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Now we define T: slK(l2,£2) —> 2 to be T = So P. Thus T is 2-summing but not 
l-summing. It follows from Theorem 6 that the induced operator T# : 2 —> [2 (42, 42) is 
2-summing. Since f is of cotype 2, it follows from [L0S8, p.62], that for any Banach space 
E, we have [],(42,£) = [],(4, £), and that there exists a constant C' > 0 such that for all 
U € [J,(£2, E) we have 

™(U) < Cr2(U). 


This implies that T* is 1-summing as an operator taking its values in [], (2, £2). 


Remark 26. We do not need to use Theorem 6 to show that T* is 1-summing in the example 
above. Instead, we can use the following argument. First note that T# factors as follows: 


tT 
lg —+> (2, l2) 
A 
log AB 


Here A: 2 > £9 is the 1-summing operator defined by 
A(an) = (“*), 
n 


for each (Qn) € £2, and B: 2: —> m(€9, 2) is the natural embedding of 2 into the space 
11(2, £2) defined by 
B(Bn)(Yn) = (Ban) 


for each (Bn), (Yn) € 42. 


Now we will give two examples concerning the case when p > 1. We will show that we do 
not have a converse to Theorem 8, even when the underlying space X is a $.-space. 


First, let us fix some notation. In what follows we shall denote the space ¢,(Z) by ¢,, and 
call its standard basis {e, :n € Z}. Thus if x = (a(n)) € &, then x(n) = (x, en), and 


I lg (>. og) " 
n=1 


If lle,= ( / ‘| f(e)Pat) 7 


If Q is a compact Hausdorff space, and Y is a Banach space, then C(Q,Y) = C(Q)®&.Y will 
denote the Banach space of continuous Y-valued functions on 2 under the supremum norm. 


For f € L,[0, 1], we let 


We recall that since 2 is of cotype 2, we have that [[,(¢2, 2) = [], (42, £2). We also recall 
that, if u= >> anen © en is a diagonal operator in | [,(2, 22), then 


n=1 
1 
oo 2 
m2(u) = (> nt = the Hilbert-Schmidt norm of w. 
n=1 
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Theorem 3.4.7. For each 1 < p< o, there is a bounded linear operator T : C((0, 1], ¢2) > £2 
that is not p-summing, but such that T* : C[0,1] —> Ip(2, ¢2) is p-summing. 


Proof. We present the proof for p < 2. The case where p > 2 follows by the same argument. 
For each n € Z, let en(t) : [0, ; > C, a = e?™!t denote the standard trigonometric basis of 
L [0,1]. If f € Ly[0, 1], let f(n Sa t)dt denote the usual Fourier coefficient of f. For 
each A = (A;,), where |A,| < 1 oS allne€ . oe the operator 


Ty: C((0, 1], €2) —> £2 
such that for y € C ([0, 1], 22) we have 


Typ = (An (0(m); en) )- 


Here ¢(n) = Bochner — Nie p(t)éen(t)dt. The operator T) is a bounded linear operator, with 
| Try lle <I| v ||. To see this, note that for y € C (0, 1], 22) we have 


I Tre We= DS nl?l (B(r), en) [? 


n 


SDMA), ¢n) 
eS [it ), en) [2d 


. [ | v(t) 3, at 
0 


< sup |] o(8) I 
Now, note that if f € C((0,1]), and x € é, then 
Ty(f 2) = Anfln)(a, en)) , 
and hence the operator Bi : C[0, 1] + (2, 2) is such that 


TE f(x) = (Anf(n)(a,en)) 
Thus 


ei (=p, Plf(n i") 


Hence, by Holder’s inequality, 
mo(TH f) <I] On) Mell (FC) leq, 


1 1 1 
where — + — = om By the Hausdorff-Young inequality, we have that 
rod 


(fC) lai f lz, 


Tew: 
where 1 < p< 2 and —-+-—=1. Thus 
Pp @q 


m9(T¥ f) Sl An) lle, IF Izy, 


1 1 1 
for l<p<2,2<r<oand-=-+ 5 This shows that if || (An) |l¢.< oo, then 
yop 
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(1) T¥ (C(O, 1]) C m2(b2, £2) = mp(l2, £2); 


(2) (eG : C0, 1] —> mp(42, 2) is p-summing. 


Now, let U c C((0,1], 22) be the closed linear span of {e€; ® e;, a; € Z}. Then U is 
isometrically isomorphic to £2. This is because 


| So uses e4 |= sup || (unen(t)) lle 
: te [0,1] 


a 


=|| (Hiei (to)) lle, 


for some to € [0, 1], and hence 


1 
2: 
iSveset= (Sime) | 
4 4 


Moreover 
T(E; & €;) = ),e; for all 7 € Z, 


Therefore, we have the following commuting diagram 
Ty\u 
by 

Q| /* 8> 


where Q: U -— fg is the isomorphism from U onto ¢) such that Q(€n, ® en) = en for all 
né€Z,and S\: 2 —> ég is the operator given by S)(en) = An€n. So to show that T) is not 
p-summing, it is sufficient to show that one can pick A = (,,) such that S$) is not p-summing. 
To do this, we consider two cases. If p = 2, we take A, = 1 for all n € Z. Then the map S) 
induced on 9 is the identity map which is not s-summing for any s < oo. If 1 < p < 2, let 


, 80 that || (An) ||z¢.< oo. Then the map 5S): f2 —> @9 is not s-summing 


An = i 

|n + 1]r log |n + 1| 
for any s <r. To show this, we may assume, without loss of generality, that s > 2. Let xr, = en 
for all n > 1, and note that 


1 
sup (Seer <|| @* lle< 1, 


x*EB(l2) n 


whilst 
1 


8 


(= || Anan ) = 00. 


While the operators T) in the previous example failed to be p-summing, they were all (2,1)- 
summing. This suggests the following question: suppose T: C ([0,1],Y) —> Z is a bounded 
linear operator such that T# : C[0,1] — [],(Y, Z) is 2-summing. What can we say about T? 
Is T (2,1)-summing? The following example shows that T can be very bad. 
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Theorem 3.4.8. There exists a Banach space Z, and a bounded linear operator 

T: C((0,1], £1) + Z such that T* : C[0,1] > [],(41, Z) is 2-summing, with the property that, 
for any N EN, there exists a subspace U of C'([0, 1], €1) with dimU = N, such that T restricted 
to U behaves like the identity operator on €%.. In particular T is not (2,1)-summing. 


Proof. If X and Y are Banach spaces, we denote by X&,Y the projective tensor product, that 
is, the completion of the algebraic tensor product of X and Y under the norm 


n n 
| r= int S S| 2: [lll ve I], w= D5 2s @ yi}. 
i=1 i=1 
It is well known that (X@,Y)* is isometrically isomorphic to the space $(X,Y*) of all bounded 
linear operators from X to Y*. 
Let Z = C ((0, 1], 21) + Le[0, 1]@7l2 be the Banach space with the norm 
| @ [z= inf{|] 2 lle + |] 2” [let w= 2" +2", 


where || ||. denotes the sup norm in C'((0, 1], 21), and || ||, denotes the norm of the projective 
tensor product L2[0,1]®,f2. Let 


T: C((0,1],¢1:) — Z 
be the identity operator. 
We first see that for each f € C[0,1], the operator T* f : €; + Z is 2-summing with 
mo(T* f) < ma(Z) || T* Ff |Is¢e.,2: 


where I : £4; —> 2 is the natural mapping. This is because, for each f € C{0,1], and each 
xz € £1, we have that 


| TFS 2) ISN F Stee Sil F lize Ile Mle - 


To see that T# : C[0, 1] — [],(4:,X) is 2-summing, note that || T*f ||s0c.,2)<\| f Ilz., and 
hence if fi,..., fn € C[0, 1], then 


bs tren’) mt < m(I Tbs I fi ) 


< m2(1)ro(J) sup i no?) 


Here J: C[0,1] —> L2[0,1] denotes the natural mapping. 


Now we define the space U, a closed linear subspace of C'((0, 1], 41). Let {fij: 1<i,7 < N} 
be disjoint functions in C[0, 1], for which 0 < fi; < 1, || fiz |= 1, each fi; is supported in an 


1 
interval of length NW’ and 


1 
if figdt = => and [ fiat = 3N2° 
Let {e,;: 1<i,j < N} be distinct unit vectors in ¢;. We let U = oD Nifij ® ej, Ax € R}. 


a7 
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Now we consider T restricted to U. If » Mi fiz ® eg € U, then 


a,j 
| ae fig @ eg lleS Sup F 
4,9 
and hence 
| rt fig ® eg Iz PoP |. 
45) 
Let y* = NY fy ® ej, and set x = = Ai fij © ej. Then whenever « = a’ + x”, with 2’ € 


49 
C ((0, 1], 41) ond x" € Lo[0,1])®,l2, we know that 


i) S lye) + Lyi (2). 


Hence 


~ 


[x - 


vi (2)1 <I) vF Meqqo,re1)* 2’ We + Il YF Mea p0,115¢00)* 
But 


N 
Ivf lowoaer=N Df fslae 
i=1 


supp fi; 
N 1 
2N2 2’ 


and, since (L2[0, 1]®,£2)” is isometric to $(L2[0, 1], 22), 


N 1 
1 
l 9 lIoo.yeeenye= sup 4 [DV / fisgdt)?|? + | 9 llixS 1 
j=l 


< sup nid. 7 pat i tgl2ae]3 :I| 9 lite 
fig 


1 
=Z}(f  ioPat)} slg es a 
V3 3 supp fig 
- 1 
= aa 
Therefore 
HONS 5 Ia! lle + eP leesel| 
| A A 
However, 
oda fiat 
rj 
— N? or 
Aign2 = 3 
Therefore 


| Do ifs ® ei [lz v3sup |yj (2 )| 


iJ 
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1 
= a Sup lai. 


Thus the space U is isomorphic to €%,, and we have the commuting diagram 
[o.e) 


Tiu 
U ——} T(v) 


|e 


id aN 


1N 2. gN 


where A: U — €% is the isomorphism between U and ¢%\. 


3.4.5 Operators that factor through a Hilbert space. 


It is well known that $(X, 2) = [[,(X, 42) whenever X is C(‘) or €;. One might ask whether 
this is true when X = C(K, ¢1). Indeed one could ask the weaker question: if T : C(K,¢1) — 2 
is bounded, does it follow that the induced operator T# is 2-summing? We answer this question 
in the negative. 


Theorem 3.4.9. There is a compact Hausdorff space K and a bounded linear operator T : 
C(K, £1) — ¢2 for which T# : C(K) — J], (41, £2) is not 2-summing. 


Proof. First, we show that there is a compact Hausdorff space K, and an operator R: C(K) —> 
(5. that is (2,1)-summing but not 2-summing. To see this, let A = [0, 1], and consider the natural 
embedding C10, 1] —> L2,1[0, 1], where L21[0, 1] is the Lorentz space on [0,1] with the Lebesque 
measure (see [6]). By [11], it follows that this map is (2,1)-summing. To show that this map 
is not 2-summing, we argue in a similar fashion to [8]. For n € N, consider the functions 


e(t) = f(t + ; mod 1) (1 <i <n), where f(t) = at if t > + and \/n otherwise. Then it is an 


easy matter to verify that for some constant C > 0, 


2 


(> lat < Cylogn 
i=1 


for every e* in the unit ball of C[0, 1]*, whereas 


1 
n 2 
(> a) > CMogn. 
i=1 
Finally, since L2,1[0, 1] is separable, it embeds isometrically into fo. 
Define T: C(K,¢,) > £2 as follows: for y = (fn) € C(K, ¢1), let 
T (fn) = > Rin men: 


Then T is bounded, for 


i 
2 


ll 7 fn) lle= [Siento 
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Z (=: I Rh. | 


< m21(R) sup 5° | fa(t)]. 


teK “> 


Thus 
l| F IlS 72,1(R). 


But T# : C(K) —> $(€1, 42) is not 2-summing, because for each f € C(K), the operator 
T* f : €, —> ég is the diagonal operator > Rf(n)en @ en. Hence the strong operator norm of 
n 


T* f is 
| T*F Il= sup |Rf(n)| =ll RF le. - 


Thus T* : C(K) —> $(é,, é2) is not 2-summing, because R: C(K) —+ fo is not 2-summing. 


3.4.6 Discussions and concluding remarks. 


Remark 13 


Remark 27. Theorem 12 shows that if X and Y are Banach spaces such that $(X,l2) = 
TI(X, €2) and $(Y, 2) = T],(X, £2), then X®.Y need not share this property. 


This observation could also be deduced from arguments presented in [114] (use Example 3.5 
and the proof of Proposition 3.6 to show that there is a bounded operator T: (€; 84, @...® 
C1)¢,, —> €2 that is not p-summing for any p < ov). 


Remark 28. In the proof of Theorem 2 we showed that the injective tensor product is an 
associative operation, that is, if X,Y and Z are Banach spaces, then (X®<Y)®¢Z is isometrically 
isomorphic to X®(Y®,Z). It is not hard to see that the same is true for the projective tensor 
product. However, we can conclude from Theorem 12 that what is known as the y3-tensor product 
is not an associative operation. 


If F and F are Banach spaces, and T : E —> F is a bounded linear operator, following [10], 
we say that T factors through a Hilbert space if there is a Hilbert space H, and operators 
B: E—+ Hand A: H —> F such that T= Ao B. We let y2(T) = inf{|| A || || B |}, 
where the infimum runs over all possible factorization of J’, and denote the space of all operators 
T: E —> F that factor through a Hilbert space by ['2(£,F'). It is not hard to check that 7.2 
defines a norm on I'o(F, F’), making ['2(£, F’) a Banach space. We define the 73-norm || ||, on 
E ® F (see (108, (115) in which the dual of E @ F is identified with [2(E, F*), and let E®.xF 
denote the completion of (EF ® F,|| _ ||). 


The operator T: C(K J@qx by —> ¢, exhibited in Theorem 12, induces a bounded linear 
functional on [(C(K) 4361) @y3 £2] ”- Now we see that if C(K)®¥s(1@,sé2) were isometrically 
isomorphic to (C(K)®,<l1)®,3l2, then the operator T# : C(K) (41, €2) would induce a 
bounded linear functional on [C(K) @ys (£14 l2)]”, showing that T#* € T'2(C(K), $(41, £2)), 
implying that T# would be 2-summing [10, p. 62]. This contradiction shows that C(K)®yx(¢1®4s02) 
and (C (ik )@qxl1) @as éy cannot be isometrically isomorphic. Another example showing that the 
y5-tensor product is not associative was given by Pisier (private communication). 
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3.5 Some deviation inequalities 


Bernard Maurey 
September 1990 


Abstract: 
We introduce a concentration property for probability measures on R”, which we call Property (7); 
we show that this property has an interesting stability under products and contractions (Lemmas 
1, 2, 3). Using property (7), we give a short proof for a recent deviation inequality due to 
Talagrand. In a third section, we also recover known concentration results for Gaussian measures 
using our approach. 


3.5.1 Introduction. 


Very roughly speaking, a concentration of measure phenomenon for a probability measure ju 
means that, given any measurable subset A such that (A) > 5; the enlargements of A, in 
a sense to be made precise, almost have measure 1. One important example of this situation 
is a consequence of Paul Lévy’s isoperimetric inequality for the unit sphere S, of R"*+!. This 
consequence is the following: Let pz, denote the normalized rotation invariant measure on S,; 


for every measurable subset A of S,, such that pu,(A) > $ we have 


bn{z € Sy3a ¢ Ae} < [zee 


where A, denotes the subset of S,, of all points whose geodesic distance to A is less than € 


(see [LI6]). 


This result is crucial for the proof of Dvoretzky’s theorem (about almost spherical sections of 
convex bodies) as given by V. Milman [L177] (see also Figiel, Lindenstrauss and Milman [I18}). 
Using Lévy’s result, Borell [119] was able to prove an analogous isoperimetric result for the 
Gaussian measure on R” (see also Ehrhard ([[20]). As it is the case for the sphere, Borell’s 
isoperimetric result implies a Gaussian concentration of measure principle. Later, Pisier and 
the author gave a very simple proof for the Gaussian concentration principle which is needed 
for the proof of Dvoretzky’s theorem (see [I16, (21, 122]). Recently, Talagrand proved [23] 
a concentration principle for measures on R” with exponential densities which is stronger than 
the Gaussian one (Corollary 1 below; this Corollary appears in [123] as a consequence of a 
more precise isoperimetric inequality which does not follow from our proof). We give here a 
proof for Talagrand’s concentration result, using a property which we call Property (7). This 
property is defined in section I, and general stability results about it are stated (Lemmas 1, 
2, 3); we also explain in section I why property (7) is related to concentration (Lemma 4). In 
section II, we show how to get Talagrand’s inequality using property (7). In section III we 
recover the Gaussian case along the same lines (Corollary 2). In a last section, we study a 
variant of property (7), the convex property (7); this variant is related to an other deviation 
inequality due to Talagrand [24] (see Corollary 5). 


3.5.2 Property (r). 


Let f and g be two measurable functions on R"; we denote by fOg the inf-convolution of f 
and g, 


(fg) (x) = inf{f(z—y)+g9(y);y © R"}. 
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If w is a probability measure on R” and w a positive measurable function on R”, we say that 
the couple (ju, w) satisfies the Property (7) if for every bounded measurable function y on R” 


we have (f erauy( f ePdy) <1, 


If we adopt the convention +00.0 < 1, we see easily that the above inequality extends to all 
R-valued measurable functions ¢. 


The definition of property (7) was motivated by Talagrand’s isoperimetric inequality for the 
cube, as the careful reader of [24] will notice. 


Lemma 3.5.1. If (44;,w;) satisfies (r) on R™ for i = 1,2, then (41 @ fe2,w) satisfies (rT) 
on R™ x R™, where 
w(@1, £2) = wi (21) + we(x2). 


Proof. Consider y¥(x) = v(x, y) and apply (7) to u(y) = log(f e?" dy). 


Lemma 3.5.2. If (Wi, wi) satisfies (r) on R” for i = 1,2, then (u1 * W2,wilwe) satisfies (rT) 
on R”. 


Lemma 3.5.3. Let (441, w1) satisfy (rT) on R™. Let we be a positive measurable function on R" 
and F a mapping from R™ to R™ such that wo(F'a — Fy) < w1(x— y) for every pair x,y. Let 
jig be the image probability measure on R"™ defined by 2 = F (1). Then (p12, we) satisfies (rT). 


Proof. (yo F)Ow, > (pOwe) o F. 


Lipschitz maps like the above F' were used by Pisier [12]] in a slightly different context. 
Following him, we will be able in section III to pass from the Gaussian case to the uniform 
probability measure on [0, 1]" (Corollary 4). 


We have perhaps to explain why property (7) for a couple (1, w) is a concentration of measure 
property. 


Lemma 3.5.4. Assume that (u,w) satisfies (rT) on R". For every measurable subset A of R” 
and every positive real number t, we have 


u{x € A+ {w < th} < (u(A)) te. 


Proof. Let A be a measurable subset of R” and denote by y, the function equal to 0 on A and 
+oo outside. We observe that (p40w)(x) >t when x ¢ A+{w < t} = {at+y;a€ A,wly) < 
t}. Property (rT) implies that f e?4°”’du < (w(A))~! and we conclude with Tschebycheff’s 
inequality. 


3.5.3 Talagrand’s deviation inequality. 


Let us define a function W on R by 


1 2 
Wit) = 0 for |t| <2, g(ltl - 1) otherwise 


x 


and let jie be the probability measure on R with density 1(0,..)(w)e~*. 
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Proposition 3.5.5. The couple (ue,W) satisfies (rT). 


It follows from Lemma 2 that (£€,U) also satisfies (7), where € is the convolution of ye and 
its symmetric image on (—oo,0), and U = WOW. It is easy to see that € has density Ze-le| 
on R, and that 


1 2 
UG) =2W(t/2) = aR for |t| <4, (lel —2) otherwise. 


We deduce now from Lemma 1 that the couple (€;,Un) satisfies (7) on R” for every n, where 
E, is the product of n copies of € and U;,(a) = )7"_, U(a;). The idea of working with functions 
like W or U,, comes from Talagrand [123]. 


Theorem 3.5.6. The couple (€n,Un) satisfies (rT) for every integer n. In particular, for every 
measurable subset A of R” we have if we set pa = paUUy, 


[ ftdin < EA 
Corollary 3.5.7 (Talagrand). For every t > 0, 
En{a;x ¢ A+ 6VtBz + 9tBy} < (&)(A)) te. 


where By and By, are respectively the usual 05 and €} balls. 


Proof. According to Lemma 4, we need only show that 
{Uy < t} Cc 6VtBo + 9tB,. 


Assume U,,(x) < t, and define y and z in the following way: y; = 2; if |x;| < 4, y; = 0 otherwise; 
2% = 2; if |x;| > 4, z; = 0 otherwise. Then x = y + z and it is easy to check that: ||y|l2 < 6v‘4, 
I|Zl]1 < 9¢. 


We present now the proof of the above Proposition. Let y be a bounded measurable function 
on (0,+00), and let w denote the function pOW. 


Let Ip = fo” e%(2)-*dz and I, = is e’)—Ydy. For t € (0,1), we define x(t) and y(t) by 
the relations 
a(t) y(t) 
| e P@)-* dg = tl, | eV—Ydy = th. 
0 0 


We obtain by differentiation 


't) = Ine¥(2@®) +2) a(t) — Te PUM) +9). 
x(t) = Ine y(t) = he 


Taking into account the fact that w(y(t)) < p(x(t)) + W (a(t) — y(#)), we obtain 


y(t) > Te PO) -WO-vO) +90 


Let now 2(t) = $(a(t) + y(t)) — W(a(t) — y(t)). We have 


Z(t) = (2 — W'(e(t) — y(t))) a(t) + (+ W'(e) — y(t)". 
2 2 
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If we use the fact that |W’| < 1/2 on R, we get (writing x and y for x(t) and y(t) for simplicity, 
and using the inequality }(ua + v/a) > /uv with a = e?)) 


v(x) —9(x) 
+ (1+ 2W' (2 — y)) he" V@-y)+9 a 


z(t) > (1 — 2W'(a — y)) Ine” : 


> J/1—4W"(a — y)? Ipoh e2 +) 2 We») 
= VJ Iph e*) /1 — 4W"(z — y)2 2 V-¥), 


and this is our Proposition. 
Claim: We claim that for every s 
(4 —4aw'(s)*)\e") > 1. 
It will then follow that e~2 z/ (t) > Vlol, which yields after integrating between 0 and 1 


i afd 


Proof of the claim: We only consider s > 0 since W is even. For s > 2, W’ is constant and W 
increasing, so it is enough to check the case 0 < s < 2; this reduces to 


eW/18 <1 —4u/81 for we (0,4) 


which is proved using elementary calculus. 


3.5.4 The Gaussian case. 


Let y be the standard Gaussian probability measure on R, with density ee / 2 and Yn 
the product of n copies of y. Throughout this section, the norm will be the Euclidean norm 


on R”. 


Theorem 3.5.8. The couple (yn, {||x\|") satisfies (r) for every integer n. 


Proof. We check first that (y,2?/4) has property (7) on R; the proof is similar to the proof of 
the Proposition, but simpler: x(t) and y(t) are defined in a similar fashion, and z(t) is simply 
equal to 5(x(t) + y(t)). It follows from Lemma 1 that (7, ;||a\|?) has property (7) for every 


integer n. 


We can also give a direct proof using the functional Brunn-Minkowski inequality due to 
Prekopa and Leindler [122, (25, 126]: If f,g,h are bounded below measurable functions on R” 
such that for all x and u we have 5(f(z + u) + g(a — u)) > A(x), then 


| e!@an)( / e- 92) dn) < ( / en MO) day)?, 


We apply this inequality to f(x) = p(x) + gllall?,9(y) = —v(y) + allyll? and h(z) = allel, 
where we have set ~ = yOw, w(y) = 4|| 
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Remark 29. The second proof of Theorem 2 only uses the uniform convexity properties of 
—log f, where f is the density of pw. 


Remark 30. As pointed out by Talagrand, the Gaussian concentration result is a consequence 
of Corollary 1, using a suitable map that transforms &, into y,. More precisely, Lemma 3 and 
Theorem 1 imply that for some a > 0, the couple (Yn, a\|x||?) satisfies (r) for every n. However, 
the proof of Theorem 2 gives a better constant a and is simpler. 


We will show now that Theorem 2 allows to recover the main conclusion of the Gaussian 
concentration result of [121]. 


Corollary 3.5.9. Let y be a 1-Lipschitz function on R”, and X,Y two independent n-dimensional 
Gaussian vectors with distribution equal to y,. For every real number \ we have 


Eevs (P(X)-#%)) < @/2. 


Proof. Let = * w, where y is 1-Lipschitz on R", w(y) = $||yl|? and A > 0. It is enough to 
apply (7) and notice that ~(x) > “2 (a) — \?/2. Let y be such that 


ve) = Fw) le — yl. 


Then 
Ap Xr 1 Ay . i Fe _ Ay 
p(x) 2 fa) alt yll + Gile yl? = ae x) 4 min{ ju" ye" R} poe 


The first part of the next Corollary is known (it is a Poincaré-type inequality due to 


Chen [127]). 
Corollary 3.5.10. If ~ is a Lipschitz function on R”, we have 


5 | (Ce) - eW)Parnlaidraty) < f [Volar 


More generally, this result holds for every probability measure 1 on R" such that (1, w) satisfies (7) 
for a function w convex and greater than allel? in a neighborhood of 0. 


Proof. Let u be a convex function such that u < w and u(x) = 4||2||? in a neighborhood of 0; 
assume that y is a compactly supported C!-function. For t > 0 consider y; = ty and y, = yOu. 
One can check that 

V(x) — vel) 


: = 2 
fi SHORT = -IIVo(@)| 


and the result follows easily from the property (7) of (4, wu) applied to y;, when t > 0. 


Remark 31. If (1, w) satisfies (r) on R, where ys is such that 5 f(a — (x)du(y) > 1, we 
can apply Corollary 3 to y(x) = x to conclude that {x; w(x) > 173) is = a ae of 0. 
One can also show that if (u,w) satisfies (r) on R, with uw summelric and f x*du(x) = 1, then 
(7, 3w” (0)t?) also satisfies (r). This shows the necessity of a subquadratic behavior at 0 for the 
function w. 


Corollary 3.5.11. Let \,, denote the uniform probability measure on |[0,1]". There exists a > 0 
such that (An, al|a||?) satisfies (r) for every integer n (one can take a = 1/2). 


Proof. Using Lemma 3, this follows from Theorem 2, exactly like in Pisier [[2]]. 


129 


3.5.5 Convex property (rT). 


Assume that w is a convex function on some topological vector space X and that p is a 
probability measure on X. We say that the couple (,w) satisfies the convex property (7) 
provided 


(f eau f Pay) <1 
for every conver measurable function y on X. 


Lemma 3.5.12. If (1;, w;) satisfies the convex property (T) on X; fori = 1,2, then (U1 ® p2, w) 
satisfies the convex property (rT) on X1 x X2, with 


w(@1, £2) = w1(%1) + we(x2). 


Proof: As in the proof of Lemma 1 we consider y¥(x) = y(x,y) for a convex function y on 
X, x X»; we can apply the convex property (r) to u(y) = log(f{ e?’""dy) if we observe that 
w is a convex function. 


We shall say that yu has diameter < 1 as a short way to express that fu is supported by a 
set of diameter < 1. The following Theorem is the equivalent in our language of a result of 
Talagrand [124] and its generalization by Johnson and Schechtman [[28]. 


Theorem 3.5.13. Let (Xi) be a family of normed spaces; for each i, let 4; be a probability 


measure with diameter < 1 on Xj, and w;(x) = ¥l|a\|? for x € X;. If u is the product of the 


family (ui), then (1, w) satisfies the convex property (rT), with w(x) = D0, wi(xi). 


Proof. According to Lemma 5, we only need to prove the result for a single probability measure pu 
with diameter < 1 on a normed space X. Let A be a set of diameter < 1 that supports py, and 
let y be a convex function on X; assume without loss of generality that inf y(A) = 0. Define 
w(x) = ;||a||? and p = yOw. Let « € A, ¢ > 0 and a € A such that y(a) < €. We have, if 
y=(1-6)r4+ 60a and0<0<1 


Y(0) < elu) + FIle — yl? < (1B) g(x) + 66 + 502. 


Choosing an optimal 6, we deduce from the above that w(x) < k(y(#)) where k(u) is equal to 


u—u?if0O<u< 5; and to ; ifu> $. We claim now that e*( < 2—e-". It follows that 


[eva <2- [evan = (| e du) 


and this finishes the proof (the preceding computation was inspired by [[28]). 


Proof of the claim: ForO<u< 5) we write 


1 
gle tp “=e ui/2 cosh(u — u?/2) < ew? cosh(u) < 1. 


Remark 32. In the case of the probability 8 on [0,1] that gives measure 4 to {0} and {1}, it is 


easy to improve the function w from x? to 52", 
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Corollary 3.5.14. (I24, [23] Let A be a measurable subset of [0,1]" and B its convex hull. For 
every product probability measure 4s on [0,1]" we have 


/ ett du < (p(A))7} 


where dp denotes the Euclidean distance to the set B. 
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3.6 Ellipsoids of maximal volume in convex bodies 


Keith Ball 
Department of Mathematics Texas A&M University College Station, TX 77843 


Abstract. 
The largest discs contained in a regular tetrahedron lie in its faces. The proof is closely related 


to the theorem of Fritz John characterising ellipsoids of maximal volume contained in convex 
bodies. 


3.6.1 Introduction. 


In 1948, Fritz John proved that each convex body in R” contains an unique ellipsoid of 
maximal volume. Thus, each convex body has an affine image whose ellipsoid of maximal 
volume is the Euclidean unit ball, By. John characterised these affine images with the following 
theorem. 


Theorem 3.6.1. /129/. The Euclidean ball is the ellipsoid of maximal volume contained in the 
convex body C C R” if and only if BY C C and, for some m > n, there are Euclidean unit 
vectors (ui), on the boundary of C, and positive numbers (c;){" for which 


a) S> Gu; = 0 and 


b) S> cj; ® ui = In, the identity on R”. 
i 


The u,’s of the theorem, are points of contact of the unit sphere S”"~! with the boundary 
of C. The theorem says that weights may be distributed on the collection of such points so 
that, a) the centre of mass of the distribution is at the origin and b) the inertia tensor of the 
distribution is the identity. The first condition shows that the contact points do not all lie “on 
one side” of the sphere, and the second, that they do not all lie “close to proper subspace”. 


Condition b) shows that the u;’s behave like an orthonormal basis in that the inner product 
can be represented 


(z,y) = SG 2) asa) x,y € R”. 


a 


It follows immediately from the equality of the traces of the operators in b) that 


At each u;, the supporting hyperplane to C (is unique and) is perpendicular to u,; (since 
this is true for the Euclidean ball). Hence, the set K = {x € R”: (#,u;) < 1, 1 <i < m} 
contains C’: C is sandwiched between BY and K. From this it follows (and this was one of the 
motivations for John’s theorem) that C is contained in nB¥, the Euclidean ball of radius n. To 
see this, suppose z € K and ||z|| =r. Since —r < (a, ui) < 1 for every i, 
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0< cil — (x, uj))(r + (ax, uz) 
= rc +(1-r) S °c (x, us) — Se Gry 


Properties a) and b) and (1) show that the latter is 


rn — |\a||? = rn — r?. 


Hence r <n. 


John’s theorem has been used many times in the theory of finite-dimensional normed spaces. 
For symmetric convex bodies (the unit balls of normed spaces) condition a) is redundant and a 
stronger estimate ||z|| < \/n can be obtained for « € kK. As a consequence, every n-dimensional 
normed space is isomorphic, with isomorphism constant at most \/n, to n-dimensional Euclidean 
space. It was pointed out to me a few months ago by Prof. A. Pelcyiiski that the literature does 
not contain any very explicit proof of the easy (if) part of John’s theorem. The first section of 
this article contains a quick proof of this assertion. At about the same time, several people (not 
quite independently) asked me for a proof of the intuitively obvious fact that the largest discs 
contained in a regular tetrahedron, lie in its faces. The second section of this article consists of a 
proof of (the analogue of) this fact for k-dimensional Euclidean balls inside regular n-dimensional 
simplices. For each n and k < n, the regular n-dimensional simplex which circumscribes B?, 
contains a k-dimensional Euclidean ball of radius 


n(n +1) 


k(k +1) =r(n,k) (say), 


in each of its k-dimensional faces. The relationship between Sections 1 and 2 of this article 
is elucidated in Section 3 where it is shown that if C is a convex body in R” whose ellipsoid of 
maximal volume is Bs, then C’ does not contain k-dimensional ellipsoids whose volume is larger 
than that of a k-dimensional ball of radius r(n,k). The result of Section 3, and, a fortiori, that 
of Section 2, could certainly be “checked by hand”. It is enough to show that the convex hull of 
BY and a “large” k-dimensional ellipsoid, contains an n-dimensional ellipsoid of volume larger 
than By. But the calculations involved are messy. The argument presented in Section 3 is a 
compelling, if simple, illustration of the usefulness of John’s characterisation. 


3.6.2 The ‘if? part of John’s theorem. 


Proposition 3.6.2. Let (u;){” be a sequence of unit vectors in R” and (q)j" a sequence of 


positive numbers satisfying 
a) > Gu; = 0 and 
i 


b) Sey StI, 


V 
Then the set K = {x ER”: (x,u;) <1, 1 <i < m} contains an unique ellipsoid of maximal 
volume, the Euclidean unit ball. 
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Proof. Let € be the ellipsoid, 
" ER”: So a5 (a — y,v;)? < 7 
1 


for some y € R", orthonormal basis (vj)? and positive numbers (a;)''. The problem is to 
show that if € C K, then Ila; < 1 with equality only if a; = 1 for all 7, and y = 0. Now, for 
each i, 1 <i<™m, the point 


n n 
w=yt Se OG Mas 05)" S 5 a5 (tui, v5) 04 
j=l j=l 
belongs to € and so (u;,2i) < 1 for each i. Hence 
i 3 
(ui, ¥) 25 S) a5 (ui, 05)? sl (2) 
j=l 


for each i. Multiply by cj, sum over i and use the fact that }> cui = 0 to get 


4 


1 


2 
2 2 
) Cj ) OF (Ui, U5) <5 c= Nn. 
i j i 


Since > ¢; (uj, 2)? = ||x||? for all x, and the v;’s form an orthonormal basis, 
i 


dy = DD geile, 09)? 
J jo 4 
= Dee | Dei (ui vy)” 
a j 


dle 
iw] 


< SoG | S503 (us, vy)? So (ui, vj)? 
a j 
al 
= 


= G S 5 a (ui, 05)? <n. 
a j 


By the AM\GM inequality Ila; < 1. There is equality only if a; = 1 for all 7 in which case 
(2) says that 


(ui,y) + |lusl| <1 for all 4, 


i.e. (ui,y) <0 for all i. Since >> c;(u;,y) = 0, this implies that (u;,y) = 0 for all i and so 
y =0. 
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3.6.3 The simplex. 


Proposition 3.6.3. Let T be a regular solid simplex in R” of internal radius 1. For1<k< 
n—1, the largest k-dimensional Euclidean balls in T are those of radius 


n(n + 1) 
k(k +1) 


which lie in k-dimensional faces of T. 


The proof of Propositon 2 makes use of the following well-known application of Caratheodory’s 
theorem. 


Lemma 3.6.4. /f (x;)1" is a sequence in R* of diameter at most d, there is a point x € R* with 


|x; — || <r=d ke for all i. 


The bound is sharp only if (x;){" includes some k +1 points, all at a distance r from their 
average. 


Proof. Let x be the point of R* which minimises max |x; — a|| and suppose that this maximum 
v 


is s. Than z is in the convex hull of those x;’s from which it has distance s since otherwise there 
would be a small perturbation, y, of x with max ||x; — y|| < s. By Caratheodory’s theorem, z is 
Vv 


a convex combination of some k + 1 of the x;’s at distance s from x: say 


k+1 


1 


Then 


k+1 


3 =S° rallai - 2)? 
1 
1 2 
ar s AiAj|lei — 75 
UJ 


1 
= 5 DL Anrilles — xyll? 
ij 


1 1 2 
Bee (soa) 
iAj 
d2k 


2(k +1) 


No 


IA 


IA 


since > \? > mai(>d di)? = ma by the Cauchy-Schwartz inequality. 


For the estimate to be sharp, one needs that A; = FED? 1<i<k+1, implying the second 
assertion of the lemma. 
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Proof of Proposition 2. Assume that T is given by 


TH={reR®: (a,j) <1, 11<n+1} 


for an appropriate sequence (u;)}'*! of unit vectors and note that 


ui =) (3) 


+1 
ue w= — In. (4) 
a 


k 
Let € = {x ER": Vila —y,v;)? < r?, (a —y, vj) = 0,k +1 < j < n} be a k-dimensional 
I 


ball contained in T, for some y € R”, r > 0 and orthonormal basis (v;). As in the proof of 


Proposition 1, 


2 


k 
(uisy) +7 So (ui, vj)? <1 forall 7. 
j=l 


Let P be the orthogonal projection of R” onto span(v;)f . Then for all 7 


(uiy) +7] Pull <1. (5) 


Summing over 7 and using (3), 
r>-||Puil| <n+1 
i 


so it is enough to show that 


3 [Pull > yee Tee 6) 


for every orthogonal projection of rank k. 


Now, the set {u,;}"*" has diameter 
1 


2(n + 1) 


and hence the set {Pu;}/'t" has diameter at most this. Since {Pu;}7"" sits in an Euclidean 
space of dimension k, Lemma 3 shows that there is a point x € P(R”) with 
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k(n +1) 


Pu; — x|| < ,{—— 
[Pur al S tan 


for all i. (7) 


From identity (4), 


1 
5 n 
i 


and equating traces, 


1 
Pu; = oa k. 
dM 
: n 
Since 5> Pu; = 0, 
i 


n+1 
n 


k= SP Pa) 
t 
= SP u, Pu; — 2) 
t 
< S$) ||Puill - || Pui — 2| 
t 


k(n + 1) 
= (e+ Tm 2 Pall 


giving the desired inequality (6). 


Now, suppose the maximum radius is attained. Then there is equality in (7) so, by Lemma 3 
again, the set {Pu;} includes k + 1 points all at distance eT from their average. But every 
k +1 of the u,’s are at this distance from their average. So P is an isometry on the affine hull 
of some & +1, u;’s: ie. the range of P is parallel to this affine hull. This implies that € lies 
in a k-dimensional subspace parallel to some k-dimensional face of T. This fact determines all 
the numbers ||Pu,|| and hence the numbers (u;, y) since there is equality in (5) for all 7. These 


numbers determine y. 


3.6.4 The general case. 


Proposition 3.6.5. Let (u;)7", (ci)? and K be as in Proposition 1. If € is a k-dimensional 
ellipsoid in K then the (k-dimensional) volume of E€ is no larger than that of a k-dimensional 


ball of radius aa 


This proposition cannot be proved using the argument of Proposition 2 as it stands, since 
for a general sequence (u;){” satisfying the hypotheses and orthogonal projection P of rank 


k, >> q&||Pu;|| may be as small as k. This complicates the argument somewhat: Proposition 2 
i 
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is isolated because it has a simpler proof. For the proof of Proposition 4, Lemma 3 is replaced 
by an easier observation. 


Lemma 3.6.6. If (x;)7" is a sequence of vectors with )> x; = 0 and (uj;)7", a sequence of unit 
vectors in some Euclidean space then 


a 


2 
(Stem < DU lel - Ileal — (ui, 47). 
4,J 


Proof. By homogeneity, it may be assumed that 5> ||;|| = 1. Set A; = |\z;|], 1 <7 < m and 
i 
u= >> Aju;. Then, 
i 


(Seu) = (Seiui—u)) 


| < (Soleil lu — all) 


= es ril|ui — ull) 
< So Ailfus — ul? = 1 — fel)? 
= S> AAs (1 = (ust). 

tJ 


Proof of Proposition 4. Let E be the ellipsoid 


k 
jeer": So a5? (a — y, vj)? oe 
1 
(x — y, vj) = 0, k+isisn} 


for some y € R”, orthonormal basis (vj)? and positive numbers (a,;)/. The problem is to show 
that 


It certainly suffices to show that 


As in the proof of Proposition 1, 
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k 
(ui) + | >> a5 (ui,vj)? | <1 
j=l 


for every 7. Define T: R” > R” by 


k 
Les Cig (D035) U;. 
j=l 


Then 
(ui, y) + ||Tus|| <1 for every 2. (8) 
Also 
k 
Do oF = YE oFci(ais vy)? = Do call Tull? (9) 
1 aj i 
and 


k 
Soa; = S 5 ajei (tua, vy)? = So ei Pai tls) (10) 
1 0,9 


a 


The proof divides into two parts, the first of which effectively handles the u;’s which are far 
apart (as if the body were symmetric) while the second, and more complicated part, handles 
the u,’s which are close together (as if the body were a simplex). 


Since ||Tu;|| < 1— (uz, y) for each 7 (by (8)) 


deeill Tull? < d 7d = (wis y))? 
So by (9) 


2 
(= «) <S laf <ntllyll?. (11) 
Jj 


On the other hand, set 7; = c;Tuj, 1 < i < mand observe that }> a; = TS Gis) = 0. 
Then Lemma 5 and (10) show that 
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(>) - Gm) 


a 
<P eal -|ajll@ — (uss) 
4,9 


= Sr ciej(1 — (as, us))|| Lull - Push 
a,j 


Since cjcj(1 — (uj, uj)) > O for all 7 and j, (8) can be applied again to give 
2 
(Dray) < Yeies(1 = (ui, ay) = (uisy)) (1 = (uy, 9)). 
Expanding this product and using the fact that }> c;u; = 0 one obtains 
2 2 
63 ay) = ie ci) — So cicj (tus, ty) (ui, y) (tug, 9). 
tJ 


Two applications of the identity }> c(i, x) (ui, y) = (x,y) show that 
i 


(Sos) <n? — Ill (12) 


Finally, this inequality may be added to (11) to give 


(14 :) (Soa;)° <n? tn, 


and hence 


as required. 


Remark 33. For k = 1, Proposition 4 states that if C is a convex body whose ellipsoid of 
maximal volume is BY then diam(C) < \/2n(n+1). This fact can be proved more simply: if 
x,y €C then |\z|I, ||y|| <n, as explained in the introduction, and (with the usual notation) 


O< dei(l — (ai, ))(1 — (ui) 


=n-+ (2,y) 


so that 


lz — ll? = lel? + [lyll? — 2¢2, 9) 
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< Qn? 4 2n = 2n(n + 1). 


The fact that ||x|| <n for x € C could be deduced from inequality (12) of the above proof, 
with “k= 0” 
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3.7 The plank problem for symmetric bodies 


Keith Ball”) 
Department of Mathematics Texas A&M University College Station, TX 77843 
©) Partially supported by NSF DMS-8807243 


Abstract. 

Given a symmetric convex body C and n hyperplanes in an Euclidean space, there is a translate 
of a multiple of C, at least st times as large, inside C’, whose interior does not meet any of 
the hyperplanes. The result generalizes Bang’s solution of the plank problem of Tarski and has 


applications to Diophantine approximation. 


AMS :1980 Subject classification: 52A37, 46A22 


3.7.1 Introduction and preliminary observations. 


In the 1930’s, Tarski posed what came to be known as the plank problem. A plank in R¢ is 
the region between two distinct parallel hyperplanes. Tarski conjectured that if a convex body 
of minimum width w is covered by a collection of planks in R@, then the sum of the widths of 
these planks is at least w. Tarski himself proved this for the disc in R?. The problem was solved 
in general by Bang [130]. At the end of his paper, Bang asked whether his theroem could be 
strengthened by asking that the width of each plank should be measured relative to the width of 
the convex body being covered, in the direction of the normal to the plank. This affine invariant 
plank problem has a number of natural formulations: in particular, as the multi-dimensional 
“pigeon-hole principle” stated in the abstract. The history of the affine plank problem from 
Bang’s paper to the present, together with many interesting remarks can be found in the papers 
(032, 33] and especially [C3]. 


In the case of symmetric bodies, the problem is perhaps most naturally stated in terms of 
normed spaces. Let X be a normed space. A plank in_X, is a region of the form 


{aw €X: |b(x) —m| < w} 


where ¢ is a functional in X*,m a real number and w a positive number. If ¢ is taken to be 
a functional of norm 1, w is said to be the half-width of the plank. The theorem proved here is 
the following. 


Theorem 3.7.1. If the unit ball of a Banach space X is covered by a (countable) collection of 
planks in X, then the sum of the half-widths of these planks is at least 1. 


The theorem is obviously best possible in the sense that for every unit vector ¢ € X*, the 
ball of X can be covered by one (or more) planks, perpendicular to ¢, whose half-widths add 
up to 1. 


The infinite-dimensional case of Theorem 1 does not follow formally from the finite-dimensional: 
it will be discussed and proved in Section 3 of the paper. For finite-dimensional spaces, one can 
restate Theorem 1, with the aid of compactness, as follows. 
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Theorem 3.7.2. If (¢;)} is a sequence of unit functionals on a finite-dimensional normed space 
X,(mj)} is a sequence of reals and (wj;)} a sequence of positive numbers with S>w; = 1 then 


there is a point x in the unit ball of X for which 


|di(x) —m,| > w; for every 1. 


The question answered by Theorem 2 arises quite naturally in the theory of badly approximable 
numbers. In his paper [D], Davenport made use of the following observation. If C is a cube 
in R¢ and (H;)? are n hyperplanes, then there is a cube C’ at least 2~” times as large as C, 
inside C,, with faces parallel to those of C’, whose interior is not met by any H;. This pigeon-hole 
principle can be strengthened considerably if Theorem 2 is invoked. (This was already noticed 
by Alexander in [A].) The estimate below immediately transfers to give sharper estimates in 
Davenport’s theorems. 


Corollary 3.7.3. If C is a convex body, with a center of symmetry, in R¢ and (H;)? are 


hyperplanes, then there is a set of the form x+ aie inside C’, whose interior is not met by any 


H;. The result is obviously sharp for every n and C. 


Proof. Assume that C' is centered at the origin and let X be the normed space represented on 
IR? with unit ball C. For each i, choose a functional ¢; of norm 1 in X* and a real number m; 
so that 


Hy = {x ER*: ¢i(x) = my}. 
By Theorem 2 there is a point « € ;{4C with 


1 
|\di(x) —m,| > ae for each 7. 


Then the set 


1 
r+ —CcC 
n+1 


and for every y in x + —,C, ||y— || < =, so that for each i, |d;(y) — d;(x)| < hence 


Ll. 
n+1 +1 n+1° 
oi(y) —m, has the same sign as ¢;(x) — m;. Thus, for each i, the whole of « + —~C lies on the 


1 
n+l 
same side of H; as x does. 


Theorem 2 is readily reduced to a combinatorial theorem concerning matrices. For a sequence 
(i)? of norm 1 functionals on X, construct a matrix A = (aij) given by 


aij = bi (xj), eo a) 


where for each j,x; is a point in the unit ball of X at which ¢; attains its norm; i.e. 
$3 (xj) = ||vj|| = 1. If (Aj)? is a sequence of reals with 


Sols 
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then the vector « = )> A;2; has norm at most 1 and for each 4, 


oj (x) => S> azjrj;- 
j 


Thus, Theorem 2 follows from 


Theorem 3.7.4. Let A = (aj;) be an n x n matrix whose diagonal entries equal 1, (mi)? a 


n 
sequence of reals and (w;)? a sequence of non-negative numbers with S>w; <1. Then there is a 


4 Wi S 
sequence (Aj;)7 with 


Soil <1 
j 


and, for each 1, 


) air; — Mj 2 Wj. 
Jj 


It is also easy to see that Theorem 2’ follows immediately from Theorem 2 by regarding the 
rows of such a matrix as unit vectors in @%. Bang effectively proved Theorem 2’ for symmetric 


matrices: his elegant argument is reproduced here as a lemma, since the precise statement will 
be needed later. 


Lemma 3.7.5 (Bang). Let H = (hij) be a real, symmetric nxn matriz with 1’s on the diagonal, 
(14; )7' @ sequence of reals and (6;)7 a sequence of non-negative numbers. Then there is a sequence 
of signs (€;)} (€; = +1 for each j) so that for each i, 


Ss" hije 70; — pi] = 6;. 
j 
Proof. Choose signs (€;)'' so as to maximise 
S- hijei€ 5440; —2 S- E40; fj. 
ig i 
Fix k (1 <k <n) and define (6;)} by 
0; = {ejif7 # k- ejifj =k, 


Then 
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0 < Ss" hijei€ 5:8; —2 So eiOipi — Ss" hj30;0j0;0; —2 Ss" O40; [hi 
1J a aj a 
and since H is symmetric this expression is 


4e7,0% Se hpjej9; = Ae Op ie. 
jJ#k 
Since hy, = 1, the latter is 
—462 + 4€,0, ss hpjej0; — 4¢,0p UK, 
J 


and so 


40; < de 1,0), Ss hpjej9; — Uk 
j 


< 46}, DS hpjej9; — Lk] - 
j 


Since this holds for each k, the result is proved. 


Note that the hypothesis of symmetry cannot be dropped from Lemma 3: consider, for 
example, the matrix (11 — 11) for 6; = 62 = 1 and py = po = 0. 


In the proof of Theorem 2’ it may be assumed that w; = - 1 <i <n since planks of 
varying widths can be almost covered by slightly overlapping “sheets”, all of the same width. 
(This “change of density” argument is not really needed but simplifies the succeeding arguments. ) 
It will be shown that in this situation, Theorem 2’ can be strengthened: the sequence (A;)7 to 
be chosen will actually satisfy 


(which implies that $7 |A;| < 1 by the Cauchy-Schwartz inequality). This stronger statement 


can be attacked by Hilbert space methods: if the satement is true for AU where U is an 
orthogonal matrix, then it is true for A. Unfortunately, it is not the case that for every matrix 
A with 1’s on the diagonal, there is an orthogonal matrix U with AU both symmetric and having 
large diagonal. For example, if 
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then the only symmetric matrices of the form AU are 


+ (1115) and * (eee) 


Nevertheless, Theorem 2’ is proved by using a modified matrix A. 


3.7.2. Symmetrisations of matrices and the proof of the main theorem. 


The modification of a matrix, needed for the proof, is described by the following lemma. 
From now on, if H is a matrix, H will be said to be positive if it is symmetric and positive 
semi-definite. 


Lemma 3.7.6. Let A be ann xn matrix of reals, each of whose rows is non-null. Then there is 
a sequence (0;)}' of positive numbers and an orthogonal matriz U so that the matriz H = (hj;) 
given by 


hag = O;(AU Jay 
is positive and has 1’s on the diagonal. Lemma 4 can be proved using a fixed point theorem 
or other topological methods. However it has an elementary proof which provides an alternative 
description of the sequence (0;)}. Recall that for a matrix B, the trace-class, or nuclear, norm 


’ ’ : 7 
|B\lc, of B, is tr(H), where H is the positive square root of BB*. By the Cauchy-Schwartz 
inequality 


|B\lc, = max{tr(BU): U orthogonal}. 


Also by the Cauchy-Schwartz inequality, if B and C are n x n matrices then 


|BClle, < (tr(BB*))'(tr(co"))?. 


Before the proof of Lemma 4 it will be convenient to prove the lemma that really forms the 
crux of the proof of Theorem 2. The estimate is somewhat unusual since it involves the sum of 
the squares of the diagonal entries of a matrix: nevertheless, it is a consequence of the matrix 
Cauchy-Schwartz inequality. 


Lemma 3.7.7. If H = (hij) is a positive matrix with non-zero diagonal entries and U is 
orthogonal then 


HU)? 
ig Sh 


Proof. For each i let 7; = (AU) and let D be the diagonal matrix, diag(y;)j and T, the positive 


hii 
square root of H. Then 
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a 


(HU), 
ye Dy 
= tr DHU <||DHllc, 
= ||(PT)Tlle, 
1 1 
< [tr DT(DT)*]2 [tr TT*}2 
= [tr DHD]2|tr H]2 


-(E4) (Em) 
(ES) (Es 


Hence 


Lemma 5 immediately implies: 


Lemma 3.7.8. If H = (hj;) is a positive n x n matrix with non-zero diagonal entries, then 


Ia) 


Proof. There is some orthogonal matrix U for which 


(aa) 


By the Cauchy-Schwartz inequality this is at most 


Huy)? 


1 
and this is at most /n( >> his)? = Vn||H||c, by Lemma 5. 


1/2 
< VallHlZ?. 


Cy 


C1 at Vii 


Proof of Lemma 4. Plainly it suffices to find (6;) positive and U orthogonal so that (0;(AU);;) 
is positive and has constant, non-zero, diagonal. 
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Since the rows of A are non-null, there is a constant c > 0 so that if (0;)) is a sequence of 
positive numbers 


[|Giass Icy 2 emax Hi. 


Since ||(@:ai;)||c, is continuous as a function of (6;)7, there is a sequence (6;)7 of positive 
numbers which minimises 


I|(Giaig Icy 


subject to the condition [[6; = 1. Let H = (hj;) be the positive square root of 


u 
(0;(AA*);;9;), for this particular sequence, and note that there is an orthogonal matrix U for 
which 


hij =O;(AU)ij3, Si j<n. 
Again, since A has non-null rows, the diagonal entries of H are non-zero. For each 3, let 


1/n 


n 
Since [] yj = 1, the matrix (7;4;a;;) has nuclear norm at least that of (6;a;;), the latter being 


7 
|Z ||c,. So 


A |lo, < (Pais )Ilc, 
= (vhs Icy 


l| 
, a. 
4 
2] 
> 
> 
NN 
| 
maa 
al 
oa 
Qe 
Ne 


IA 


Vall H2, 1 ma) ; 
k 


by Lemma 6. So 


(sem) 


implying that the h,;’s are all the same. 


Nl 
IA 
Bo 
= 
> 
= 
> 
Sy 
S| 


Proof of Theorem 3. The statement to be proved is that if A = (a;;) is a real n x n matrix with 
1’s on the diagonal and (m;)7 is a sequence of reals, then there is a sequence (\;)/ of reals with 
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and, for every i 


Using Lemma 4, choose a sequence (6;)} of positive numbers and an orthogonal matrix U, 
so that if 


H = (0;(AU)i;), (2) 


then H is positive and has 1’s on the diagonal. 


By Lemma 3, there is a choice of signs (¢;)/ so that for each 4, 
Ss hie; 0; = nO; > 6;. (3) 
j 
From (2) and (3), one has that for each i, 
0; S°(AU) ig€ 59; — nbxmj| > 9, 
j 


and hence 


3 


1 if 
) Qik i ) Upjejj — Mm; >. 
k J 
For each k set 
Xr : ) 6 
=— URjEGO;. 
k A : kj&jV9 


It remains to check that > AZ < 4. But HA =4AY 0% since U is orthogonal and so what 
is needed is 


S- 6; <n. 
J 


From (2), 
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0,04; = (HU");; for all i andj 


and so in particular, since a;; = 1 for each i, 


Now since h;; = 1 for each 1, Lemma 5 shows that 


a= awry, = 


v u 


<a 


3.7.3. The infinite-dimensional case. 


Theorem 2 and weak*-compactness immediately imply the following “multiple Hahn-Banach” 
theorem. 


Theorem 3.7.9. Let (x;)f° be a sequence of unit vectors in a normed space X, (mj;)f° a sequence 


[o-e) 
of real numbers and (w;)S° a sequence of non-negative reals with )) wi <1. Then there is a linear 
: 1 


functional ¢ of norm at most 1 in X* with 


|p(xi) —m4| > wi for every 1. 


For reflexive spaces, Theorem 1 follows immediately from Theorem 2. For general spaces, 
Theorem 1 is a little more delicate. It can be regarded as a quantitative strengthening of the 
Banach-Steinhaus theorem. If ® is an unbounded subset of the dual X* of a Banach space X, 
then there are elements $1, ¢2,... of ® with (say) 


(oe) 


S—nllonll) <1. 


1 


By Theorem 1, there is a point x € X of norm at most 1 so that for each n, 


Pr 
eal 


> nllenll-’, 


(x) 


i.e. |dn(x)| > n. 


To prove Theorem 1 it is necessary to examine the proof of Theorem 2 more closely. The 
change of density argument in Section 1 and the proof in Section 2 actually yield the following 
strong form of Theorem 2’. Theorem 1 will be deduced from this. 
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Theorem 3.7.10. Let (aij) be a real, n x n matrix with 1’s on the diagonal, (m;)} a sequence 


of real numbers and (w;)}, a sequence of positive numbers. Then there is a sequence (A;)) with 
Swede 
j 


and, for every i, 


) air; — Mj = Wj. 
Jj 


Proof of Theorem 1. Suppose (@;)?° are unit functionals in X*,(m,)f° are real numbers and 


(w;)f° are non-negative numbers with 5>w; < 1. The problem is to find a point x in the unit 


ballot X sath : 


\d;(x) —m,;| > w; for each i. 


Choose a sequence (v;)f° with 


vi >wWw;>0 foreach 7 


but 


Sou =l-e<h 
a 


For each i, choose a point x; of norm at most 1 in X with ¢;(x;) = 1—e. Applying Theorem 8 
(")) 


to the first n functionals and vectors one obtains, for each n, a sequence (A ee satisfying 


eta < (1-e) *Ye< i=.) (5) 
and forl<i<n 


OF ye — MM; > Vj. 


j=i 


Regard Ol”) as an infinite sequence by filling out with zeroes. From (5), for each n, 


= = Vy ae 1/2 
SAPs | oe ye Oey (6) 
j=l j=l =i 


222)? St, 
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Moreover, for each m and n, 


a a2 1/2 
Swiss [Sow} G-g. 
j=m j=m 


Since the right-hand side > 0 as m — ov, the sequences Crys are uniformly summable, 
so the collection has a (norm) limit point (A;)f° (say) in €;. From (6), the point « = S) Aja; € X 
J 


has norm at most 1 and clearly 


\di(x) —m,| > vi > we for every i. 


3.8 On quotients of Banach spaces having shrinking unconditional 
bases 


E. Odell®Research partially supported by NSF Grant DMS-8903197. 


Abstract: 
It is proved that if a Banach space Y is a quotient of a Banach space having a shrinking 
unconditional basis, then every normalized weakly null sequence in Y has an unconditional 
subsequence. The proof yields the corollary that every quotient of Schreier’s space is Co- 
saturated. 


3.8.1 Introduction. 


We shall say that a Banach space Y has property (WU) if every normalized weakly null 
sequence in Y has an unconditional subsequence. The well known example of Maurey and 
Rosenthal {£34] shows that not every Banach space has property (WU) (see also [[[35]). W.B. Johnson 
[136] proved that if Y is a quotient of a Banach space X having a shrinking unconditional f.d.d. 
and the quotient map does not fix a copy of cg, then Y has (WU). Our main result extends this 
(and solves Problem IV.1 of [36]). 


Theorem 3.8.1 (A). Let X be a Banach space having a shrinking unconditional finite dimensional 
decomposition. Then every quotient of X has property (WU). 


Of course such an X will itself have property (WU). Furthermore, if (£,,) is an unconditional 
f.d.d. (finite dimensional decomposition) for X, then (£,,) is shrinking if and only if X does not 
contain ¢,. The proof of Theorem A yields 


Theorem 3.8.2 (B). Let Y be a Banach space which is a quotient of S, the Schreier space. 
Then Y is co-saturated. Y ts said to be co-saturated if every infinite dimensional subspace of Y 
contains an isomorph of co. 


tok 
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Our notation is standard as may be found in the books of Lindenstrauss and Tzafriri 
(137, [38]. The proof of Theorem A is given in §1 and the proof of Theorem B appears in 
§2. §3 contains some open problems. We thank H. Rosenthal and T. Schlumprecht for useful 
conversations regarding the results contained herein. 


3.8.2 The proof of Theorem A. 


Let T be a bounded linear operator from X onto Y where X has a shrinking unconditional 


f.d.d., (E;). By renorming if necessary we may suppose that (Ei) is 1-unconditional. Y™* is 
separable and so by a theorem of Zippin [139] we may assume that Y is a subspace of a Banach 
space Z possessing a bimonotone shrinking basis, (z;). Fix C > 0 such that 


T(CByX) D> BaY = {ye Y:|ly|] <1}. 


Recall that (E;) is a blocking of (E;) if there exist integers 0 = qo < Mm < q2 <-:: such 


that E; = [Ejug,141 


[ifs att defines a blocking of (z;). 


for all i (where [---] denotes the closed linear span). Similarly, F; = 


Fix a sequence €_1 > €9 > €1 > €2 >--:- converging to 0 which satisfies 
[o<) [oe 
(1.1) So ei <1/4 and S (4+ 2)e;<ep1 for p>0. 
i=-1 i=p 
Then choose €9 > €; >--- converging to 0 which satisfies 
(oe) 
(12) Apé, <€p42 for p>1 and ne £;<£, for pou. 
J=prl 


Our first step is the blocking technique of Johnson and Zippin. 


Lemma 3.8.3. (IZU, [IZ] There exist blockings (E;) and (F;) of (Ei) and (z), respectively, 


such that if (Qi) is the sequence of finite rank projections on Z associated with (F;) then 


(1.3) For alli EN and a € E; with ||x|| < C, we have |Q;T | tata Oo Fit 1 


Roughly, this says that T'E; is essentially contained in F;_, + F; (where Fy = {0}). Let (y/’) 
be a normalized weakly null sequence in Y. Choose a subsequence (yi) of (y;) and a blocking 
(F;) of (Fi), given by F; = [FiJ%_,,_, 41, such that if Q; = Q; 
rank projections on Z associated with (F;), then 


(1.4) Q5uill < Emaxti,g) fA J 


Roughly, yj is essentially in F;. Furthermore we may assume that 


4 -g;_1 +1 Qj is the sequence of finite 


(1.5) | S- aig} = 1 implies max |a;| <2. 


Let (£;) be the blocking of (F;) given by the same sequence (q;) which defined (F;), FE; = 


[Es jaga41 
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We begin with a sequence of elementary technical yet necessary lemmas. 

For I CN we define Q; = jer Q; and set Qy = 0. 
Lemma 3.8.4. Let 0 <n < m be integers and let y = iginm) ayy; with ||y|| = 1. Then for 
JE (n,m), |Q;yl] <5 and |]Q~myyll < En- 


Proof. Let n < j <_m. Then by (1.5), (1.4), (1.2) and (1.3), 


Qiull < 2°72 Qyuill + So lazy) 


<n im 
< 2(néj + &m-1) 
< (29 + 2)é; < 4jE; < Ej 


Thus lQmamyyll < etiam) Ej SEn by (le): 


Lemma 3.8.5. Let 0 = pp < r9 = 1 < pi <7, < po < ro <--- be integers and let y = 
21 ay), with |lyl| =1. Then fori €N, 


OD ties ere ~ ary, || < Ep;-1-1 
Proof. 


Qprs ary = aiYp, 
< [Aseaeerey S> ajYp, I ay I Qirsa ra) HY; 7 ip, | 
j#i 
which by lemma 1.2 is 
< Ep 1-1 + [Qtr 1)%Yp, ll + I Qr,,00) 4 Yp, 
<ér,-1+2 S > []Qny}, ll + 2er,-1 (by (1.5) and lemma 1.2) 
k<rj-1 
<Epj_y-1 + 2(ri-1 = 1)ép, + 2€p;-1 (by (1.4)) 
s Epi-1 7a 2DiEp; 2€p, es Epi-1 @ Ep, (by (1.2)) 
< Ep,_j-1 (by 1.1) : 


Lemma 3.8.6. Let ic N, x € Ej and ||x|| < C. Then 


Qj T2I| < emaxi,g) FIAGI-1, 
Qn ¢—ayFe|| < ei1 and ||Qj,c0)T2|| < ei - 


Proof. Let x = Dei gi we with we € Ep. 


lQTel< SD YS WGTwel 


ke (qj-1,45] €€(gi-1,94] 


(ifj<i-lj:< SS” & (by (1.4) 


ke (qj-1,95] £€(qi-1,4] 
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< Qj Eqi_1 < Gi—1E 95-1 < €g;-142 < & using (1:2) 


Gjsor< SS Ss” & 
ke (qj-1,95] €€(qi-1,44] 
< So diék < Gb qs 
kE(qj-1,95] 


S Qj-1€qj-1 < €qj)142 S Ej+1 < &)- 


Finally, 
i-2 i-2 
Qf. s-2Tal| < S |QnT'z|| < ye = (i - 2)ey < ei-1 
k=1 k=1 
and 


Qi,00)F'a|| < $5 |QeT2l| < So en <ei-1. 


k=t k= 


Lemma 3.8.7. Let ||x|| < C,t = do, zj 5416 where wp, € Ex for all k. Then 


Qj; Tx] < ej-1 


Proof. By lemma 1.4, 


lQ;Tal|< SJ) lQ;Twall<Soes+ SO ex 


kAj,j+1 k<j k>j41 
= Q _ l)e; + €j = jE; < Ej-1 


Lemma 3.8.8. Let 1 <n < m and # = )Ouj,||z|| < C, with w; € E; for all 7. Suppose that 
|Q;Tx|| < 2e;-1 forn<j<m. Let aj_1 = Qj-1Tw; and b; = Q;Tw;. Then 
a) |laj + b;|| < 3ej-1 forn <j <m and 


M Drees Tw; — (ar + bs) 


<5ep_j ifn<r<s<m. 


Proof. a) Let n < j < m. By lemma 1.5, ||Q;T'x — (a; + 6;)|| = a, De iigas Tw) 
Since ||Q;T2|| < 2¢;-1, a) follows. 

b) Let n <r <s < mand let j € (r,s]. Then Tw; = aj_1 + 6; + 7; where ||y;|| < 2e;-1 by 
lemma 1.4. Thus 


| < €j-1- 
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So Tw; — (a, + bs) 


r+1 


Ss 
S lle + pga + Orga + begat eos + as—1 tbs — (ar +bs)|] + S> 2ej-1 
j=r+l 
s—1 


<S> lag + b5|| + 2er—1 
r+l 


s—l 
< Ss" 3Ej-1 + Qe,_1 (by a) 


r+1 


< 5ép_] 


We next come to the key lemma. Let (P;) be the sequence of finite rank projections on X 
associated with (£;). For I CN, we let Py = So je, Fi. 


notation: If «= }° a; € X with x; € EF; for all j and % € X, we define 


ESxif f= 5 aja; with 0 <a; <1 for all j 


Lemma 3.8.9. Let n € N and let e > 0. There exists m € Nvm > n+ 1, such that whenever 
x € CBaX with \|\Q;Tx|| < 2e;-1 for all j € (n,m) then: there exists ZX x with 


1. ||Tx —Tz|| < € and 
2. P.& =0 for some r € (n,m). 


Remark 34. Lemma 1.7 is the main difference between our result and Johnson’s earlier special 
case [J]. In the case where T does not fix a copy of co, Johnson showed that one could take 
&=2— P,(x) for some r € (n,m). 


The proof of lemma 1.7 requires the following key 


Sublemma 1.8. Let n € N and « > 0. There exists an integer m = m(n,e) > n+1 
satisfying the following. Let x € CBaX,x = )\w,; with w; € EF; for all j. Assume in addition 
that ||Q;T2|| < 2e;-1 for j € (n,m) and set aj_1 = Qj-1Tw; and b; = Q;Tw;. Then there exist 
k € N and integers n < ty < +--+ <ag < m such that 


k7* |lai, + aig +--+ +a%|| <€ (1.6) 


Proof of Lemma 1.7. Let n € N and ¢ > 0. Choose no > n such that 


Sg BP 12 (1.7) 


Let m, = m(no + 1,€/3) be given by the sublemma and let m = m (mj, ¢/3). 
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Let = )ow; € CBaX with w; € E; for all j and suppose that ||Q;Tx|| < 2¢;-1, aj-1 = 
Qj-1Tw; and b; = Q;Tw; for j € (n,m). By our choice of m there exist integers k and K and 
integersn <ng < ng +1 <ty <9 <+++ <<ip< my <9. < +++ < JR <m such that 


k" |lax, +--+ +4;,|| < ¢/3 and (1.8) 
kt laj, +--- + 4;,|| < €/3 (1.9) 
Define 
a4 i2 tk ju 
k-1 1 0 
radu ttt yest ew 
1 41 ipa tl iptl 
J2 ioe) 
ae Dp ar 
jitl Jeti 


Clearly (2) holds and we are left to check (1). 


i 98 
Tx — Tal| = |Iz S> Tw; + : > Tw; 


i4+1 dg+1 
ko Rei i 
ipntl jit JK-1+1 
Thus by lemma 1.6 , 
1 1 2 2 
k K K-11 K-11 1 1 
ot Fda, rag + RK aj, 4 KR bj tet Gin + Ze binl 


k iq 
+k S$" 5je,_,+ Ko) $0 5ley 1 
j=l e=1 


Now k7! See DJEi;-1 <5 4 Ei;-1 < €i,-2 < Eng and K~! ee 5£Ej,-1 < Eng as well. 


Thus 


[Tx — TH < 71 az, +++» +4, || + KO [by +o + jell 


k K-1 
+k7TS~ |[b;, + a;,|| +O} Se [Idj, + ajpll + 2eng 
j=2 l=1 


From (1.8), (1.9) and lemma 1.6 we obtain 
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k K-1 
- € E 
Te- Tz < 2+ at S361 + So 35-1 + 2€ng 
j=2 l=1 
2€ 


< 
3 


+ Eng + Eng + 2€ng < E 


(by (1.7) ). 


Proof of Sublemma 1.8. If the sublemma fails then by a standard compactness argument 
we obtain w; € E; for 7 € N such that for all m, 


m 
Sow; < C and < 3Ej—-1 


j=l 


ifn <j <m. The extra ¢;_; comes from an application of lemma 1.5. Furthermore setting 
Qj-1Tw; = aj and Q;Tw; = b; for 7 € N, then for all k and all n < 71 <--- < ix we have 


k lay +--+ axl] > € (1.10) 
Now a; € Fj and (Fj) is a shrinking f.d.d. Thus (45) jsn is a seminormalized weakly null 
sequence. By (1.10) any spreading model of a subsequence of (a;) must be equivalent to the 


unit vector basis of £; (see [BL] for basic information on spreading models). In particular we 
can choose an even integer k and integers n < 11 <--- <7, such that 


an — Aig te++ + Qi) — a;,|| >C|T|| +1 (1.11) 


However, 


12 14 
CIT ST ( Sowj+ 50 4---+ SO wy; 


i+ ia ees | 
Pa an “Dist Gas SP Day Serer tigers “A OE. 1 
k 
— 5S €4,-1 by lemma 1.6) 
j=l 


Now 5 a €i;-1 < €i,-2 and by lemma 1.6 and (1.11) 


Ila, + AS + eee + Qi, 4 + bi, || 


2 Ila, — Gig + ig — Gig Te 1 Ai, — ai, || 


k/2 k/2 
-— ys Ilan + bing || > CITI] +1 - > 32,1 
= j=l 


Thus 
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OT | SCT Pi se = 24. 
> Ol|T|| +1 —2€,-2 > Cl|T| 


which is impossible. 
Completion of the proof of Theorem A. 


Let the integer m given by lemma 1.7 be denoted by m = m(n;e¢). Choose 1 < p, < 
pe <-+-- such that for all i, pj41 —1 > m (pi; ep,). Let (ys) = (Yp,)- We shall prove that (y;) is 
unconditional. 


Let y = Yl ays, llyll = 1,2 € CBaX,Tx = y and let x = S729 9: where go = Pip.)t 
and gj = Pp, ,,,)t for i = 1. We shall apply lemma 1.7 to each g; fori > 1. Fix i > 1 
and let (n,m) = (pj,pi41—1). Let 7 € (n,m). Then ||Q;y|| < ¢; by lemma 1.2. Thus 
pe = 2:79 + QT Negi 9| < €;. However ]as7 Digs 94 < €j-1 by lemma 1.5 so 


|Q;T9i|| < ej-1 +e; < 2e;-1. Thus by lemma 1.7 there exist 9; X g; and ri € (pi, pi41 — 1) such 
that P,,g; = 0 and ||T'g; — Tj || < ep, for alli € N. 


Let & = oo GH = D1 Fi where Go = go and Z; = pyp,_,r,)% for i € N(ro = 1). Of course, 
y= Pees ee ifi> 1. 


Claim: ||Tz; — aiy;|| < 4ep,_,-1 fori € N. 


Indeed Qtrs—arayy — aiyil| < €p,_,-1 by lemma 1.3. Thus the claim follows from the Subclaim: 
| Qtr 2 ct Tz,|| < 3€p,_,-1- 


To see this we first note that 


Qin: 2 — Virsa) T (Gi-1 + G1 + G41) |l 


= Se Ne. SS Pg; 


ke[ri_1,ri) JFi-1jii+1 

< ee Ex-1 ( by lemma 1.5) 
k€[ri-1,7:) 

< Enj_1-1 


Also 


Qicagyl (Gist FOO) — Chen yt ia oe 9:41) || 
< |[Z (gi-1 + 94 + Gi41 — Gi-1 — GH — Fi41)|| 
< Epj;_1 a En; a Epi < Ep;_1-1- 


Finally, applying lemma 1.5 again we have 


Qirsaral LT (Gi-1 + G + Git1) — T (%i)I || 


< €,,_,-1, and the subclaim follows 


Let 6; 


tl. Then 
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> OiiYi 


Ss > 6; (aiyi — T'X;) 
[Sore 
bas S 7 4ep;1-1 + ||T]I > OE; 


<1+C\|T|| 


The proof of Theorem A yields the following 


Proposition 3.8.10. Let X have a shrinking K-unconditional f.d.d. (E;) and let T be a bounded 
linear operator from X onto Y. Let T(CBaX) > BaY. Then if e; | 0 and if (y;) is a normalized 
weakly null basic sequence in Y there exists a subsequence (y;) of (y;) and integers p; < po <-:- 
with the following property. Let ||>> aiyi|| < 2. Then there exists x = )\ a; € 2CK BaX, (xj) a 
block basis of (E;), such that 


|Tx; — aiyi||<e; for alli 


Moreover there exist (r; ) withO = ro < pi < 11 < po <12 <-++ such that x; € [Ej] 
for alli. 


JE(ri-1,73) 


Corollary 3.8.11. Let X have a shrinking K-unconditional f.d.d. and let T be a bounded linear 
operator from X onto the Banach space Y. Then Y contains co if and only if T fixes a copy of 
Co. 


Proof. If Y contains c, then there exists (see [Ja]) (y;), a normalized sequence in Y, with 


2-1 < ||Scayi|| < 2 if (aj) € So, the unit sphere of cy. Let ¢; | 0 with S>e; < 1. We may 
assume that (y;) satisfies the conclusion of proposition 1.9. Thus for all n € N there exist 


0=15 <pi <r] <pox< ry 


and x? € [E;] 
fori<n. 


je (ry) such that if 2” = S);<, 77, then ||x"|| < 2CK and ||Tx? — yill < & 


By passing to a subsequence (x”*) we may assume limp 7;"* = rj and limg_,o0 u;* = 2 
exist for all i ¢ N. Thus x; € alee aes with 795 =0< 171 < 72 <-:- , ||[Tax; — yl] < &; for alli 
and sup, ||S>} xi|| < co. It follows that (x;) is equivalent to the unit vector basis of cp. Moreover 


if we choose w; € ¢;CBaX with Tw; = y; — Tx; then T (x; + w;) = y; and some subsequence of 
(a; + 4;) is also a co basis. Hence T fixes co. 


3.8.3 The proof of Theorem B. 


We begin by recalling the definition of the Schreier space S| S]. Let coo be the linear space 
of all finitely supported real valued sequences. For x = (2;) € coo set 


P 
\|x\| = | 3 :pENandp<k <-:-: <b 
i=1 
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S is the completion of (coo, || - ||). We let ||z||o denote the co-norm of x. The unit vector 
basis (ep) is a shrinking 1-unconditional basis for S.S can be embedded into C' (w”) and thus S 
is co-saturated. 


Theorem B will follow from a quantitative version, Theorem B’ (below). Given a sequence 
(%n),A > 0 and F a finite nonempty subset of N,y = A}0.ep £n is said to be a 1-average of (rp). 
We say that a Banach space X has property- S(1) if every normalized weakly null sequence in 
X admits a block basis of l-averages which is equivalent to the unit vector basis of cp.S has 
property- S(1). 


Theorem 3.8.12 (B’). Let Y be a quotient of S. Then Y has property- S(1). 


We shall use the following simple Let T’ be a bounded linear operator from X onto Y where 
X has a shrinking uncondi- Y* is separable and so by a theorem of Zippin [Z] we may assume 
that Y is a subspace of a Banach space Z possessing a bimonotone shrinking basis, (z;). Fix 
C' > 0 such that 


T (CByX) D> BaY = {ye Y: ly] < 1} 


Recall that (Z:) is a blocking of (z:) if there exist integers 0 = qo <q < qa < °°: 


Sia a, Ui 
such that E; = | for all i (where |---] denotes the closed linear span). Similarly, 
i J=G-141 

Fi = [25]f4,_,41 defines a blocking of (%). 


Fix a sequence €_1 > €9 > €1 > €2 >--- converging to 0 which satisfies 
(oe) [o-e) 
> €; < 1/4 and So (4 + 2)e; < €p-1 for p> 0 (1.1) 
i=-1 i=p 
Then choose €9 > €; >--- converging to 0 which satisfies 
[o-) 
Apé, < Ep42 for p> 1 and S> Ej < €p for p> 0 (12) 
jJ=pr1 


Our first step is the blocking technique of Johnson and Zippin. 


Lemma 3.8.13. (IZU, [41] There exist blockings (&) and (#) of (é:) and (z;), respectively, 


such, that if (;) is the sequence of finite rank projections on Z associated with (4) then (1.3) 


For all i € N and z € E£; with ||z|] < C, we have ]2;72|| <fnece I Pat ls 


Roughly, this says that TE; is essentially contained in F\_1 + F; (where Fy = {0} ). Let (y/’) 
be a normalized weakly null sequence in Y. Choose a subsequence (y/’) of (y;) and a blocking 
i ~ 1% ; 
(Fi) of (*), given by Fi = [55] ) such that if Qi = a ; 
J=G-141 I=%— 
finite rank projections on Z associated with (F;), then 


41 @; is the sequence of 


161 


Q54i|| < Emaxcigy if tA GF (1.4) 


Roughly, y; is essentially in F;. Furthermore we may assume that 


[Dew 


Let (£;) be the blocking of (z:) given by the same sequence (q;) which defined (F;), E; = 
~ 1h 
| 4 J=G-14+1 


We begin with a sequence of elementary technical yet necessary lemmas. 


For I C N we define Q; = Doser Q,; and set Qy = 0. 


= 1 implies max|a;| < 2 (1.5) 


Lemma 3.8.14. Let 0 <n < m be integers and let y = ig 
re (n,m), Q5yll <j and || Q (rym) || < En. 
Proof. Letn <j <m. Then by (1.5), (1.4), (1.2) and (1.3), 


ay; with |\y|| =1. Then for 


nym 


lQjyll <2 S2 |Qixi|] + 5 |Qzx4| 


<n im 
<< 2 (né; + Em-1) 
< (27 + 2)é; < AJE; < Ej 


Thus ||Q(nmyy|| < Lo je(nym) EF < En by (1.1). 


Lemma 1.8. Let0 = po < ro = 1 < pi <1 < po < rg <--: be integers and let y = 
1 UY, with |ly|| =1. Then fori €N, 


l]Qtrs ary = UY, < Epj_1-1 


Proof. 


\]Qpreariy¥ ~ UiYp, 


a Qiriayri) = a5Yp, aie || Qpr:—1.7:) %Yp, a AY, 
jFt 


which by lemma 1.2 is 


+ || Qfr,00) %Yp, 
+ 2¢,,-1( by (1.5) and lemma 1.2) 


< Ep,_1-1 + || Qs rs_1) CY p; 
Se peped ee Se Quy, 
k<rj-1 

< €p;_4-1 7 2 (At _ 1) Ep; + Det, by (1.4)) 
S Epj_1 + 2PiEp, + 2Ep, < Epj_y + AE py, ( by (1.2)) 
= ep. 210 by Ll) 


162 


Lemma 3.8.15. Let ic N,x € E; and ||x|| < C. Then 


|Q;?a| Sere tg Al 
|Qné—2Tx|) < s-1 and ||Qicc)T2|| < es 


Proof. Let x = dee (g we with we € Ey 


i154] 


lQ;Tz|< So S 2x Tw 


ke (qj—-1,9j] £€ (4-19 

(ifj<i-1l:< S > ée( by (1.4) 
KE (q5-1,95] £€ (41-1. 

Seg. 4 Gp deg Sony See Using (12) 

(iigSae< So & 
ke (q5-1595] £€(G-1,% 


< ye GEk S GEq_1 
kE(qj-1,95] 


S G-1€qj-1 < Egy 42 S Ej41 < &}. 


Finally, 


4-2 4a—2 
\|Qné—yF al] < So QeTal| < Soe: = (- Qei < ei-1 
k=1 k=1 


and 


|| Qf,00)F2|| < SOx Tall < So en < eit 
kat k=i 


Lemma 3.8.16. Let (x) be a normalized weakly null sequence in S with limp ||an||) = 0. Then 
some subsequence of (xp) is equivalent to the unit vector basis of co. 


Let T be a bounded linear operator from S onto a Banach space Y and let (y;) be a normalized 
weakly null basic sequence in Y. Let T(CBaS) > BaY. 


Lemma 3.8.17. If no block basis of 1-averages of (y;) is equivalent to the unit vector basis of 
co, then there exists 6 > 0 such that if x € 3CBaS,Tx is a 1-average of (y;) and ||Tx|| > 1/3 
then ||x||o > 6. 


Proof. If no such 6 exists then there exists (x;) C 3CBaS with lim; ||x;||) = 0, ||T'x;|| > 4 and 
Tx; a 1-average of (y;) for all 7. By lemma 2.1 there exists a subsequence (2) of (a;) which is 
equivalent to the unit vector basis of co. By passing to a further subsequence we may assume 
that (Tx/,) is a seminormalized weakly null basic sequence in [(y;)]. Thus (T'z/) is also equivalent 
to the unit vector basis of co. O 
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Proof of Theorem B’. Let (y;) be a normalized weakly null sequence in Y. If (y;) fails the S(1) 
property, choose 6 > 0 by lemma 2.1. Let (¢;)?2, be a sequence of positive numbers satisfying 


se < min(5/(2C), 1) (2.1) 
i=1 


Let (y:) be the subsequence of (y;) given by proposition 1.9 for the sequence (¢;). 


Choose an even integer m € N with 


m > 8C/6 (2.2) 


From the theory of spreading models there exists a a finite subsequence of (y;), such 


-1 
that setting \ = [poe 2 


’ 


oS) > 1/3 (2.3) 


De 


tek 


whenever F' C {1,--- ,2m} with |F| > m. 


Thus there exists 7 = pea x; € 2CBaS with (x;) a block basis of (e;) and |/T'x; — Az;|| < €; 
for i < 2m. For i < 2m choose u; € S with Tw; = Az; — Tax; and |lu;|| < Ce;. Hence 
T (2; + wij) = AZ;. 


Since |r Der (x; +wi)) | > 1/3, and 


2m 


SS (27-07%) 


1 


< 


2m love) 
+59 |lwill < 20+ $7 eC < 3c 
Hi 1 


2m 
dt 
aL 


by lemma 2.2 we have |=7" (xi + uy) ae 6. Since [bg wil]. < rw < 6/2 by (2.1) 
there exists 1; < 2m with ||2;, ||) > 6/2. 
Now 
2m 2m 
de de (ai + 4%) = i Pia 
i=l i=l 
ity iFiy 
and so we may repeat the argument above finding ig 4 7; with ||2;, ||) > 6/2. In fact by (2.3) 
we can repeat this m-times obtaining distinct integers (ix);"., C {1,2,--- ,2m} with ||x%, ||) > 
§/2 for k < m. But then 2C > |lel| = [OZ ei] > Xa eigll > Dwar lleigll = 6m/4 


which contradicts (2.2). 
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3.8.4 Open Problems 


Our work suggests a number of problems, of which we list a few. For a more extensive list 
of related problems and an overview of the current state of infinite dimensional Banach space 
theory, see [R]. 


Problem 1. Let X be a Banach space having property (WU) which does not contain (1 
and let Y be a quotient of X. Does Y have property (WU)? 


In light of Theorem A it is worth noting that C (w”) has property (WU) [MR] but does 
not embed into any space having a shrinking unconditional f.d.d. In fact C (w”) is not even a 
subspace of a quotient of such a space. Indeed C (w”) fails property (U) (see e.g. [HOR] ) while 
any quotient of a space with a shrinking unconditional f.d.d. will have property (U). In fact if X 
has property (U) and does not contain ¢;, then any quotient of X will have property (U) [142]. 
The next problem is due to H. Rosenthal. 


Problem 2. Let X have a shrinking unconditional f.d.d. and let Y be a quotient of X. 
Does Y embed into a Banach space having a shrinking unconditional f.d.d.? 


We say that a Banach space Y has uniform-(WU) if there exists K < oo such that every 
normalized weakly null sequence in Y has a K-unconditional subsequence. Our proof of Theorem 
A showed that the quotient space Y has uniform-(WU). 


Problem 3. If Y has property (WU) does Y have uniform-(WU)? 
Theorem B solved a special case of the following well known problem. 


Problem 4. Let Y be a quotient of C (w”) (or more generally C(k) where K is a compact 
countable metric space). Is Yco-saturated? 


Regarding this problem, T. Schlumprecht [43] has observed that if Y is a quotient of C (w”), 
then the closed linear span of any normalized weakly null sequence in Y which has ¢; as a 
spreading model must contain co. 


It is not true that the quotient of a co-saturated space must also be co-saturated. The 
separable Orlicz function space Hy,(0,1), with M(x) = (*" — 1) /(e—1), considered in [CKT] 
is co-saturated and yet has ¢) as a quotient. We wish to thank S$. Montgomery-Smith for 
bringing this fact to our attention. However this space does not have an unconditional basis and 
so we ask 


Problem 5. Let X be a co-saturated space with an unconditional basis and let Y be a 
quotient of X. Is Yco-saturated? 


A more restricted and perhaps more accessible question is the following problem 6. let”th- 
schreier space, where n > 2. Is Y,co saturated? Does Y have a property - s, ? 
Sy, is defined as follows. let ||z||n41 = max{}7?_, ||Ena||n sp < Ey < Ey <-++ < En}. 
Here p < FE, means p < minE, and FE, < E, means max£, < minF. Also Ex(i) = 
x(t);7 € E,O0otherwise. S,+1 is the completion of (coo, |].||n+1). The unit vector basis (en) is 
a l-unconditional shrinking basis for every S;, and S$, embeds into C(w*") . 


Property-S(n) is defined as follows. n-averages of a sequence (Y,,) are defined inductively: 
an n+ l-average of (ym) is a 1-average of a block basis of normalized n-averages. Y has property- 
S(n) if every normalized weakly null basic sequence in Y admits a block basis of n-averages 
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equivalent to the unit vector basis of co. S, has property-S(n). 


3.9 The proportional UAP characterizes weak Hilbert spaces 


W. B. Johnson and G. Pisier 


Abstract: We prove that a Banach space has the uniform approximation property with 
proportional growth of the uniformity function iff it is a weak Hilbert space. 


3.9.1 Introduction. 


The “weak Hilbert spaces” were introduced and studied in [144]. Among the many equivalent 
characterizations in [144] perhaps the simplest definition is the following. A Banach space is a 
weak Hilbert space if there is a constant C such that for all n, for all n-tuples (#1,--- ,2,) and 


xj,°°: x) in the unit balls of X and X* respectively, we have 
1 n 


i. 
|det(< 27,2; >)|" <C. 


The first example of a non Hilbertian weak Hilbert space was obtained by the first author (cf. 
[146], Example 5.3 and {145]). Recall that a Banach space X has the uniform approximation 
property (in short UAP) if there is a constant K and a function n > f(n) such that for all n 
and all n-dimensional subspaces F C X, there is an operator T: X > X with rk(T) < f(n) 
such that ||T|| < K and T\g = Ig. For later use, given K > 1 we introduce 


kx(K,n)= sup — inf {rk(T)} 
anes 


where the infimum runs over all T’.: X — X such that ||T|| < K and Tip = Ijg. Note that X 
has the UAP iff there is a constant K such that kx(K,7) is finite for all n; we then say that X 
has the K-UAP. The asymptotic growth of the function n + kx(K,n) provides a quantitative 
measure of the UAP of the space X. 


For instance, if X is a Hilbert space we have clearly k(1,n) =n, hence if X is isomorphic to 
a Hilbert space there is a constant K such that 


kx(K,n) =n for all n. 
The converse is also true by the complemented subspace theorem of Lindenstrauss- 
Tzafriri (127). 


The main result in this paper can be viewed as an analogous statement for weak Hilbert spaces, 
as follows. 


Theorem 3.9.1 (Main Theorem.). A Banach space X is a weak Hilbert space iff there are 
constants K and C' such that 


(0.1) kx(K,n) < Cn for all n. 
tBoth authors were supported in part by NSF DMS 87-03815 
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That is, proportional asymptotic behavior of the uniformity function in the definition of the 
UAP characterizes weak Hilbert spaces. It was proved in [144] that weak Hilbert spaces have 
the UAP but no estimate of the function n > kx(K,n) was obtained. For the purposes of this 
paper we will say that X has the proportional UAP if there are constants K and C' such that 
(0.1) holds. The authors thank V. Mascioni and G. chechtman for several discussions concerning 
the material in this paper. 


3.9.2 Weak Hilbert spaces have proportional UAP 


We first recall a characterization of weak Hilbert spaces in terms of nuclear operators. Recall 
that an operator u: X — X is called nuclear if it can be written 


u(z) = )>2h(0)tn 
n=1 


with 2} € X*,x, € X such that >> ||x* || ||z,|| < co. Moreover the nuclear norm N(u) is 


defined as 
N(u) =inf {>> [eal len} 


where the infimum runs over all possible representations. We also recall the notation for the 
approximation numbers 


Vk >1 ag(u) = inf {llu—v|]| |v: X 3X, rk(v) < k}. 


By [144], a Banach space X is a weak Hilbert space iff there is a constant C such that for all 
nuclear operators u: X — X we have 


(1.1) sup kaz(u) < CN(u) 
k>1 


The following observation is identical to reasoning already used by V. Mascioni [[48]. 


Proposition 3.9.2. Let X be a weak Hilbert space. Assume that there is a constant K’ such 
that for alln and all n dimensional subspaces E C X there is an operator u: X — X such that 
Up =z, \lul| < K' and N(u) < K'n. Then X has the proportional UAP. (Recall that if u has 
finite rank then N(u) < rk(u)|lul], hence the converse to the preceding implication is obvious.) 


Proof. Let u be as in the preceding statement. We use (1.1) with k = [2CK’n] + 1, so that 


1 
a,(u) <CN(u)k-1 < CK'nk™ < 5° 


This means that there is an operator v: X > X with rk(v) < 2CK’'n such that ||u—v|| < 
By perturbation, it follows that the operator 


1 
oe 


V=v-ut+l 
is invertible on X with ||V~+|| < 2. Moreover we have 


(1.2) Vie =Up- 
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It follows that if we let T = V—!v, then we have 


IZ SV" Hell < Cell + lu — vil) < 2K" +1, 


also rk(T) < rk(v) < 2CK’n and T)g = Ig by (1.2). 


We conclude that X has the UAP with kx(K,n) < 2CK'n, where K = 2K’ +1. 
We will use duality via the following proposition (a similar kind of criterion was used by 
Szankowski [149] to prove that certain spaces fail the UAP): 


Proposition 3.9.3. Let X bea reflexive Banach space with the approximation property; in short, 
AP; let a, 6 be positive constants; and let n > 1 be an integer. The following are equivalent. 


(i) For all nuclear operators T,, T2 on X such that T, + T2 has rank <n, we have 


jér(T1 + T2)| < aN(T1) + Bn||To|I- 


(ii) Same as (i) with T,, T2 of finite rank. 


(iii) For any subspace E C X with dimension < n there is an operator u: X — X such that 
up =n, |lul| <a and N(u) < Bn. 
Proof. (i) = (ii) is trivial. 

Assume that (ii) holds. 


We equip X* ® X with the norm |w| = inf {aN(T,) + 8n||T2||} where the infimum runs 
over all decompositions 
u = T, + T> with T, and Th in X* @ X 


(identified with the set of finite rank operators on X). On X* ®@ X this norm is clearly 
equivalent to the operator norm. 


Now let EF c X be a fixed subspace with dim(E) < n. Let S C X* ® X be the subspace 
X* ® E of all the operators on X with range in E. On this linear subspace the linear form € 
defined by €(w) = tr(w) has norm < 1 relative to | - | by our assumption (ii). 


Therefore there is a Hahn-Banach extension ra defined on the whole of X* ®X which extends 
€ and satisfies 


(1.3) |E(w)| <|w| Vw e X*@ xX, 


By classical results, € can be identified with an integral operator u: X — X**. Since X is 
reflexive, u is actually a nuclear operator on X, and we have €(w) = tr(wu) for all w in X* @X. 


Since € extends €, we must have 


Vave X* VecCE <£, 2* @e >=tr(x* @e) =-2*(e) hence x*(ue) = 2*(e). 
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Equivalently 
U E= I |E- 


On the other hand, by (1.3) we have 


\tr(uT1)| <aN(T,) and |tr(uT2) | < Bn||T]| 


for all finite rank operators T, and Ty on X. 
This implies ||u|| < a and (again using the reflexivity of X) N(u) < Bn. 
This shows that (ii)=(iii). 


Finally we show (iii)=(i). Assume (iii). Let 71,72 be as in (i), let E be the range of 
T, + To and let u be as in (iii), Then we have T; + Th = u(T, + T2) hence since X has 
the AP (which ensures that |tr(T)| < N(Z) for all nuclear operator T : X — X) we have 
\tr(T, + T2)| = |tr(uT) + tr(uT))| 


< ||ul|N(T1) + N(u)||TI| 
< a(T)) + Bn||T>II. 


Remark 35. Note that (i) is also equivalent to (i’): (i’) For all T,,T2 on X such that (T; + T2) 
has rank <n, we have 


Indeed; (assuming the AP and reflexivity) we have 


N(T, + To) = sup{ir(S(T1 + T2)) ; S:X > X, ||S|| < 1}. 


This shows that (i)= (i’). Since X has the AP the converse is obvious. Of course, a similar 
remark holds for (ii). 


Remark 36. If X is not assumed to have the AP a variant of Proposition 1.2 will still hold 
provided we use the projective tensor norm on X* ® X instead of the nuclear norm. 


We will use the following result already exploited in [144] to prove that weak Hilbert spaces 
have the AP. Whenever u : X — X is a finite rank operator, we denote by det (I + wu) the 
quantity 


TI(1 + Aj(u)) 


where {Aj;(u)} are the eigenvalues of u repeated according to their algebraic multiplicity. 
Equivalently, det (J +u) is equal to the ordinary determinant of the operator (I +u))g restricted 
to any finite dimensional subspace E C X containing the range of wu. 


Lemma 3.9.4. Let u,v be finite rank operators on a weak Hilbert space X with rk(u) <n. 
Then we have 


(1.4) ldet (I+u+tv)| < oy 
jo J 


N(u)!) exp CN(v) 
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where C' is the “weak Hilbert space constant” of X; that is to say, 


(1.5) C= sup |det(< x72; ye, 
2,€Bx 
oteBe 


For the proof we refer to [I5U, p.229]. Note that if N(u) > 1 then (1.4) implies for all 
complex numbers z, 


(1.6) det (I+ z(u+v)) < N(u)” exp{C|z| + Clz|N(v)}. 


Let f(z) =det(Z + z(u+v)). Then f is a polynomial function of z € C such that 


f(0) =1 and f’(0) =tr(ut+v). 


In {15}, Grothendieck showed that the function u — det (J + wu) is uniformly continuous on 
X* @ X equipped with the projective norm, and therefore extends to the completion X*@X. 
This shows that if X has the AP, the determinant det (J + v) can be defined unambiguously for 
any nuclear operator v on X. As shown in [151], the function z — det (J+ z(u+ v)) is an entire 
function satisfying (1.4) if u is of rank < n and v possibly of infinite rank. We use this extension 
in Theorem 1.5 below, but in the proof of our main result the special case of v of finite rank in 
Theorem 1.5 is sufficient. This makes our proof more elementary. 


We will make crucial use of the following classical inequality of Carathéodory; we include 
the proof for the convenience of the reader. 


Lemma 3.9.5. Let h be an analytic function in a disc Dp = {z € CC; |z| < R} such that 
h(0) =0. Then for anyO<r< R we have 


IW/(0)| <= sup R(A(2)), 


|z|=r 


Proof. Let M = sup{¥(h(z)),|z| < r}. Note that M > 0. 


Let g(z) = ara: Then |g(z)| < 1 if |z| <r, g is analytic in D, and g(0) = 0. By the Schwarz 


lemma we have | 
Zz 


lg(z)| < i for all z in D, and |g'(0)| < 1/r. 


Since h(z) = a we have h’(0) = 2Mg'(0) hence |h’(0)| < 2M/r. 


We now prove the main result of this section, namely that any weak Hilbert space has 
the proportional UAP. Let X be a weak Hilbert space. We will show that X satisfies (ii) in 
Proposition 1.2. Actually, we obtain the following result of independent interest. 


Proof. Let X be a weak Hilbert space with constant C as in (1.5). Let u,v be nuclear operators 
on X and let p be the spectral radius of u+v. Then if rk(u) <n and N(u) > 1 


(1.7) |tr(u + v)| < 2np LogN(u) + 2C + 2CN(v) 
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hence also 


(1.8) N(utv) < 2n|lu + v||LogN(u) + 2C + 2CN(v). 


Proof. Let R = 1/p. The function f(z) = det (J + z(u+v)) is entire and does not vanish in 
Dr. Therefore there is an analytic function h on Dr such that f = exp(h) and since f(0) = 1 
we can assume h(0) = 0. 


Note that f’(0) = h’(0) =tr(u+v). By (1.6) we have if N(u) >landr<R 


sup & h(z) < nLogN(u) + Cr + CrN(v) 


|z|=r 


hence by Lemma 1.4 


2 
ltr(u + v)| = |h’(0)| < —LogN (u) +2C +2CN(v) 


Letting r tend to R= a we obtain (1.7). 
For (1.8) we simply observe that if N(u) > 1 we have 
(1.9) N(u) =sup{ltr(uS)|; S:xX 3X, ||S|| <1, N(uS) > 1}. 


Therefore (1.8) follows from (1.7) since p < ||u+ v|| and we can take the supremum of (1.7) 
over all S as in (1.9). 


Finally we prove the “only if” part of our main theorem. Let X be a weak Hilbert space. 
The first and second authors proved, respectively, that X is reflexive (cf. [ISU], chapter 14) 
and that X has the AP ({5U0], chapter 15). We will show that (ii) in Proposition 1.2 holds for 
suitable constants. Let 7,7 be as in Proposition. 


Proposition 3.9.6. Let u= T, + T2 and v = —T,. By homogeneity we may assume n||T>|| + 
N(T,) =1. 


Then if N(T; + Tz) > 1 we have by (1.8) 


N(T% + To) < N(u+v)+ N(v) 
< 2n||Ty||LogN(T, + T2) + 2C + (2C + 1)N(N) 
< 2LogN(T, + To) +4C +1, 


and (since 2Logx < (a%/2) +2 if x > 1) this implies that if N(T, + T2) > 1 then 


Since in the case N(T, + T2) < 1 this bound is trivial, we conclude by homogeneity that (if 
T, + Ty has rank < n) 


N(Ti + Ta) < (8C +6)(n|| Tal] + N(T)). 


By proposition 1.2 and 1.1 we conclude that X has the proportional UAP. 
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Remark 37. Replacing (ut+v) by €(u+v) in (1.7) yields that if ¢ > N(u)7', then |tr(u+v)| < 
2npLog(eN(u)) + 2Ce~+ + 2CN(v) hence after minimization over « > N(u)~+ we find that if 
N(u) > np/C, then 


jir(u + v)| < 2np(Log' (1) +1)+2CN(v). 


On the other hand if N(u) < np/C we have trivially since C > 1 
ltr(u+v)| < N(ut+v) 
< np/C + N(v) 
< 2np + 2CN(v) 


hence we conclude that without any restriction on N(u) we have if rk(u) <n 


CN(u) 
np 


jtr(u + v)| < 2np(T( )+1)+2CN(v). 


Even in the case of a Hilbert space we do not see a direct proof of this inequality. 


3.9.3. The converse. 


Recall that X is a weak cotype 2 space if there are constants C and 0 < 6 < 1 such that 
every finite dimensional subspace EF C X contains a subspace F' C E with dim F > 6 dimE 
such that dpe = d(F,Ig™") < C (cf. [152]). We begin with a slightly modified presentation 
of Mascioni’s [153] proof that a Banach space X which has proportional UAP must have weak 
cotype 2. Suppose that kx(n,K) < Dn for all n = 1,2,.... Take any (1 + 6)n-dimensional 
subspace Go of X, and, using Milman’s subspace of quotient theorem [54] (or see [50], chapters 
7 & 8), choose an n-dimensional subspace G of Go for which there exists a subspace H of G 
such that dim H < dn and d = dg /y is bounded by a constant which is independent of n, where 
6 is chosen so that dL < 5 


Take T: X + X with Tjy = In, ||T|| < K, and rk(T) < 6Ln. Let Q: G > G/H be the 
quotient map and set EF = ker(T) NG. If x is in FE, then 


Qz|| = ink |x Al 


¢ (i —T)(e— A) 
Ss tat 

Shoe r= 7 
_ lel 

|Z — TI’ 


that is, Qj is an isomorphism and ||(Qjz)~'|| < ||Z— |. Thus dg < ||Z — T|dgyy, which 
finishes the proof since dim FE > n—-—6In > a 


Since we do not know a priori that the proportional UAP dualizes, we need to prove 
Mascioni’s theorem under a weaker hypothesis. 


Theorem 3.9.7. Let X be a Banach space. Assume that there are constants K and L such that 
for all finite dimensional subspaces E C X there is an operator T: X + X satisfying Tig = Ig 


and such that ||T|| < K and 79(T) < L(dim By, Then X is a weak cotype 2 space. 
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Proof: 


Proof. Recall that if 71: X — Y is an operator, then 
m2(T)? = sup { }- ||Tu(es)|?; u: le + X, |lul| <1} 


where {e;}°°, is the unit vector basis for lo. 


Take any (1 + 5)n-dimensional subspace Gp of X, where 6 is chosen so that LV/6 < 5 By 
Milman’s subspace of quotient theorem [154] or [150], chapters 7 & 8), we can choose an n- 
dimensional subspace G of Go for which there exists a subspace H of G such that dim(H) < 6n 
and d = dg/y is bounded by a constant which is independent of n. Using the ellipsoid of 
maximal volume, we get from the Dvoretzky-Rogers lemma (cf. [150], lemma 4.13) a norm one 
operator J: 1} — G such that ||a;|| > 5 for alli = 1,2,...,3, where 2; = Je;. By [146], all we 
need to check is that there is a constant 7 so that 


nm 
[soon | esi) > tn. 
i=1 


i) 


Let Q: G— G/H be the quotient map. Then 
i 
n/2 2 n/2 2 


to/n/4 = | Average, || }>+Qzi||? } > Y= Qzill? 
71 i=l 
nr 


So we can assume without loss of generality that ||Qz;|| < dm for 1 < i < 7. Now take 
T: X + X with T\y = Iq and 72(T) < LV6n. Thus also 


QleR 


i 
n/A 2 


So ||Tai|? | < Lv6n 
7=1 


hence without loss of generality ||T21|| < 2LV6. But then 


V 


dm > |IQei| = inf |r — All 


=D) = IPes 
- -T == 1-7 


1 
y—-2LVe 1 
ee | a 


that is, 7 > (4dl|I— Tl)’. 


Proof of converse of Main Theorem: By|55j, X** also has proportional UAP; in fact, kyx««(K,n) = 
kx (K,n) for all K and n. Then, just as in the proof of Theorem 4 in [148], Lemma 1 in[148] (or 
its unpublished predecessor proved by Bourgain and mentioned in {48]) yields that X* satisfies 
the hypothesis of Theorem 2.1 and hence X* as well as X has weak cotype 2. By the results 
of [156], it only remains to check that X has non-trivial type; this is done as in Theorem 3.3 of 
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[153]: since X and X* have weak cotype 2, they both have cotype 2 + ¢€ for all e > 0. Since X 
has the bounded approximation property, the main result of [156] yields that X has non-trivial 
type. 


Remark 38. With a bit more work, the converse of the Main Theorem can be improved. 
Following Mascioni [TZ8/, given an ideal norm a, a normed space X, and K > 1, we write 


a-kx(K,n)= sup — inf {a(T)} 


where the infimum runs over all finite rank operators T : X — X such that ||T|| < K and 
Tie = In. 


(We use “< K" instead of “< K" in order to avoid in the sequel statements involving awkward 
“Kk +e for all « > 0".) We say that X has the a-UAP if there is a kK > 1 such that for all n, 
a-kx (K,n) < oo; when the value of K is important, we say that X has the K-a-UAP. Notice 
that the “finite rank" can be ignored if the space X has the metric approximation property 
or (by adjusting AK) if X has the bounded approximation property. Here we are interested in 
@ = m7 and a = 7, where 74(T) = 72(T*). Since for either of these a’s, a(T’) < oo implies that 
T? is uniformly approximable by finite rank operators (T? factors through a Hilbert-Schmidt 
operator), for these two a’s the K-a-UAP implies the bounded approximation property. In fact, 
by passing to ultraproducts and using[157]j, it follows that for either of these a’s the K-a-UAP 
implies the (K? + €)-UAP; in particular, X** has the bounded approximation property. (This 
is really a sloppy version of Mascioni’s reasoning [148]; Mascioni gives a better estimate for 
kx (K',n) in terms of a-kx(K,n).) We now state an improvement of the converse in the Main 
Theorem: 


Theorem 3.9.8. Suppose that there are constants K and L so that the Banach space X_ satisfies 
for alln t2-kx(K,n) < Ln and r4-kx(K,n) < Ln. Then X is a weak Hilbert space. 


Proof. In view of the discussion above, we can ignore the “finite rank" condition in the definition 
of a-UAP. It is then easy to see for a = m2 or a = 7% that for all n and K a-ky»«(K,n) = a- 
kx(K,n), hence by Lemma 1 of [148] and Theorem 2.1 we conclude that X and X* have weak 
cotype 2. The argument used in the proof of the converse in the Main Theorem shows that X 
has non-trivial type, so X is weak Hilbert. 


3.9.4 Related results and concluding remarks 


In [153], Mascioni proved (but stated in slightly weaker form) that for 2 < p < oo and all 
K, there exists 6 = 5(p,K) > 0 so that for all n, k)(K,n) > 6n?/?. (We write k,(K,n) for 
ky, (K,n) and a-k»(K,n) for a-ky,(K,n). See [153, 158, 159] for results about the UAP in 
Lp-spaces, 1 < p < oo.) We prove here the corresponding result for 1 < p < 2. 


Theorem 3.9.9. For each 2 < p< ow and K > 1, there exists « = e(p,K) > 0 so that for 
all n, T-kp(K,n) > ent. Consequently, for 1 <q < 2, kg(K,n) > 14-kg(K,n)? > e?n2 where 
oo 

or ga 

Proof. The proof is basically the same as the proof of Theorem 2.1 once we substitute a result 
of Gluskin|IG60] for Milman’s subspace of quotient theorem, so we use notation similar to that 
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used in Theorem 2.1. Fix n, set G = I, let J denote the formal identity from /} into Ip, 
and let x; = Je; be the unit vector basis of [. By Gluskin’s theorem [60], given any y > 0 
there is M = M(p,7y) independent of n and a subspace H of G with dimH < Mn so that 
d= dain < yn? >, Let Q: G > G/H be the quotient map. Define e€9 by the formula 7- 
kp(K,dim H) = €o(dim H)% and choose T: X —> X with Na = In, ||T|| < K, and m2(T) < 
ep M4 /n. 


We need to show that €9 is bounded away from 0 independently of n. Now 


1 1 1 

1 n 2 n 2 1 n 2 

ar = [some Ini) > [svete i>40ni) ae (sien) 
i=l i=1 


So we can assume without loss of generality that for i= 1,... 4, 


1 


Qail] < V2dne—?. 


i=1 
that ||Tx1|| < V2e9M 4. But then 


1 
Since oe ; Tz?) * << mo(T) < e9M in, we can also assume without loss of generality 


1 


aia : 
V2dn?-? > Qail]—=_ ink rn — hl 
(2 - T) «1 1 — ||Tr1l| 
~ |ll-T ~  |lr-T 
1- V269M 4 : 
~  (-Ti 
that is, 
1 — V2e9M 4 iad 
P, 


> ————n 
V2\|I — TI 


For sufficiently small y (e.g., y < $(K +1)71), this gives a lower bound on 9 since d < 


dia 
yn? Pp, 


The “consequently" statement follows by duality from Lemma 1 in [48]. The trick of Mascioni’s 


153] mentioned at the beginning of section 2 can be used to answer a question Peczyskiaskedtheauthorstwelvey 


well-embeds into pire for each € > 0. 


Since 12” has an n-dimensional quotient F with dg bounded independently of n by Ka&in’s 
theorem (|61] or [150], corollary 6.4), Proposition 3.2 gives a strong negative answer to Peczyski' squestion. 


Proposition 3.9.10. Set G = [%,, let H be a subspace of G, set d = dgyyz, and assume that H 
1 
is K-isomorphic to a subspace of lk,. Then d > e~?(K + tO et Go) a 


Proof. Let u: H > I, satisfy ||ul] = 1, lence < K, let U be a norm one extension of u to an 


operator from G to 1%,, let S be an extension of u~! to an operator from IK, to G with ||| < K, 
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and set T = SU. So Ti = Iy and ||T|| < K. Let Q: G > G/H be the quotient map and set 
E =ker(T), so that dim E > n—k. Thus (see the argument at the beginning of section 2) 


dg <||[—Tlld< (K+). 


But by {162, p.182](let s = Logk there), 


We conclude with two open problems related to the material in section 1. Problem 3.3. 
If X is a weak Hilbert space, then is kx(K,n) proportional to n for all kK > 1? Since weak 
Hilbert spaces are superreflexive, for all K > 1, kx(K,n) < co for every weak Hilbert space X 
by a result of Lindenstrauss and Tzafriri [155], but their argument does not give a good estimate 
of kx (K,n) for K close to one when one has a good estimate for large K. 


For the known weak Hilbert spaces X, the growth rate of kx(K,n)—1n_ is very slow 
(cf. 145), [63]), at least for sufficiently large kK. It follows from recent work of Nielsen and 
Tomezak-Jaegermann that kx(K,n)—n has the same kind of slow growth for any weak 
Hilbert space X which has an unconditional basis. On the other hand, we do not know any 
improvement of the result presented in section 2 for general weak Hilbert spaces. This suggests: 
Problem 3.4. If X is a weak Hilbert space, does there exist K so that kx(K,n) — n= o(n)? 
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3.10 Sub-Riemannian metrics for quantum Heisenberg manifolds 


Nik Weaver 


Every Heisenberg manifold carries a natural “sub-Riemannian” metric with interesting properties. 
We describe the corresponding noncommutative metric structure for Rieffel’s quantum Heisenberg 
manifolds [164]. The purpose of this paper is to study an analog, for quantum Heisenberg 
manifolds, of the natural sub-Riemannian metrics on classical Heisenberg manifolds. Quantum 
Heisenberg manifolds were defined in|64] and they have been further investigated in[[65H163}. 
They are interesting for several reasons, one being just because they are tractable examples of 
noncommutative manifolds. This means that, like the related but simpler noncommutative tori, 
quantum Heisenberg manifolds provide a nice concrete setting in which to explore noncommutative 
geometry. 


Our treatment of noncommutative metrics is based on Connes’ approach [LZ]. But we prefer 
to work with abstract derivations rather than the concretely presented derivations implicit in 
Connes’ unbounded Fredholm modules. See[I‘72] for further discussion. Noncommutative metric 
structure usually arises via an analog of the classical exterior derivative d on a Riemannian 
manifold. Classically, this map may be realized as a derivation from Lip(X) C L®(X) into 
the module of bounded measurable 1-forms. The graph of this derivation is weak*-closed, a 
property which is characteristic of the domain being a Lipschitz algebra[72]. In some sense the 
differentiable structure resides in the map d, while the metric structure resides in its domain 
Lip(X). There are some examples where one has the latter sort of structure but not the former 
({'73, ([74])). An interesting feature of the present work is that from the noncommutative or 
algebraic point of view, sub-Riemannian metrics are very close to genuine Riemannian metrics. 
In the language of the previous paragraph, the exterior derivative corresponding to a sub- 


Riemannian metric is given by composing d with orthogonal projection onto a closed submodule 
of 01(X). 


This work followed a suggestion by Marc Rieffel, and was helped by discussions about the 
Heisenberg group with Daniel Allcock. We adopt the following notational conventions: c is a 
fixed positive integer; h, 4, and v are fixed real numbers; and H is the Hilbert space L?(R x 
Tx Z): 


3.10.1 Sub-Riemannian structure for classical Heisenberg manifolds 


Let M be a connected Riemannian manifold. It is well-known that M has a natural metric 
such that the distance between two points x and y satisfies 


d(x, y) = inf{l(p) : pis a path from z to y}, 
where I(p) denotes the length of p. 


Now let B be a subbundle of the tangent bundle 7M. We can use it to define a new metric 
dp by setting 


dp(x,y) = inf{l(p) : pis a path from z to y 


which is everywhere tangent to B}. 
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This is a sub-Riemannian or Carnot-Carathéodory metric. A good general reference on this topic 
is [ZO]. Note that we must either require that any two points can be connected by a path which 
is tangent to B, or else allow distances to be infinite. 


The simplest non-trivial example of a sub-Riemannian metric arises on the Heisenberg group. 
This example is discussed at length in[I75]. We now give a brief account of the corresponding 
construction for Heisenberg manifolds. 


The (continuous) Heisenberg group G is the set of all real 3 x 3 matrices of the form 


1 
0 
0 


ore 
eB ’& 


with product inherited from the matrix ring M3(R). For any positive integer c the set H, of 
elements for which x, y, and cz are integers constitutes a discrete subgroup of G, and the quotient 
construction yields the Heisenberg manifold M. = G/H,. G acts on M, from the left. G can 
be identified with R®° and so it carries a natural differentiable manifold structure. However, the 
Euclidean metric on R® is not compatible with the group structure of G. Instead, we give G the 
unique right-invariant Riemannian metric which agrees with the Euclidean metric at the origin. 
Concretely, the three vectors 


m4 
Ox’ Oy Oz’ Oz 
define an orthonormal basis at each point (x,y, z) € G. 


Since this Riemannian metric is right-invariant it descends to M,. The span of the two vector 
fields 0/Ox and 0/Oy + x(0/0z) is then a bundle B of tangent planes over M,. (In fact this is 
a contact subbundle of T’M¢-, the kernel of the contact 1-form 7 = dz — xdy.) We use it to give 
M, a sub-Riemannian metric dg by the procedure described above. 


Interestingly, this metric is finite. That is, even though M, is three-dimensional any two 
points can be joined by a path whose tangent vector at each point is in the span of 0/Ox and 


0/Oy + x(8/Oz) [CZB. 


Recall that G acts on M, from the left. The vector fields 0/Ox and 0/Oy + x(0/0z) can be 
recovered from this action. To see this consider the two one-parameter subgroups of G of the 
form «=r,y=z=Oand y=s, x = z = 0; the generators of their actions on M, are the two 
desired vector fields. That is, flowing along the vector fields 0/Ox and 0/0y + x(0/0z) produces 
the actions a, and 8, on M, defined by 


1 0 O 1 
ar(A)= | 0 1 r ]-A, B;(A)= | 0 
0 0 1 0 


ore & 


0 
0 |-A 
1 


(A € M.). We will use this observation to define an analogous construction for quantum 
Heisenberg manifolds. 


3.10.2 Quantum Heisenberg manifolds 


We recall the definition of the quantum Heisenberg C*-algebras, and define corresponding 
von Neumann algebras. Recall that c is a fixed positive integer, A, u, and v are fixed real 
numbers, and H = L?(R x T x Z). 
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Definition 4 (Theorem 5.5). [764/ Let S° denote the space of C® functions ® on Rx Tx Z 
which satisfy 


(a) (x +k, y,p) = PY B(x, y,p) for all k € 2nZ; and 


(b) for every polynomial P on Z and every partial differential operator X= Oren ae oy” 
on Rx T the function P(p) - (X®)(x,y,p) is bounded on C x Z for any compact subset C of 
Rx T. 


Define an action of ® € S© on H by 


(£)(z,y,p) = }) (x — A(q — 2p), y — W(q— 2p)v, gE(a, y, P — 9) 


(recall that H = L*(R x T x Z). Then let Dy = Dy’ be the norm closure of S° C B(H) and 
let Ny, = Ni*Y be its weak operator closure. It is howe in{164] that D;, is a C*-algebra, and 
it follows that Nj, is a von Neumann algebra. Note that our conventions differ from [164] by a 
factor of 27 in the x variable. The C*-algebras Dy, are classified up to isomorphism in [66, [[67j 


We require alternative characterizations of D;, and Ny. The results are analogous to, but 
a bit more complicated than, corresponding facts about noncommutative tori[Z22]. (Another 
characterization of D;, is given in[168].) Our main tool is a kind of Fourier expansion of elements 
of Np, given in the next definition. We record its basic properties in the subsequent lemmas. 


Definition 5. Fort © R and n € Z define unitary operators U; and Y, on H by 


(U:E)(z,y,p) =eE(x,y,p) and (Yn€)(2,y,p) = E(x, y,p +n). 


For any T € B(H) andn€ Z define a,(T) € B(H) by 


iar 
a, (T) = = | UT edt: 


This and all other operator integrals are taken in the weak operator sense, i.e. 
1 . . 
(an(T)&n) = 5 f (HeTUC*G, neat 


for all €,n € H. We regard a,,(T) as a sort of Fourier coefficient of T; similarly, for N € N we 
define the Cesaro mean on (T') by 


N 
n L /* = 
—N — 
where Ky is the Fejér kernel 
N ‘ 
= In|) int Lsin((N + 1)t/2)y? 
Kn()= )) ie a = rea sin(t/2) ) 


Lemma 3.10.1. For any T € B(H) we have on(T) > T weak operator as N > oo. If the 
map t ++ U;TU,' is continuous for the norm topology on B(H) then oy(T) + T in norm as 
N + oo. 
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Proof. For the weak operator statement, pick €,7 € H and observe that the map 
t+ ((U:TU,* — T)E,n) 
is continuous and vanishes at t = 0. Therefore its integral against Ky goes to zero as N — co 


(e.g. see [11]), hence 


27 


—T 


1 TT 
(ow(2) = Tn) = = [ (Ue*TU,) -Té,m)Ky (at > 0. 
This shows that ony (TI) + T weak operator. 


For the norm statement, note that the function t 4 ||U>'TU;! — T|| is continuous and 
vanishes at zero. Therefore 


lon) — T= =| f “(WiTU; —T)Ky(t)at| 


IA 


1 Tv 
| U:TUp* — T||Ky(t)dt > 0 


as N > oo. 


Lemma 3.10.2. For any T € B(H), the operator Ynan(T) preserves constant p subspaces of 
H =12(Rx Tx Z) (pEZ). 


Proof. Observe that Y,,a,(T) commutes with U, for all s: 


1 a 
Ypan(T)U, = 52 Yn UTU, Use di 


—T 


1 7 nine 
= 5 YnUs / Ue Oa 


AC 


le as us 
= xe" UYn U;TU, tie Oa 


= Us lila) 


= 1G 


But the operators U, generate the von Neumann algebra 1°°(Z) C B(H), so we conclude that 
Yn@n(T) preserves the constant p subspaces of H. 


Lemma 3.10.3. Let T € B(H). Suppose T commutes with the operators Vp, Wy, and X, defined 
by 


(Vee) (a yp) = f@ Vea, yp) 
(Wié)(a, y,p) = eTHO +P e(a + ky, p) 
(X,€)(x,y,p) = E(x — 2hrp, y — 2hrv,p +r) 


for all f Ee L°(Rx T), k € 2nZ, andr € Z. Then ap(T) satisfies 


(an(T)E) (x,y, p) = 9(2, y, P)E(@, y, p — N) 
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for some g € L®(R x Tx Z), and the function g satisfies 


—ick((n?—2np)hv—ny) 


g(x+k,y,p) =e G(X, Y, P) (*) 


(k € 2nZ) and 
g(x,y, p) = g(x — 2hrp,y — 2hrv,p +r) (t) 
(r €Z). 


The function ® € L~(R x Tx Z) defined by ®(2,y,p) = 0 for p#n and 
O(x,y,n) = g(x — hnp, y — hnv,n) 


satisfies condition (a) of Definition 1, and a,(T) = ® where ® acts on H as in Definition 1. 


Proof. Every Vf commutes with T by hypothesis and with both U; and Y,, by easy computations. 
It follows that Vy also commutes with Y,a,(T’). Thus Y,a,(Z’), which preserves constant p 
subspaces by Lemma 4, must be a multiplication operator on each constant p subspace of H. 
So a,(T) has the form 

(an(T)E)(z, y,P) = g(X,y, P)E(z, y, Pp — ) 


for some g € L*(Rx Tx Z). Next observe that every W;, commutes with both T and U;, hence 
W; commutes with an(T). So 


(an(T)WrE) (x,y, p) = g(a, ype RPP) (a + ky, p — n) 


equals ee 
(Wran(T)E)(x, yp) = RO +P) g(a + k, y, p)E(a +k, y,p — 2), 


which implies (+). 
Similarly, we have X,U; = e’"'U;X,, hence X, commutes with U;,T U, and therefore with 
an(T’), which implies that 
(an(T)Xp§)(x,Y,P) = g(x,y, P)§(x — 2hrp, y — 2hrv,p +r —n) 
equals 
(X;an(T)€)(z, y, p) = g(a — 2hrp,y — 2hrv,p+r)€(x — 2hrp,y — 2hrv,p+r—n). 
From this we obtain (fT). 


Finally, define ® as in the statement of the lemma. It follows more or less immediately from 
(x) that ® satisfies condition (a) of Definition 1. Furthermore it follows from ({) that the action 
of ® on H given in Definition 1 agrees with the action of a,(T), that is, taking r =n — p, 


(an(T)E)(z, y,P) = 9(2,y, P)E(z, y, p — 7) 
= g(x — 2A(n — pp), y — 2A(n — p)v, n)E(x, y, p — n) 
= &(x — A(n — 2p)u,y — A(n — 2p)v,n)E(x,y, p— n) 
= S° (x — A(q— 2p)u,y — A(q — 2p)v, DE(w,y,P — @)- 


(Note that even if ® does not satisfy condition (b) of Definition 1, it still acts as a bounded 
operator on H. In fact Y,® is a multiplication operator and so the operator norm of ® equals 
|| Bll o0-) 
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Theorem 3.10.4. Let T € B(H). Then T € Ny», if and only if T commutes with the operators 
Vr, We, and X;, defined in Lemma 5 for all f € L*(Rx T), k € 2nZ, andr € Z. 


Proof. The forward direction can be demonstrated by checking that every ® € S° C B(H) 
commutes with Vp, W;, and X;. This is an elementary calculation and we omit it. Suppose T 
commutes with V?, W;, and X;,; we must show that T’ € Ny. Since on (T) + T weak operator 
by Lemma 3, it will suffice to show on(T) € Ny for all N € N; and since oy(T) is a linear 
combination of the Fourier coefficients a,,(T’) it will suffice to show a,(T) € Ny for alln € N. 


Let g and ® be the functions defined in Lemma 5 and let (hy) be a sequence of functions in 
C™(R x T) with supp(hm) C [—1/m,1/m] x [-1/m,1/m] and |/hm||1 = 1. Define smoothings 
®,,, of ® by twisted convolution: 


G0 yn) = i hm(r, 8)®(2 —r,y — 8, ne" drds. 
RxT 


Then ®,,, satisfies condition (a) of Definition 1 because 
®,,(a +k,y,n) = [mtr s)O(ct+k—r,y—s,njbr@t")s drds 


= [mtr sji*y-) (x — r,y — 5, net) drds 


= COG. (z, Yy; n); 


and ©®,, satisfies condition (b) of Definition 1 because it is C°° and supported on p = n. So 
®,, € S*®, and a standard application of Fubini’s theorem and dominated convergence shows 
that ®,, > ® weak* in L°(R x T x Z). Thus the multiplication operators Y,,®,, converge 
weak operator to Y;,,®, so that ®,, — ® weak operator. This shows that a,(T) = ® belongs to 
Ny. 


The corresponding characterization of the C*-algebra Dy can be stated most naturally in 
terms of the action of the Heisenberg group G on the Dy», given in [164]. 


Definition 6. (164, p.557] For r,s,t © R let Urs) be the unitary operator on H defined by 


Ges g Z,Y,P) = aaa aed L—T,Y — §,Pp)- 
(7,8,t) 


Then Ly,s)(L) = UgenlU. ) defines an action L of G on B(H), where we take (r,s,t) € 


(r,s,t 
R? ~ G. A short computation shows that this action preserves S°, hence it preserves Dp, and 
Ny. 


By specializing to the three coordinate axes in G ~ R? we get three actions a, 8, y of R, 
defined by 


ar(T’) = Ver0,0) TU (0,0) 
Bs(T) = Veo,s,0) TU(,6.0) 
v(T) = Vo) TU (00,2): 


Note that Up 94) equals the unitary U; of Definition 2. Thus, for instance, a,(T) = = [*_ y%(T)e7*™ dt. 
(0,0,t) 20 Tv 
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For ® € S° Cc B(H) we have 


a, (®) (x,y, p) as B(x ~~ r, Ys DP) 
Bs(®)(x, y,p) = e'*®(x, y — 8, p) 
(®)(2, yp) = e'” ®(a,y, p). 


Lemma 3.10.5. Let ® € S°. Then there exists K > 0 such that 
la,(®)- || < Kr and — |[6,(®) — 6 < Ks 


for all r,s > 0. 


Proof. By condition (b) of Definition 1 there exists a positive function f € L'(Z) such that 


O® 


5. (w,45)| < f(p) 


for all p € Z. So for r > 0 we have 
|(ar(®) 4 @) (x, y, p)| = |O(x os r,Y,P) = B(x, y,p)| S74 f(p). 
It follows that |la,(®) — ®|| < r- || f Ilr. 


Now use condition (b) of Definition 1 to find a positive function f; such that pfi(p) € L'(Z) 
and |®(z,y,p)| < fi (p) for all p € Z and a positive function fz € L'(Z) such that 


O® 
— < 
for all p € Z. Also note that 
sup |e?" — 1| < 2acps. 


O0<a<20 
Then 


|(Bs(&) — ©)(x, y, p)| = |e?" &(x, y — 8,p) — ®(2, y, p)| 
< |e" — 1] fi(p) + |O(2,y — 8, p) — B(x, y, p)| 
< (2nepfi(p) + fo(p))s 


for all x € [0,27). But for any x € [0,27) and k € 27Z we have 
(85(®) — &)(a +k, y,p) = POM O(a + ky — s,p) — O(a +k, y,p) 
= etpea(e +h) ethPlu-9) O(a, y— S,P) = KP D(a, Y, DP) 
== el PhY(B,(B) = ®) (x, Ys P), 


so that the previous estimate holds for all x € R. It follows that ||5;(®) — ®]| < (27e\|pfill1 + 
|| fall1)s. 


Theorem 3.10.6. Let T € Nj. Then T € Dp, if and only if the maps r > a,(T) and s > 6,(T) 
are continuous for the norm topology on Nx. 


183 


Proof. (=) The set of operators T for which a and 6 are norm-continuous is easily seen to be 
norm-closed. Thus it suffices to show that every ® € S° C B(H) has this property. This was 
shown in Lemma 8. 


(<=) Let T € N; and suppose a and 6 are norm-continuous for T. It follows that 7 is also 
norm-continuous for JT’ by the identity 
= Bi oi, * By oy 


where t/ = ,/t/c. Thus oy(T) > T in norm as N - oo by Lemma 3. Therefore, to prove that 
T € Dy it will suffice to show that oy(T) € Dp, or indeed that a,(T) € Dp. Now a and 7 
commute, so 


ae(an(T)) ~ an(T)I = sl f (eee) ~ vel ea 


1 TT 

<b f lar(u(t)) — (Tat 
us 10 
1 TT 

= 5 f Waw(r) - Tile 


= |lar(Z) — TI. 


Since T is norm-continuous for a, this shows that an(T) is as well; the same argument shows 
that a,(T) is norm-continuous for /. 


Using the fact that a;(Ynan(T)) = Ynar(an(T)) we get that a;(Ynan(T)) is continuous in 
norm as a function of r. Similarly, a short computation shows that 6,(Y;,) is continuous in norm 
as a function of s, hence 83(Ynan(T)) = Bs(Yn)8s(Gn(TL)) is also continuous in norm. It is then 
standard that the functions g and ® defined in Lemma 5 must be uniformly continuous. We let 
® act on H by the formula given in Definition 1, so that an(T) = ® as operators. 


Now, just as in the proof of Theorem 6, we can smooth ® by taking a twisted convolution 
with a C® approximate unit of L'-norm one, to get a sequence (®,,) in S°. But since ® is 
continuous, ®,, — ® in sup norm = operator norm, hence a,(T) = ® € Dy. 


Corollary 3.10.7. D;, consists of precisely the elements of Np» for which the action of G is 
norm-continuous. 


Proof. Norm-continuity for G implies norm-continuity for a and $8, so one direction follows 
immediately from Theorem 9. For the other direction, we also know from Theorem 9 that every 
element of D,;, is norm-continuous for @ and , and that this implies norm-continuity for 7 as 
well. But a, @, and y generate G, so this is enough. 


3.10.3. The noncommutative sub-Riemannian metric 


There is a natural noncommutative sub-Riemannian metric on Nj, and it can be presented 
in both local and global forms. The local version is a sort of noncommutative exterior derivative, 
while the global version is the noncommutative Lipschitz algebra that is the former’s domain. 


Definition 7. Let E = Ny ® Ny; we regard it as a Hilbert bimodule over Np, with left and right 
Ny-valued inner products given by 


(x1 B 2, y1 B yo)i = L1y + Loyo 
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and 
Zr, 8 2, y1 © y2)r = Ty + Tyo. 


Let 6, and 69 be the generators of the actions a and 6 defined in the last section, 1.e. 


61(x) = lim and 62(x) = lim Ba{z) = & 


r—0 r s—+0 8 


a,(x) — x 


for allx € Np, for which the limits exist in the weak operator sense. Define , = dom(d1,)Ndom(d2) 
and define d: , > E by d(x) = 61(x) @ 69(x). Give , the norm 


|e lz = max(|la], ||d(@)|hr, ld) II) 


where || - ||, and || - ||, are the left and right Hilbert module norms on E. 


In the case h = 0, 6; and 6 are genuine partial derivatives, and d(x) is the projection of the 
exterior derivative of x onto the cotangent subbundle dual to B. 


The following alternative characterization of ; is useful. It follows immediately from ({I7d, 
Proposition 3.1.6). 


Lemma 3.10.8. Let x € Nj. Then a € » if and only if sup,s9 ||a,(x)—2||/r and sup,yo ||Bs(x)— 
x\||/s are finite. 


Theorem 3.10.9. The map d and its domain p, have the following properties: 
(a). d is an unbounded derivation with weak*-closed graph. 
(b). » is a dual Banach algebra. It contains S° and is densely contained in Dy. 


(c). If h = 0 then , is naturally identified with the algebra of functions on M. which are 
Lipschitz for the sub-Riemannian metric defined in section 1, and |\d(x)||, = ||d(x)||, equals the 
Lipschitz number of x, for any x € 9 = Lip(M). 


Proof. (a). The fact that d is a derivation, i.e. is linear and satisfies the Liebnitz formula 
d(xy) = xd(y) + d(x)y, is an elementary calculation. Weak*-closure of the graph follows from 
({7], Proposition 3.1.6). 


(b). The norm || - ||; equals the graph norm when , is identified with the graph of d by the 
map «+> «@d(z) and E is given the max of its left and right Hilbert norms (which is equivalent 
to the von Neumann algebra norm on F’). Thus , is isometric to a weak*-closed subspace of a 
dual Banach space, hence j, is a dual space. It is an algebra because dom(d;) and dom(62) are 
(being domains of derivations). 


S° C x follows from Lemma 8 and Lemma 12. ; C Dy, follows from Theorem 9 and Lemma 
12, using the fact that continuity of an R-action is equivalent to continuity at 0. Also, ; is dense 
in D;, because it contains S°. 


(c). Let h = 0. It is straightforward to check that Do and No are, respectively, naturally 


isomorphic to C(M-.) and L®(M,); this simply involves taking the Fourier transform in the p 
variable. Now if f € L°(M-_) is Lipschitz for the sub-Riemannian metric then it satisfies 


If ob flo < L(f)-r 
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for any isometry ¢ of M, such that dg(¢(p),) =r for all p € M-., where L(f) is the Lipschitz 
number of f. Taking 


g(r, s,t) = (r — hcos6,s — hsin6,t — hrsin@), 
this shows that Lip(M_.) C 9 by Lemma 12; and 


laf) \Ie(p) = ese [51 (f)(p)|? cos? 6 + |52(f)(p)|? sin? @ < L(f) 
for almost every p € Mz, so ||d(f)|| < L(f). 


Conversely, let f be any function in 9 and let p,o € M¢. By ({169], Theorem 2.7) there exists 
a constant velocity geodesic p : [0,1] - M,. which is everywhere tangent to the subbundle B of 
TM, defined in section 1 and which satisfies p(0) = p, p(1) = 0, and I(p) = dg(p,o). Then the 
function g = f op: [0,1] > C satisfies g(0) = f(p), g(1) = f(o), and g’(t) = (d(f)(t), dp(t)) for 
almost every t € [0,1]. This implies that g is Lipschitz with 


L(g) < |ldpll = lla) Il - ), 


7 If(e) — flo)| _ g(0) — gQ) 
dae. - ier = L(g)/U(p) < \la(F)I)- 


Taking the supremum over all p and o shows that f is Lipschitz and L(f) < ||d(f)|l. 


We conclude this section with a proof that the unit ball of , is compact in operator norm. 
In the commutative case, this is true of Lip(X) precisely when X is compact. In addition it was 
proved for noncommutative Lipschitz algebras associated to noncommutative tori in [T72, [73], 
and our proof here uses basically the same method. These results also follow from an unpublished 
theorem of Rieffel which deals with the general situation of a Lie group acting on a Banach space . 
I do not know whether that line of reasoning implies our current result (it is not obvious because 
R?, the Lie group that appears here, is not compact). 


Lemma 3.10.10. For any « > 0 there exists N large enough that ||x — on(x)|| < € for all 
x € ball(,) andn>N. 


Proof. Recall that 7, = Ba tg Gy ap» where t/ = ,/t/c. Now for any y € ball(,) we have 


llov(y) — yl, Avy) —yll <#- lds, 


so that ||7(2) — x)|| < 4t’ for any x € ball(,). So we have 


1 
|z— ona) s = f 


TT 


rele) Kn(Odt < =f ay/iTeR (tat 


and the last formula goes to zero as n + oo. This is what we needed to show. 


Theorem 3.10.11. The unit ball of ;, is compact in operator norm. 


Proof. Let (xz) be any sequence in ball(;,); we will find a convergent subsequence. As in Lemma 
5, Yn@n(ax) is multiplication by some function gk € L*(R x T x Z). Now 


llr (Y¥n@n(@e)) — Yn@n(tx)|| = llar(an(rK)) — an(re)| 
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a i ll (ar (ye(ae)) — We(we))e™ [Ide 
=a ¥ Ilr (ax) — we||at 


< rll61(x)I| Sr. 


Similarly ||85(Ynan(a~)) — Ynan(2p)|| < s, and this implies that the function g* is Lipschitz with 
Lipschitz number at most 1. Since [0,27] x T x {0} is compact, we may choose a subsequence 
gh which converges in sup norm on this set; by (*) and ({) of Lemma 5 this implies that gh 
converges in sup norm on all of R x T x Z. Allowing n to vary, finding successive subsequences 
for which gh converges, and diagonalizing, we get a subsequence (2j,) of (a,) such that (gn ) 
converges in sup norm for all n. 


Let x be an weak operator cluster point of (x;,) and let Yn(a@n(x)) be multiplication by gn. 
: ; ky ky 
Then gy, is a cluster point of (gn’), hence gn’ > gn. 


Given € > 0, by Lemma 14 we can find a positive integer N such that ||2 — on(x)|| < € and 
vx; — 7n(xr,)|| < € for all j. Taking M large enough that j > M implies 


ks 
l9n — Gn’ loo < €/(2N + 1) 


for all |n| < N, we get 


N 
Jow(e) aman < YS (t= eG) lana) — an(eaI 
n=—N 
~ [rl k 
= (0- Fay) Ile — orl 
n=—N 
<e€ 


Thus 
\|]z — x, || < [lz — on(2)|| + |lon (x) — on (ae,)|| + llow(we,) — te; || < 3e 


for 7 = M. So xg, — & in operator norm. 


3.10.4 Further properties 


In this section we first identify the sub-Riemannian noncommutative Lipschitz algebra 
defined in section 3 with a noncommutative H6lder algebra. This generalizes the classical fact 
(see[LZ5]) that the sub-Riemannian metric on the Heisenberg manifolds is comparable to the 
square root of the Riemannian metric in the z direction. Then we use work of Sauvageot 
(Z8] to establish the existence of a heat semigroup on Nj and identify its generator with a 
noncommutative Laplacian. 


Definition 8. Let A, B,C € (0,1] and define ‘ga to be the set of x € Np for which there exists 
a constant K > 0 such that 


je —a,(a)||<Kr4, lw B (a) |< Ks®, jw —4(2) || < KAP 
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for all r,s,t > 0. Let L(x) = L“:?-C(x) be the smallest possible value of K and norm ove by 


[7 ||4,3,¢ = max(||||, L()). 


Note that A’ < A, B! < B,C! < C implies #?° 8?" Indeed, if K = max(L48:°(2), 2||2|I) 
then 


ll: — a, (x) || < Kr4 < Kr” for 


r<12||2||< Kr“ forr > 1, 
andsimilarly f or 


B and y, so that LAB (x) < max(L47-¢ (2), 2||2\I). 


Note also that - = dom(a)Ndom(3) 1 dom(y7) by an obvious extension of Lemma 12. For 


this reason we can realize as the domain of a derivation into the Hilbert module Nz, 6N;,6 Np 
in the same way that we treated ; in Definition 11. However, for non-unit values of A, B, or C 
Hilbert modules are not appropriate. We instead use a construction from [173] to handle this 


case. 


Definition 9. Let 
[oe) 
F= Din ® Ny ® Nn) 
t>0 


be the 1% direct sum of von Neumann algebras. Regard it as a dual operator Nj-bimodule with 
left action given by the diagonal embedding of Ny in F and right action given by the embedding 


2+ Dol) © 60) © (2). 


t>0 
Define a map d: oe > F by d(x) = @Padi(x) with 


x — ar(x) a x — B(x) 


ta tB 7 te 


d (2) => 


Theorem 3.10.12. The map d and its domain oe have the following properties: 


(a). d is an unbounded derivation with weak*-closed graph. 


(b). —— is a dual Banach algebra. It is densely contained in Dp and, if C <1, it 
contains S°. 


(c). The unit ball of (ee is compact in operator norm. 
Proof. (a). It is routine to check that d is a derivation. To verify weak*-closure of the graph, 
let (x) C poe be a bounded net which weak operator converges to x € Nj, and suppose d(x) 


weak operator converges to QB yj @ y? Gy? € F. Then restricting attention to the tth summand 
of F, we have d;(x,) > y} © y? © y3. Thus 


(x, — ar(ay))/t4* > yp 
(weak operator), but the left side also converges to (v—a;(a))/t4. An identical argument applies 


to the other two summands of d;(x) and so we conclude that d;(x)) — d;(x). Boundedness of 
the net then implies that x € oe and d(z)) > d(z). 
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(b). ee is a dual Banach algebra by the same easy argument used in Theorem 13 (b). It 


is contained in D; by Theorem 9. Also, as remarked above it contains i We claim that 
oe contains all ® € S° which are zero for all but a finite number of values of p. This implies 


density in Dy by Lemma 3. 


To prove the claim it suffices to consider only those ® € S° for which ®(z, y,p) = 0 unless 
p=vn, for some fixed n € Z. For such ® the operator norm equals the L° norm, and so 


lle(®) — Bl] = |[(e™ — 1) Bloc < ntl| ®l]oo. 


Together with Lemma 8 this implies ® € tees as claimed. Now suppose C' < 1 and let ® be 


any function in S°. Choose N > 1+ 2/(1—C). Then by part (b) of Definition 1, there exists 
a constant K such that |p¥®(x,y,p)| < K for v € [0,27] and all y and p. By part (a) of 
Definition 1, this implies that p’® is bounded on all of R x T x Z. Now for any t > 0 define 
®,(x,y,P) = op q®(x, y,p) and ® = 6 — pit) 41 ®,. Then ||® |). <q “K and so we 
can bound the operator norm of ®’ by 


I< So @XK 


Iql>t-1/(N-D41 


< 2 | q ‘K dq 
t-1/(N-1) 
Gaby 
N-1 
= 2tK/(N —1). 


Thus ||y;(®’) — ®'|| < 4tK/(N — 1), so that ||y;,(®’) — 6'||/t is bounded for t < 1. At the same 
time we have 


|(44(Bq) — Bq)(x, y, p)| = [(e — 1) Bq(a,¥,P)| < latl||Flloo < (E+ A YAY) | 
for |q| < t-/A- + 1, so that for ¢ < 1 and |q| < t-/(4-) +1 we have 
ll1e(&q) — Bgl] < 2 VAY ||] o0. 
Hence 
lle(@ — 8) — (@— B) I] < QE VAY 4.8) - WIV @l]oo < 12t7 || Bl[o0.- 
We conclude that: ||7%;(®) — ®||/t° is bounded for t < 1. But for t > 1 we have 
llae(&) — B]] < 2IO]] < 2e° OI], 


so that ||y;(®) — ®||/t© is bounded for all t > 0. Thus ® € ates (c). This is proved in the 
same way as Theorem 15. 


1,1,1/2 


Theorem 3.10.13. ; and; are identical as sets and have isomorphic norms. 
Proof. oe ae ; is clear from the definitions. Conversely, it was noted in the proof of Lemma 


14 that if x € ball(,) then ||4(2) — x|| < 4\/t/e. Hence || (x) — a||/Vt is bounded and we get 


1,1,1/2 111/23 
? Son=y / 


LE, as sets. 
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Isomorphism follows from the estimate 


[llc < max((larl], [01 (@)|| + []62(a)|]) < max(||||,2L(@)) < 2I|a|]4,2,c 


together with the open mapping theorem. 


As a final topic we consider a natural Laplacian and the heat semigroup it generates. The 
following tool is needed. 


Definition 10. Define tT: Ny > C by 


1 1 20 


where ® is the function associated to ao(T) in Lemma 5. 


Theorem 3.10.14. (164, p558] The map 7 is a faithful normal finite trace. It is invariant for 
the action L given in Definition 7. 


(The fact that 7 is normal follows from the fact that it is the composition of two normal 
maps: integration of y;(T) and integration over T?.) 


Proposition 3.10.15. The GNS representation of Ny, associated to T is unitarily equivalent to 
the restriction of its original representation on H = L?(Rx Tx Z) to H’ = L?((0,2z] x Tx Z). 


Proof. Define a map WV : N;, > H’ by U(T) = T(€) where (x,y, p) = 1 for (x,y, p) € [0,27] x 
T x {0} and &(z,y,p) = 0 elsewhere. Then for any T € Ny, we have 7(T) = (TE,€), so that 
WY extends to a unitary map from the Hilbert space of the GNS representation onto H’. It 
intertwines the action of Nj; because 


U(TS) = TS(€) = TV(S). 


Now we define a Laplacian on S°, and apply a theorem of Sauvageot to establish the existence 
of a heat semigroup. 


Definition 11. For ® € S© define A® by A® = 6)(5;(®)) + 62(d2(®)). Concretely, we have 
A® = 6,, — p°c’x? ®(x, y, p) — Zipcx®y + Dyy. 


The fact that A® € S® follows immediately from the first definition of A®, or is a routine 
computation from the second. 


Theorem 3.10.16. The operators eA +> 0, form a weak-operator continuous semigroup of 
completely positive normal contractions of Np. 


Proof. First we show that 6, © 69 is closed when regarded as an operator from H’ into H’ @ H’. 
Identify H’ with the functions ® on R x T x Z which satisfy 


O(a +k, y,p) = eb *PY ®(x, y, p) 


for all k € 27Z and whose restriction to [0,27] x T x Z is square integrable. Then for all 
r,s,t © R the formula 


(Uor,s,t)€)(@, yp) = Petes PHM) (a — 7, y — 8,p) 
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from Definition 7 defines a unitary operator on H’. Thus setting a/.(€) = U(oo)§ and 4() = 
U (0, 8,0)§ gives us two strongly continuous one-parameter unitary groups on H’, whose generators 
Dj, and D3 satisfy D;(®) = 6;(®), treating ® respectively as an element of H’ and of Np. 


Since D; and Dg are self-adjoint they are closed, hence 
D=D,@D.:H' 4 HOH 
is closed. Also D*(€ @ 0) = Di (€) = 61(€) and D*(0 @ €) = Do(€) = 62(€), so 


D* D(®) = D*(51(®) @ 5o(®)) = 61 (61 (®)) + 52(d9(&)) = A® 


for all BE S°. 
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Chapter 4 


Last Articles 


4.1 A Geometric Characteristic Splitting in all Dimensions 


by Bernhard Leeb ® and Peter Scottf 
Preprint - May 20, 1996 


Abstract: 
A non RNP Banach space E is constructed such that E* is separable and RNP is equivalent to 
PCP on the subsets of E. 


The problem of the equivalence of the Radon-Nikodym Property (RNP) and the Krein 
Milman Property (KMP) remains open for Banach spaces as well as for closed convex sets. 
A step forward has been made by Schachermayer’s Theorem[I79]. That result states that the 
two properties are equivalent on strongly regular sets. Rosenthal, {I[80], has shown that every 
non-RNP strongly regular closed convex set contains a non-dentable subset on which the norm 
and weak topologies coincide. In a previous paper ([I[8I]) we proved that every non RNP closed 
convex contains a subset with a martigale coordination. Furthermore we established the Paé- 
representation for several cases. The remaining open case in the equivalence of RNP and KMP is 
that of B-spaces or closed convex sets where RNP is equivalent to PCP in their subsets. Typical 
example for a such structure are the subsets of Z'(0,1). H. Rosenthal raised the question if 
this could occur when the dual of the space is separable. W. James [182] also posed a similar 
problem. The aim of the present paper is to give an example of a Banach space E with separable 
dual failing RNP, and RNP is equivalent to PCP on its subsets. As consequence we get that E 
does not contain c,(N) isomorphically and hence it does not embed into a Banach space with 
an unconditional skipped F.D.D. On the other hand E semiembeds into a Banach space with an 
unconditional basis. The last property allows us to conclude that every closed convex non-RNP 
subset of E contains a closed non-dentable set with a Paé-representation. We recall that a closed 
set K has a Paé-representation if there is an affine, onto, one to one continuous map from the 
atomless probability measures on [0,1] to the set K. In particular RNP is equivalent to KMP 
on the subsets of E. The space E is realized by applying the Davis-Figiel-Johnson- Pelczynski 
factorization method to a convex symmetric set W of a Banach space F,, constructed in this 


paper. 


Finally as a consequence of the methods used in the proofs of the example we obtain that 


*Partially supported by SFB 256 (Bonn) and IHES 
'Partially supported by NSF grant DMS 9306240 
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every separable B-space X such that X**/X is isomorphic to ¢'([) has RNP. We thank H. 
Rosenthal and T. Odell for some useful discussions related to the problem studied in the present 
paper. We also thank the Department of Mathematics of Oklahoma State University for its 
technical support. 


We start with some definitions, notations and results necessary for our constructions. A 
closed convex bounded set K is said to be 6-non dentable, 6 > 0, if every slice of K has diameter 
greater than 6. A closed convex set has RNP if it contains no 6-non dentable set. A closed K 
subset of a B-space has the P.C.P. if for every subset L of K and for all « > O there exists a 
relatively weakly open neibhd of L with diameter less than ¢. It is well known that RNP implies 
P.C.P, but the converse fails [183]. 


In the sequel D denotes the dyadic tree namely the set of all finite sequences of the for 
a = {0,€1,...,€n} with e; = 0 or 1. For a in D the length of a is denoted by |a|. A natural order 
is induced on D, that is a < (6 if the sequence a is an initial segment of the sequence 6. Two 
elements a, 8 of D are called incomparable if they are imcomparable in the above defined 
order. We notice, for later use, that each a in D determines a unique basic clopen subset V, in 
Cantor’s group {0,1} and a, @ are imcomparable if VM V3 = 0. 


A basic ingredient in the definition of the space E is Tsirelson’s norm as it is defined in [84]. 
We recall that the norm of this space satisfies the following implicit fixed point property. 


m 
For 2 = Ss" Abe 
K=1 


m n 
1 
So dnticlle = mazx{max |),.|, 5 oP > |Ejx\|r} 
K=1 j=l 


where the “sup” is taken over all choices 
m< Ey < Eo <..< Ey 


Fj,..., Ey is an increasing sequence of intervals in the set of natural numbers and E;x is the 
natural projection of x in the space generated by vectors of the basis {tz :.€ E; } Tsirelson’s space 
is a reflexive Banach space with an unconditional basis not containing any @? for 1 < p< oo. 


4.1.1 The space E, 


The space EF, will be defined to have an unconditional basis indexed by the dyadic tree D 
and denoted by (€a)aep. For a sequence of reals (Aa)aep which is eventually zero we define 


£ 


|| a Aa€a|| = sup{]| Ss" Nath; || : {ai}{_1 are incomparable, 
acD i=1 


|a;| =Ki, KT <KQ<..0< Ke}. 


It is clear that (€,)aep is an unconditional basis for the space E,, defined by the above norm. 
Next we verify certain properties of the space Ey. 


Proposition 4.1.1. The dual of the space Ey, is separable. 
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Proof. The spare E,, has an unconditional basis hence it is enough to show that ¢! does not 
embed into EF, [C85]. 


Suppose, on the contrary, that @' embeds into E,,. Then, by standard arguments, we can 
find 0; < lg <... < € < ... an increasing sequence of natural numbers and {x;,}°2, a normalized 
sequence in Fy, eee to the usual basis of ¢', and 


Le = > Nola 


lia<lal<lxt1 


The definition of the norm of F,, and elementary properties of Tsirelson’s norm show that 


m m 
So eerell <I So Kee, alle 
k=1 k=1 


so {te, }?» is equivalent to the basis ¢1. This contradicts to the reflexivity of T. 


A consequence of the above Proposition is that the basis (ea)aep is shrinking. Therefore 
every «** in E** has a unique representation as 


v* = w* Jim So da €q i= w* — SO dala 


glen aeD 
and Aq =< x**,eg * >. We define the support of x**, denoted by supp x**, to be the set 
{aeED:< 2, eF >F O}. 
Lemma 4.1.2. Given x7* ,..., a7" in EX* such that there are ay,...,a% incomparable elements of 


D so that supp «** is contained in of Wa, ={GB €D: 6B ~ a ora X pb}. 
v a 


Then 


K 


OK K ok OK 1 OK 
d(xy" +..+ 25", By) 2 5 zi , Eu) 


Proof. For n < m we define 


Pin] m| > Aaba 


and 


Pin, ee = +" Nala 


= KK 
where Ag =< "6, >: 


Using this notation we have 
d(a"*, Ey) = lim ||Pinoo (2) 


and 
Pnoo(2**)| = im |Lfnm(™I 
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To establish the result it is enough to show that for « > 0 there exists n(e) such that for all 
m > n(e) 
k k 


Pasi 2 l= 5 at", Ba) ae 


i=1 i=1 


Actually n(¢) = maz{k, |a|,...|a.|}. Choose any m > n(e). Inductively we define {q;, ¢;]£_, 
such that 
m<q<l<.<an<& 


and ||-Pig,,o;](@7")I| > d(@7*, Bu) — - 


For each 1 <i < k there is a set {5 1 <j < s(z)} of incomparable elements of D such that 
gi < |G; | < & and 
s(t) 
Proven @f I = IID Apetaill- 
j=l 
Notice that a; ~< Bi for all 7 = 1...s(¢). Observe that Ur<i<x {Bi : 1 <j < _s(i)} consists of 
pairwise imeorparable elements. So 


K 


|| Pima,co (22°) = WPimey > 2?) = 
i=1 


a=) 


K 8(4) K 3( 
> Do Agityaillr 2 ay] > Atl 
i=1 7=1 i=1 j=l 


V 


pe a 1 
= 5 oa llPla.es) (i ie 1S ale 
i=1 i=1 


Consider the following closed convex subset of the unit ball of Ey, 
K ={2€ Ey: 2= 5S > S > dala) Ao = 1, Aa = 0; Ae = Naz) + Afr) }- 
n=0 ja|=n 


It is easily verified that K is the closed convex hull of a 4-tree (da ED where for every a in D 
i 


2 
dq is defined by the conditions e*, (da) = 1, eg 0) (da) = €(a,1) (d 7€g(da) and da € K. 


We set W = co(K U—K) and we denote by W its w* closure in E**. Notice that x** © W 
if le. Ge" )| 4, €(a,0) (a**) + Cla 1 (2) = e*(a**) for all a in D. Hence we could define a map 


T : M,({0,1}8) + W 


with the rule 
where V, = {y € {0,1}%: y | Ja] = a} 


Clearly T is one to one and onto. Furthermore 


ITI S sup£ 5 |u(Vax)| : {aa}1 incomparable } = ||y|I- 
i=1 
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Hence T is extended to a bounded linear operator from M({0, 1}) onto the linear span of W 
denoted by < W >. 


4.1.2 The Space E 


The space E is the result of the application of Davis-Figiel-Johnson-Pelczynski [86] factorization 
method to the set W defined above. We give the precise definition and certain properties of the 
space E. 


(oe) 
1 
E = {y € Eu: Illylll =) llylln)? < 00} 
n=1 
Here ||.||, denotes the Minkowski’s gauge of the set 2"W + 57Bp,. Let J: E > E, be the 


natural injection. We notice that contains the set W; hence E fails RNP. The operator J satisfies 
the following properties. 


Pl. J™* : E™* + E*™ is one to one and J**|E**|N E, = J[E]. As consequence of this 
property E* is separable. 


P.2.: J is a weak to weak homeomorphism on the bounded subsets of E. This is a consequence 
of P.1 and it implies that J|[87 is closed for all L, closed convex bounded subsets of E. In 
particular J is a semiembedding. 


P.3.: Let L be a closed convex bounded subset of E failing RNP. Then J[I&87 is non RNP. 
If not, J [E87] is an RNP set, hence for any L-valued operator S : L' > E the operator JoS is 
representable by a function y in Ltr: Then the function V = J~'y represents the operator S 
and K is RNP [L83]. 


P.4.: If L is bounded subset of E and J|L] fails P.C.P. then L fails P.C.P. Indeed, for {yn}°24, 
y in L such that J(yn)“J(y) and ||J(yn) — J(y)|| > 6 > 0 P.2. ensures that y,“Yy and also 


lun — y|| > Tah Hence y is not a point of continuity. 


Poe J" |e" |\c = W > For this, notice that Bp-« C 2"W + a Bax hence 


~ 1 
We proceed to the proof of the main property of the space E. 


Proposition 4.1.3. Let K be a closed, convex, bounded, non RNP subset of E. Then K fails 
P.C.P. 


Proof. Property 3, mentioned before, ensures that J is non RNP closed subset of E,,. Hence for 

some 6 > 0 there exists a convex closed L subset of J which is 6-nondentable. Our goal is to show 

that every weak neighd in L has diameter greter than xa. By a result due to Bourgain [I[8&] it 

is enough to show that for every $1, $9, ..., Sn slices of L there exists x;* in 5; 7 =1,2,...,n such 
n 


that for all (A;)7_, € R” y ei 
=. 


~ OK 6 
d(~ \ix7*, Eu) > ace 
i=1 
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Given $1, $9, ..., Sp slices of L. Using Lemma 2.7 from|[I80] we choose (x¢%; )e>w, an uncountable 
subset of S; such that : 
OK OK okK 3 
d(ag3 — e454, Bu) > = for € - C. 


Recall that L is a subset of J**[E**] C <W > and that TIM{0,1}§] is norm dense into 
< W >. Hence there are (Mei Jé<uy,i<n Such that 


kK ) 
[Pues — ve%|| < 256 


Also, it is known that M({0,1}%) = ‘oo @L'(Ay))1 
y<2¥ 


where {Ay}y<q are pairwise singular probability measures on {0,1},N and 
IA(Ay) = 00,1) or 14s) = R, 
Therefore 
les = de 5 
yb “Ty 
rest dr~+ 
where the sum is taken in /,-norm. 


Hie 
Choose F¢; finite subset of 2” so that the measure Me i = ) ria satisfies 
VEE, 2 


) 
/ 2K 
THe; — 22ll < x55 (1) 


In particular for € # ¢ we get 


d(T pe; — Tue 4, Eu) > (2) 


AIG 


Apply Erdés-Rado’s Lemma to the family {Fe = Uji) Fei,€ < wi} and find A uncountable, 
F finite such that for € #¢ in A 
Fe MN as — 


We set Ap = Sd, and for € in A 
Ver 


= / Ape ; 
Ven = beg — Dun 


Claim: For all i =1,...,n the set Bj = {€ € A: d(T, ,, Fu) < oh is at most countable. 


Proof of the Claim. Suppose that for some i the set B; is uncountable. Then, since L1(A) is 
separable, there are € ~ ¢ in B; such that 


/ 


ives _ Ms) 6 
dvr dvr 16 
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But then 


) 
d(T pes — Tye ;, Eu) < ri 


which contradicts inequality (2) and this completes the proof of the claim. 
Choose €&; < € 2 <... < € in A such that 


6 


U(Tig, 5» Eu) > 16 (3) 
In the rest of the proof we will denote (&;,i) by &. 
Notice that the measures 1z,,...¢,,, Ar are pairwise singular. Choose Wj,..., Wy pairwise 


disjoint clopen subsets of {0,1}N pairwise disjoint such that for i = 1,...,m 


Tel. 


. 6 
Ie IWill < zg and Ile 


= (4) 


n 


We are ready to prove the desired property. Indeed, for A, > 0, > i; = 1 we have 
i=1 


d(S> MT ph, Eu) > aD I AT He, tO Wj, Eu) > 
i=1 i=l j=l 


AD (Er, | W;) )— alr, | fe , -Wall- 


digs 
Dail hy Wall 


AF Cw 


From Lemma 1.2 we get 


nm 1 n 
dQ) (Tu, | Wi), Bu) > 5) dd(Tv,, | Wis Eu) 
i=1 i=1 


and from (3) and (4) we get 


“ i 
dS" AT ue, Eu) > ae! 


Finally from (1) we have 
” é 
GY Ate, ly) Pee 
Oo 761 Bu) > 356 


So L fails P.C.P., and P.4 ensures that J~!|I87] also fails this property. 


Remark 39. The space E does not contain a subspace isomorphic to co(N). This is because 
Co(N) contains a non RNP closed convex subset on which norm and weak topologies coincide. 
Therefore E' does not embed into a space with an unconditional skipped block finite dimensional 
decomposition. The last follows from the fact that E fails P.C.P. and it does not contain co(N). 
Finally E semiembeds into Ey, a space with an unconditional basis. 
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Proposition 4.1.4. The properties RNP and KMP are equivalent on the subsets of E. Furthermore 
if K is closed convex non RNP subset of E then it contains a subset L with a Pat-representation. 


Proof. As we mentioned before if K is closed convex bounded non RNP then J carriers the same 
properties and it is contained into F,, which has an unconditional basis. Therefore, there exists 
an L closed convex subset of J with a Paé-representation[I81]. Then J~!|E87] has the same 
property. 


We conclude with the following result. 


Theorem 4.1.5. Suppose that X is a separable Banach space such that X**/X is isomorphic 
to f(T). Then X has RNP. 


Proof. Assume that X contains a 6-non dentable subset K. Then the techniques developed in the 
U 


proof of Proposition 1.3 shows that K is non strongly regular. Actually every Ss AjS, Convex 
F i=l 
combination of slices will have diameter greater than 356° Hence by a result due to Bourgain 
[88], 2’ embeds into X*, and by Pelezynski’s Theorem [[89] M{0,1] embeds into X**. But then 
there exists a sequence (2**)nen weakly convergent to zero and d(x**, X) > 6. This contradicts 
the Schur property of ¢'(I). 


Remark 40. Odell in [190] has constructed a separable B-space X with X**/X & ¢'(2”). From 
a theorem by Lindenstrauss [L87] follows that every separable B space X and its dual X* are of 
the form Z**/Z for some separable Banach space Z. 
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4.2 Level Sets and the Uniqueness of Measures 


Dale E. Alspach 
Research supported in part by NSF grant DMS-890327 
Department of Mathematics Oklahoma State University Stillwater, OK 74078-0613 
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Abstract: 
A result of Nymann is extended to show that a positive o-finite measure with range an interval 
is determined by its level sets. An example is given of two finite positive measures with range 
the same finite union of intervals but with the property that one is determined by its level sets 
and the other is not. 


4.2.1 Introduction. 


The purpose of this note is to extend some results of Leth, Malitz , and Nymann [T9THI93) 
and answer some questions raised in these papers. Those papers deal with a uniqueness property 
exhibited by positive measures whose range is an interval and used techniques from real analysis. 
The main idea in this paper to change from a purely real analysis approach to the problems to 
a functional analytic one. This approach reveals and clarifies the issues involved. 


The basic problem is the following. Suppose that p is a o-finite signed measure on some 
measurable space (2,8). We will say that a signed measure v on (2, B) satisfies (£2) if for every 
A and B € B such that p(A) = p(B) 4 too, v(A) = v(B) # £00. 


Remark 41 (Question 1). Under what assumptions on yu is it true that if v satisfies (L), v = ay 
for some a € R? 


We will also consider the stronger condition (O) which requires that condition (£) hold and 
for every A and B € B such that p(A) < p(B), v(A) < v(B). 


Remark 42 (Question 2). 8 Under what assumptions on y is it true that if v satisfies (O), 
vy =ap for some a € R? 


As a convenience in stating results we will say that pis uniquely determined by (L), respectively, 
(O), if 4 satisfies some property P and for any v satisfying (L), respectively, (O), v is a constant 
times ju. 


The condition (LZ) was used in [193] where it was shown that for finite positive measures with 
range equal to an interval that js was uniquely determined by (LZ). The symmetric form of (O) 
was considered by Leth for the case of positive purely atomic measures such that for each ¢ > 0, 
there are only finitely many atoms of mass greater than ce. He called measures satisfying the 
symmetric form of (O) sympathetic §. This condition arose from some problems in qualitative 
measure theory. (See the references in {I9I] for more on this.) Malitz [192] showed that for this 
same class of atomic measures the symmetric form of (LZ) implies the symmetric form of (O). 


It is easy to give examples where even under the symmetric form of (O) yu is not uniquely 
determined. As pointed about by Leth [TI], if 0 < r < } and p is purely atomic with atoms 


tmention by L,O,B = L,O,B 
Sall symboles we mention it in remark 2 and bellow. 
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{An :n =0,1,...} such that (Ay) =r”, there are no sets A # B such that (A) = p(B) < ow. 
In order to generalize this observation, Leth makes the following definition. An atom A is a 
bully if 


sup{)> u(B;): (Bj) C B, Bj N By =9,j Ak and p(B;) < p(A) for all 7} < (A). 


In the example just given every atom is a bully. Clearly if « is purely atomic and every atom 
is a bully, the condition (Z) in vacuous and any purely atomic measure v for which every atom 
is a bully will satisfy (O). On the other hand, Leth gives examples to show that bullies can 
be present but under (Z) yz is uniquely determined. Leth (as improved by Malitz) also showed 
that if the space consists of a sequence of atoms with measures converging to 0 and there are no 
bullies then jz: is uniquely determined by the symmetric form of (LZ). It is not hard to see that 
the no bullies condition is equivalent for positive measures to the condition that the range of the 
measure is an interval and therefore Nymann’s result can be viewed as an extension of Leth’s in 
the case of finite measures. Thus the question remains as to what conditions on yz imply that 
(L) or (O) uniquely determines ju. 


In this paper we will complete the work of [193] by showing that a positive o-finite measure 
with range an interval is uniquely determined by (L). We will also prove some results on signed 
measures. Leth asked if it is possible to construct a measure so that if the atoms are listed in 
decreasing order every second atom is a bully, but the measure is uniquely determined. We will 
show that this is impossible. We also will give several examples which show that the range of 
measure is not a good indicator of whether the measure is uniquely determined. In particular 
we present an example of two positive measures 4 and v such that the range of p is a finite 
union of intervals, the range of js equals the range of v, yw is uniquely determined by (L) but v 
is not uniquely determined by (QO). 


We will use standard notation and terminology from real analysis and elementary functional 
analysis as may be found in/194, [95]. By a o-finite signed measure we mean an extended 
real valued measure on a measurable space (, B) taking on only one of the two infinite values 
+oo such that |u| is o-finite. If u is a o-finite signed measure we will denote the atoms of wu 
by {A;} and the complement of the union of the atoms by C. If for every ¢ > 0 there only 
finitely many atoms A; with |u|(A;) > ¢, we will assume that the atoms are ordered so that 
|t|(Ai) > |u|(Ai41) for all i. L, will always refer to L,(Q, B, ||), 1 <p < oo. If R is a subset of 
a vector space X then sp R will denote the span of R. 


4.2.2 A Functional Analytic Approach. 


Before we reformulate the problem in functional analytic terms, we will present two simple 
lemmas which will allow us to assume that the measure pu is positive in most of our considerations. 
We would like to thank the referee who suggested these to us and made several other suggestions 
to improve the exposition. 


Theorem 4.2.1. Suppose that is a o-finite signed measure on (Q,B) and Qt and Q~ are 
the positive and negative sets of the Hahn decomposition of pM, t.e., fyq+ 2 0, My¥aq- < 0 and 
Q* UQ”- =Q. Suppose that v is another o-finite signed measure on (Q, B) and let 


v'(A) = v(AN Qt) —v(ANQ) 


for all A € B. Then v' is a o-finite signed measure on (Q,B) such that v satisfies (L), 
repsectively, (O), with respect to w if and only if v' satisfies (L), respectively, (O), with respect 
to |u|. 
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Proof. Suppose that (O) is satisfied for w and v and that A,B € B such that 


\l(A) = ANH) = W(AN7) < p(BNO) = WBN) = |p|(B). 
Then 
(AN QT) + WBN) < w(BNO*) + p(ANQ),. 
By (OQ), 
V(ANQDT) +o(BNQD) < v(BNAt) +v(ANQ) 
and hence 


y'(A) = v(AN Qt) —V(AND) < (BNA) -—vu(BNQ-) =v'(B). 


The proofs of the converse and the case of (L) are similar. 


Thus yw is uniquely determined by (L), respectively, (O), if and only if |ju| is uniquely 
determined by (L), respectively, (O), 


Most of the conditons we will impose on py are on the range of yz and the next lemma shows 
that the conditions are easily transferred to the range of |u|. 


Lemma 4.2.2. If w is a o-finite signed measure on (Q,B) and Q* and Q- are the positive and 
negative sets of the Hahn decomposition of 4, then 


2range |u| = range w— p(Q-), if u(Q7) > —on, 
and 


range |u| = —range p+ p(Q*), if u(Qt) < +00. 


Proof. Assume that u(Q7) > —co. If A € B, 
u(A) = w(ANO*) + WAND) = p(AN OF) + (OT) — (Qe \ A) 
= |p|((A 94) U (OF \ A) + (97) 
and 


|HI(A) = (AN OF) — (AND) = p(AN OF) — p(Q7) + w(Q" \ A) 
= ((ANQ*) UO \ A) = WO), 


Thus range || = range w — u(Q~). The other case is similar. 


We will now formulate the problem in functional analytic terms. Let yz be a positive o-finite 
measure and consider the following linear subspace X of Lo, the space of equivalence classes (a.e. 
jt) of measurable functions on (Q, B). 


X = sp{l4— 1B: uA) = w(B) 4 +0, A, Be B}. 


From a functional analytic viewpoint condition (L) describes a subset of the kernel of as a 
linear functional on some subspace of Lo. Two possibilities for the subspace come immediately 
to mind, L; and Lg. If v is a o-finite signed measure satisfying (L), then taking A to be the 
empty set we see that vy < yw and that if g = dv/du then te fgdu = 0 for all of fe X. If v 
has finite variation then g € L; and the uniqueness question for condition (L) is equivalent to 
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determining if rie L®., the set of functions h in Loo with f hdw = 0. If dv/du € Loo then 
uniqueness under (L) is equivalent to X = L9. (Here the overbar denotes norm closure.) 


If yw is o-finite but not finite then we need to consider the space of functions with finite D1 
norm on each set of finite measure with the (locally convex) topology of L, convergence on sets of 
finite measure which we denote by F'L;. The dual of FL, is FL. = {f € Lo: u({f 4 0}) < co}. 
Note that X C FL. and (L) determines jz uniquely if and only if the o(FL., FL1) closure 
of X in FL is FL2,. Let X, denote the norm closure of X in L; and let X,, denote the 


o(F' Leo, FL1) closure of X in F Lg. If wis finite Xoo = x’. ie., the o(Loo, £1) closure. 


To see the power of this viewpoint consider the following question posed in [I9Ij. Is it 
possible to construct a purely atomic measure with atoms (A;) such that 4(A;) | 0 and every 
second atom is a bully but (O) does uniquely determine yu? Actually we can show that neither 
A, and A» can be a bully and have yz uniquely determined. Indeed, A; cannot be a bully since 
we need only choose v(A;) > (A) and v(A;) = u(A;) for 7 > 1. If Ay is not a bully but A» 
is, define a map from L®, into R? by Tf = Ls fdp, Tag fdu). Then the range of T is R? but if 
f ¢X then f =c(14, —1a,) +g where supp g C Ujs2A;. Thus the range of T)x,, is a subspace 
properly contained in R?. This immediately implies that (L) does not uniquely determine yp. It 
will follow from Corollary 1.7 c) below that (O) cannot determine js uniquely, but we can see 
this directly as follows. Fix b, 0 < 6 < 1 and define v(A;) = bu(A;) for 7 > 2,v(A1) = (Az), and 
v(Ag) = (1 — b)u(A1) + bu(A2). A simple computation shows that v satisfies (O). The point of 
the using functional analysis is that it often reduces questions about (LZ) to counting dimensions. 


Next we will explore the role of the non-atomic part of ju. 


Lemma 4.2.3. If is a finite purely non-atomic positive measure, then X1 = LY and Xoo = L%. 


Proof. First note that because p is finite L.. C L; and thus by the Hahn-Banach theorem if 
Xoo = L%, X1 = LY. Thus we need only consider the case of X. Observe that L%, is a w* 
closed subspace of L.. and thus the unit ball of L°, is w* compact. It is easy to see that an 
extreme point of the unit ball of L2, is of the form 14—1, where u(A) = y(B), AUB =Q, and 
AN B=. Thus all of these extreme points are in Xo. and it follows from the Krein-Milman 
theorem that X. is w* dense in L%. 


The argument above used the extreme points which happened to be in X. If the measure 
space contains atoms then the extreme points of the ball of Ee are of the form lp —1lg+Aly 
where D, FE and A are disjoint, DUEUA =, A is an atom, |A| < 1, and Ay(A)+p(D) = p(E). 
Whether or not such things are in X., is a matter of the combinatorics of the measures of the 
atoms, however, we can still say something about the non-atomic part. 


Proposition 4.2.4. If 4 is a a-finite positive measure on (Q, B), 6 = fe + a, where fe has no 
atoms and [lq is purely atomic, and v is a o-finite signed measure which satisfies (L) then le 


. dpc 
as constant. 


Proof. The hypothesis implies that v < yu and thus if A € B such that u(A) and v(A) are 
finite, gl4 € D1, where g = ee Because both yp and v are o-finite we can find a sequence of sets 
Dy, € B such that u(D,,) is finite and non-zero, U,D,, contains the complement of the union of 
the atoms, and gip,, © Loo(tp,,) for all n. Now by Lemma 1.3, XM LY (McD, uD; is dense in 
TY (Hey D,up,) for each j. Thus g is constant on D; U D; for all j and therefore g is constant on 
UDn, establishing the result. 
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Proposition 1.4 shows that the difficulty really is in the atomic part of u. Next we show that 
uniqueness can be established provided it holds for a rich enough family of restrictions of ju. 


Proposition 4.2.5. Suppose that p is a o-finite measure and for every pair of disjoint sets D 
and E of finite measure there is a measurable set F such that Xoo FLoo(iyr) = FLS (ur), 
respectively, X11 FL,(up) = FLY (mW), and there exist D! and E’ contained in F such that 
u(D) = u(D’) and p(E) = p(E’). Then if g € FLy, respectively, g € Loo(u), and g|x =0, then 
g is constant. 


Proof. Because sp{u(D)1z — u(E)1p : D, E disjoint and finite measure} is dense in FL2, and 
in FLY, in either case it is sufficient to show that p(E) J, gdu = w(D) J, gdp for all disjoint sets 
and D and E of finite measure. So given D and E let F, D’, and E” satisfy the hypothesis of 
the proposition. Because p(D')1z— w(E’)1pr, 1p — 1p, and 1g — 1, are in X, p(B’) fry gdu = 
UD’) fin gde, fr gdu = fy gdp, and fi gdu = fi gdu. Hence 


WB) fad = WE [ adn = nD!) | ain = n(D) | 


In the papers [191 192] the following auxiliary function plays an important role. Let W = 
range of and suppose that v satisfies (LZ). For each w € W define f(w) = v(A) if u(A) = 
w. The absolute continuity of v with respect to w implies that f(0) = 0. The lemma below 
summarizes the important properties of f. Versions of a)-c) are in {191 [92]. Because the 
arguments are short we include them for the sake of completeness. 


Lemma 4.2.6. Suppose that p is a a-finite positive measure and v ts a a-finite signed measure 
on (Q, B). If v satisfies (L), then with f as above 

1. "a)"f is well defined and finite for all w finite in W. 

2. "b)"(O) is equivalent to the assertion that f is non-decreasing. 


3. "c)" If there exists sets A € B of arbitrarily small but positive measure, and f'(w) exists 
at some w € W, then lim,4)-40 nat exists and equals f'(w). (f' is defined only at limit 


points of W.) In particular, if (O) holds and W has positive measure then lim, 4)-40 at 


exists. 
If range p is a finite interval, we have in addition 


1. "d)"f is continuous. 
2. "e)"Ifv > 0, then f is nondecreasing. Consequently, (O) is satisfied and f'(w) exists and 


is constant a.e. [. 


Proof. a) and b) are obvious. Let w be a point in the range of js where the derivative exists and 
suppose that (B) = w. If An C B,u(An) € 0, and u(A,) > 0 then 


Ley = tay YBN An) MB) — yp U(r) 
ee Ae ay 
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If A,B =90, (An) #0 and p(A,,) > 0, then 
; _y.. VU(BU An) -—V(B) _,. 
Ps) = lima (BU An) = w(B) An)" 
Finally if (A,,) is any sequence of sets with ~(A,) > 0, 
(An) — f!(w)u(An) = ¥(An 9B) — f'(w)p(An 9 B) + (An 9 BY) — f'(w)u(AnB*) 


= 0(i(An 1 B)) + o(u(An O BY)) = o(u(An)). 


If W has positive measure there must be a sequence of sets (A,) with u(A,) > 0. Indeed, if 
not, ys would be purely atomic with the measures of the atoms bounded away from 0 and thus 
the range of «4 would be a countable set. If (O) is satisfied then f’ exists at almost every point 
of W. 


For d) we will show that continuity at u(B) = x follows from the absolute continuity of v 
with respect to ps. First if uw. 4 0, by Proposition 1.4 there is a constant & > 0 such that v = Ke 
or —K [le on Q\UA;, where (A;) is the sequence of atoms of y. Given ¢ > 0 find 6, ¢/(3K) > 6 > 0 
such that |v|(A) < €/6 if ju(A) < 6. Choose n such that >7,.,, u(Ai) < 6/2. Let {rj} be the range 
of plu,2,A; and let K be the range of p“louu;s,,A;- Because K is compact there is a number 
& > 0 such that if a ¢r;+K,(e@—6',244+6)Nrnj4+K =0. Let p = min{6,e/(3x), 6}. If yew 
and |x — y| < p, then for some i, x and y are in r; + K. Therefore 


IF(@) — Fy) = [Ff (ra) + vier Ai) + V(D) — (F (ri) + U(Vie Ag) + V(E))| 


where IUJ Cc {i>n}, DUE CC, 2£=7j4+ (Vier Aj UD), and y = 744+ u(UiezA;U EL). Because 
MUiersAi) < 6/2 and |v(D) — v(E)| = K|u(D) — n(E)), 


If(x) — F(y)| < €/3 + K|u(D) — w(E)| < €/3 + alla — y| + 6] <e. 


To see that f is nondecreasing when p, v > 0, suppose that this is false. Then f must have 
a local minimum at some point x, 0 < x < pu(Q), and we may assume that f(y) > f(a) for all 
y in some interval (x — 6,2), 6 > 0. Because the range of a finite measure is compact, either 
x = pw(UjerA;) + u(D) with D C C and p(D) > 0, or = sup{) je, W(Aa) = ie U(Ai) < 2} for 
some infinite set J C N. In either case f(x) = f(yn) +v(Bn) for some sequence (y,,) increasing 
to x. Since v(B,,) > 0, f(x) cannot be a strict local (left) minimum. 


The results in [[91, 193] were obtained by showing that in the case in which W is an 
interval f’ is constant and there is no singular part to v and thus f(x) = x. The function f is 
unsatisfactory for generalizing the results. We will usually use the Radon-Nikodym derivative of 
vy with respect to ys in our arguments. The Radon-Nikodym derivative is more indicative of the 
situation because it retains the information about the underlying sets whereas f mostly reflects 
properties of the range. 


Corollary 4.2.7. 1. "a)"If uw is a o-finite measure with range of positive Lebesgue measure 
such that for every « > 0,u(U{A : A is an atom and p(A) > €}) < 00 and v is a o-finite 


signed measure satisfying (O), then 7 E Loo (p). 


2. "b)"If uw is a positive measure with range a finite interval and v is a positive measure 
satisfying (L), then a € Doo(p). 


3. "c)" If u is a positive o-finite measure , v satisfies (L) and ow € Lo(p) and is not constant 
then there is a o-finite positive measure v' satisfying (L) and o is not constant. If, in 


addition, the range of is a finite interval, then v’ satisfies (O). 
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Proof. By Proposition 1.4, om is constant on C’, the complement of the atoms, and by c) of 
Lemma 1.6, lim,4)+0 4 exists. Thus mat is bounded for all atoms with (A) sufficiently 


small. The hypothesis implies that there are only finitely many other atoms, and thus aw is 


bounded. Part b) follows from e) of Lemma 1.6 and a). If ~ > 0 and we € Lo(y) is not constant 
and (L) holds then there is a nonzero constant y such that v’ = w+ yv > 0. Clearly v’ also 
satisfies (L). If the range of yw is an interval, by Lemma 1.6 e) v’ satisfies (O). 


Note that Corollary 1.7 c) says that if the range of yu is a finite interval, then the uniqueness 
question for signed measures with bounded Radon-Nikodym derivative is the same for (L) and 


(0). 


4.2.3. Finite Signed Measures. 


Next we will prove some technical results which are useful for establishing uniqueness for the 
case of signed measures. 


Lemma 4.2.8. Suppose that yu is a finite positive measure with atoms {An} arranged so that 
[M(An) > p(An+1) and let C be the complement of the union of the atoms. If Z is a subspace of 
Loo which contains {1a, — U(An)/(M(C U UjsnAj)louujsnAj 2% = 1,2,-.-F 

and L°,(C,p), then Z” > LY. 


J 


Proof. It is sufficient to show that 


9 = (p( Ala = Apia k= 1,2) UTM Ola = uA lepc Z 


Indeed if g € Ly; and z(g) = 0 for all z € D, then p(Ax)g(A1) = “(A1)g(Ax), for all k and 
g(A1)u(C) = fogdy. Because L2.(C, 4) C Z, g is a constant 7 on C. It follows that g is 7 on 
Q. 


For each n let By = CU UgsnAn. In this notation we have from the hypothesis that 
ly, — H(An)/u(Br)1B,, € Z for all n. Now observe that since By = Az U Ba, 
La, — M(A1)/e(Bi) 1B, + w(A1)/u(B1) (1a, — e(A2)/H(B2)1B,) 
=la, - L(A1)/p(B2)1B, EZ, 
An easy induction argument shows that 14, — u(A1)/p(Br)1p, € Z for all k. Therefore 
14, — B(A1)/H(An)1a, = 1a, — H(A1)/H(Bn-1)1B,-1 
+ (u(A1)/u(Br—1) — w(A1)/u(An))a, — #(An)/H(Bn)1B,,) € Z 
for all n. If u(C) = 0 or there are only finitely many atoms, then our initial observation shows 
that Z" > L®.. If u(C) ¥ 0 and there are infinitely many atoms, then note that ||14, — 
(Ay) /tt( Bp), loo < max{1, u(A1)/u(C)} for all n and that 14, — (A1)/4(Bp)1B, > 1a, — 
1(A1)/u(C)1c¢ in the w* topology. Again the conclusion follows from our initial observation. 


Theorem 4.2.9. Suppose that pw is a finite positive measure with atoms {A;}, u(Ai) > u(Ai+1), 
and there is a constant Kk such that for each i,m € N there is anh € X1 with supp h—1,4, C 
Q\ UjemAy and |lAlli < Ky(A;). If F € Xt A Deo and limn+o F(An) exists, then F is a 
constant. 


Proof. We will show the hypothesis of Lemma 2.1 is satisfied where Z = {z € Lx: [ zF du = 0}. 
Let C be the complement of the union of the atoms. Fix n € N. Let g = 14, — u(An)/(u(C U 
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UjsnAj )louu,;s,4;- For each integer m > n let 


9m = hmn — U(An)/p(C U Uj>nAj) ~~ Ams 
s=n+1 


where hms € Xoo satisfies ||hms||1 < Ku(As), Pmsjujcsd; = 9) Mms|As = 145, ANd Pms|uyejemAj = 
0, forn << s<m. Therefore 


m 


p(An) + u(An)/H(C UUj>n4j) D> (As) 
s=nt+l1 


l9mll1 < < 2K (An). 


Suppose that F € LX} and lim F(A,) = p. If u(C) > 0, by Proposition 1.4, L9(C, p) is 
contained in X, and thus F is constant on C. Also note that F'(c) = p for all c € C, because F is 
constant on C' and if 0 < u(Ai) < u(C), 1~ — 1a, € X1 where C’ CC such that p(C’) = (Aj). 
Hence 


iv-sora- 


/ (9 — 9m)Fdu 
UjsmAjUC 


2G =p ly...avelsle—ealed / fo ce paul 


The second term is zero because g and gm € L®, and the first term clearly converges to zero. 
Since gm € X1, f GmF'du = 0, for each m. Thus f gF du = 0 and therefore {F}+ > L°, and F 
is constant as claimed. 


As an application of Theorem 2.2 we will prove Nymann’s Theorem. We will need the 
following lemma whose proof we leave to the reader. 


Lemma 4.2.10. [f fand g € Li(u) for some measure ps and there is a set A such that fi4 = Yg\a 
for some y € [-1,0] and ||fialli = If — flalla, then ||f + alli < Ilglh- 


Theorem 4.2.11. Jf w is a positive measure with range equal to a finite interval, v is a measure 
satisfying (L), and v is positive or v is a signed measure with an € L(y), then v is a constant 
times L. 


Proof. Assume first that v is positive. We will verify the hypotheses of Theorem 2.2 for F = 
dv/du. By Lemma 1.6, lim,4)-40 ¥(A)/H(A) = € so limp 4. F(tn) = ¢, if th € An and u(An) > 
0. Also F is a constant on C' by Proposition 1.4 and therefore F' € Loo(). Thus we need only 
produce the functions h in Xj. 


Because the range of jz is an interval for each n there exists a subset M,, of {n+1,n+2,...} 
and C,, C C such that (An) = w(Cn U Ujem, Aj), that is, hn = La, — lo,uujem, A; © X1 
and ||hnja,l| = [Rn — Anja, ||. (See [[31], Proposition 1].) 

CLAIM If & and m are integers, k < m, and g € Xj, then there is an h € X, such that 
RlUn<kAn = DUn<hAn? ee = 0, and Holler.) 2 Alloa cu 


Indeed, suppose that gl4,,, = @1a,,,- Let f = —ahn in Lemma 2.3. Then if g1 = g + 
Ff, 91lUn<bAn = IUn<pAn GlAnzi = 9, and ||gi|| < ||g||- Induction finishes the proof of the claim. 
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Applying the claim to g = hy, shows that the hypothesis of Theorem 2.2 is satisfied and thus 
dv /du is constant. 


For v signed, we apply the previous argument to v’ from Corollary 1.7 c). It follows that v’ 
and hence v is a multiple of pu. 


Remark 43. This theorem includes Nymann’s result. The proof given by Nymann uses the 
result of Malitz [L93] which in turn uses [T91]. Thus one virtue of the proof we have given is 
that it is direct. More important our argument shows that there are two main ingredients to the 
proof. The ability to solve equations and the “continuity at 0” of the Radon-Nikodym derivative. 
This second ingredient is also the main obstacle to be overcome if the requirements on signed 
measures are to be relaxed. It would be nice to find a replacement for the argument used in the 
proof of Corollary 1.7 so that signed measures without bounded Radon-Nikodym derivative could 
also be treated. In particular we do not know whether a finite signed measure with range an 
interval is determined uniquely by (L). 


4.2.4 o-Finite Measures. 


In the paper [193] only finite positive measures were considered. Here we are allowing o-finite 
measures. At first glance it may appear that the o-finite case should reduce to the finite case. 
However we wish to observe that given t € range yw there may be no set C of finite measure such 
that range jc is an interval containing t. Consider the following example. 


Example 4.2.12. Let Q be [0,1] union a sequence of disjoint sets {A,,} (also disjoint from [0,1]) 
and let y restricted to [0,1] be Lebesque measure and let the A,,’s be atoms of measure 1+ 27”. 
Note that the range of 1 is R* but for every C of finite measure greater than one the range of 
Lic misses some interval (1,1+ 27"), withn EN. 


Thus it is not possible to reduce the problem to the finite case directly. The next few lemmas 
will show that the example given above is the prototype for this difficulty. 


Lemma 4.2.13. Let be a purely atomic measure with range equal to an interval such that for 
every € > 0, u(U{An : An is an atom and u(An) > €}) < oo. Then for every t < u(Q) there is a 
subset C' of Q such that u(C) > t and the range of Wc is a finite interval. 


Proof. There is nothing to prove if 4(Q) < co, so assume that ju(Q) = oo. The requirement that 
the range is equal to a finite interval is equivalent to the assumption that there are no bullies. 
Let (a,) be the masses at the atoms arranged in decreasing order. Assume that a, = 1. We will 
inductively construct a subsequence of the a,,’s without bullies so that the sum is finite. 


As a convenience we will say that if F and F are subsets of N and every element of F is 
less than every element of F then F > E. Let Eo = {1,2,...N} where N satisfies }0,-\ aj > t. 
Choose FE, > Eo such that $ < ne an < : and a, < 5 for all n € Ey. This is possible 
because }°,,5;,@n = 00 for all k and (a;) decreases to 0. Next choose Ey > EF; such that 


5 > se E> On 2 ; and dy, < ; for all n € Ey. Thus we can continue in this way to construct a 
sequence of finite subsets of N, (£;), such that for all 7 > 1 


1. "a)"if n € By, an < 279 


2." sy aaa 
nek; 


208 


3. te) pa > E; 


It is easy to see that C = U{A, : n € Ej, some j} is the required set. If n € Ej, then 
An = U(An) < 2-4 and R>y Hen An, > RSF 2-* — 2-3, Thus A, is not a bully. 


Lemma 4.2.14. If u is a positive o-finite measure with range equal to an interval, then there 
is a possibly infinite number B and a subset B of Q such that 


1. 'a)"The range of yp is the interval [0,6] and for every t < B there is a set B' cB with 
the range of 4: an interval of finite length at least t. 


2. "b) "either 


(a) i) B= 
(b) " "or 


(c) tt) WQ\pB ts purely atomic, every atom in Q\ B has measure strictly greater than 8 
and B is a limit point of the range of WW0\B- 


Proof. The result is trivial if u(Q) < co. If u4(Q) = oo there are two cases to consider. 


1. "1)"there is a sequence of atoms (A;) such that lim w(A;) = 0 and >> (A;) = co 


2. "2)"there is no such sequence. 


If Case 1 occurs, let A = UAj, then range of 4 = R* and by Lemma 3.1 we can take B = 
and 8B = oo. 


Now we will treat Case 2. As usual let C be the complement of the atoms and let k = u(C), 
which we assume is finite. (If « = co, we can again let B=.) Lett B= {G:GcOQ\C, 
u(G') < oo and range pg omits no intervals of length greater than «}. Note that if B= U;ewGi, 
G; © B, for each i € M, and p(B) < ov, then range jg omits no intervals of length greater 
than «. Indeed, if H C B and s = sup{u(D): DC B, w(D) < u(A)} < w(A) — «, then every 
non-null & C H has measure greater than «. Let E be an atom of minimal measure contained 
in H, then there exists G; D E with range jg, missing no interval of length greater than «. But 
for some t € [u(F) — «, u(E)) there is a subset F of G; so that u(F) = t. Clearly FN H = @ so 
{u((H \ E)UF): FC G} contains a point in (s, u(H)). Hence pg omits no intervals of length 
greater than «. 


It follows that if By = UB UC, then if t < u(UB) + « there is a subset B’ of UB such that 
range [| 3’ Uc is an interval containing [0,t] and (B’UC ) < oo. If (By) = 00, then let B=. 
Otherwise let B = B, and 6 = pw(UB)+k. Also note that 6 > 0. Indeed if 6 = 0,1) Case 1 
does not occur and there is some € > 0 so that u(F’) < co where F = U{A: A is an atom and 
ui(A) < e}. Because the range of yz is an interval, F 4 . The range of 7 cannot be an interval 
because 2 = 0, so there must be a bully in F’. However this implies that the range of 4 is not 
an interval. 


Clearly the range of 4,3 = [0,6]. Observe that if A is an atom with u(A) < 6 < oo then 
AUB €B and hence A Cc B. Therefore if 8 < oo and the range of pu is [0, co], every atom 
AcQ \ B has measure greater than § and there must be an infinite sequence of atoms (A;) 
such that ~(A;) decreases to /. 
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We are now in a position to extend the result in [193] to all positive o-finite measures with 
range an interval. 


Proposition 4.2.15. Suppose that ys is a positive o-finite measure with range an interval and 
that v is a o-finite measure satisfying (L). If v is positive or if there exist € > 0 and M < co 
such that | “I < M if u(A) <e, then v is a multiple of wu. 


Vv 
LL 
Proof. By Theorem 2.4, either condition implies that if B € B, u(B) < oo and range yg is an 


interval, then ow is constant on B. Hence we assume that y(Q) = oo. From Lemma 3.2 it follows 


that if 6 = oo then for any pair of disjoint sets of finite measure there is a subset B’ C B such 
/p' has range a finite interval containing (D) and y(E). By Proposition 1.5 and the finite 
case this implies that dv/dy is constant. 


Now assume that 6 < oo. In view of the Proposition 1.5 it is sufficient to show that for 


r > s > O there isa set F such that XM Lool(Mr) = LS. (Hr), the range of jy contains {s,7r} 
and u(F’) < oo. If 6 > r we can take F = B and proceed as above. If r > 8, we will add some 
atoms to B to get the required set F. From Lemma 3.2 we know that there is an infinite sequence 
of atoms (A;) such that (A;) decreases to 3. It follows that there is a finite set of the A;’s, By, 
Bo, ... By, such that u(B;) > u(Bj41) for all 7, u(B,) + 8 > w( Bo) + u( Bs) > w(B1), and both 
r and s are in the range of LP, where F = BU Ui<nB;. We will show that X. is w* dense in 
ry (ur). Because the range of jug is a finite interval, Xo LS (MB) is w* dense in L®, (UB). 
Also dim L2.(ur)/L2,(mje) =n, so it is sufficient to find n linearly independent elements of 
this quotient which arise from X. For each 7 < n there is a subset C; of B with positive measure 
such that 1g, —1p,, — 1c, € X, and there is a set C;, C B such that 1p, + 1o, —1B, —1B, € X. 


It is easy to see that these are in n linearly independent cosets of XN Loo (1) a) i Lo, (uy): 


Remark 44. Recently Khamsi and Nymann [196] have shown that if ws is a finite measure 
with range equal to an interval then any o-finite measure v such that if u(A) = u(B) then 
v(A) = v(B), i.e, (L) without the finiteness requirement is satisfied, then (L) holds. It follows 
that Proposition 3.3 holds with the weakened version of (L) as well. 


Theorem 4.2.16. Suppose that us is a o-finite signed measure with range an interval and that 


v is a o-finite measure satisfying (L). If there exist € > 0 and M < oo such that eal <M if 


pu(A) < € and A is an atom, then v is a multiple of js. 


Proof. By Lemmas 1.1 and 1.2, |u| and v’ also satisfy the hypothesis. By Proposition 3.3, v’ is 
a multiple of |u| and hence v is a multiple of wy. 


Corollary 4.2.17. Suppose that 4 and v are o-finite signed measures satisfying (O). If the 
range of 4 is an interval, then v is a multiple of [. 


Proof. Proceeding as in the previous proof, || and v’ satisfy (O) and by Lemma 1.6 b), v” is 
positive. Therefore by Proposition 3.3, v’ is a multiple of || and hence v is a multiple of pu. 


4.2.5 Examples. 


In order to construct examples we will use the finite dimensional case to control the combinatorics 
in the same spirit as the examples constructed by Leth. Let us now consider the finite dimensional 
case, i.e., suppose that there are finitely many atoms (A;)"_, with u(A;) = a; and assume that 
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Q. = UA;. The statement of the problem can be rephrased in terms of dimension and thus the 
uniqueness question for (L) reduces to linear algebra. To make the statement more succinct let 
us introduce the following notation. Let R = {v € {—1,0,1}": (v, (a:)) =O}. 


Proposition 4.2.18. Condition (L) uniquely determines us if and only if dim sp R=n-—1. 


It would be nice if there were some easy characterization of the finite sequences (a;) so that 
dim sp R = n—1, but as we will see below there is no obvious description. One easy observation 
is that the a;’s must all belong to the same rational equivalence class. (This same observation 
also applies in the case where p is purely atomic o-finite but the measures of the atoms are 
bounded away from 0.) Note also that uniqueness for (O) implies uniqueness for (L) in the case 
of finitely many atoms because the Radon-Nikodym derivative is automatically bounded. 


For our first example we will produce a finite dimensional example with range not an 
arithmetic progression but such that (ZL) uniquely determines yz. (In the closing remarks in 
[N] it was claimed that no such example exists.) For convenience we will make our measure 
integer valued. 


Example 4.2.19. Let uw have nine atoms with measures 1, 2, 5, 6, 7, 8, 9, 10, 11. With the 
notation above and a, = 1, a2 = 2,...,a9 = 11, the set R contains the following elements. 


‘| 
By 


(1, 
(1, 
(1, 
(1, 
(1, 
(1, 
(0, 
(0, 


Ss 


= 


FF 
SesgsrREOSS 
SSorHKOOSOS 

as 


BRS ooeef 
Seo eerr S 
Se eerrsoS 


f 
Qo 
NS Se. 


Sree SSS S5 
BR SSS eof 


' 
BY 
— 


It is not hard to see that these are linearly independent and therefore by Proposition 4.1 js is 
uniquely determined by (L). Clearly 4 is omitted from the range of u but 1, 2 and 3 are included, 
so the range is not an arithmetic progression. 


Our next two examples show that properties of the range are not good indicators of whether 
uniqueness holds. 


Example 4.2.20. We begin with two finite dimensional examples. Let the five atoms of 1 be of 
size 1, 2, 2, 2, 5 and let the four atoms of u' be of size 1, 2,4, 5. The range of 1 is the same as the 
range w’, namely {1, 2,...,12}. For wu note that the set R contains the four linearly independent 
elements (1, 1, 1, 0,—1), (0, 1,-1, 0, 0), (0, 0, 1,-1, 0), and (1,-1,-1,-1, 1). Thus ps is uniquely 
determined by (L). On the other hand for pw’ we have R = {+(1, 0, 1,-1), +(1,-1,-1, 1)} and 
thus dim sp R= 2 <3. Thus wp! is not uniquely determined by (L). (Take v to have atoms of 
size 1, 2, 6, and 7, for example.) 


Example 4.2.21. We will modify the measures in Example 2 to get two measures with range 
the same finite union of intervals, but so that uniqueness holds for the first but not the second. 
To do this observe that if we omit the first atom from each of the measures in Example 2, the 
range of the restricted measure in each case is {2, 4, 5, 6, 7, 9, 11 }. Let y be any probability 
measure on a measurable space (Q4,C') with range [0,1]. Replace the atom Ay by Qy and enlarge 
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the o-algebra to contain C for each of and p! and define u(A) = p'(A) = 7(A) for A € C. 
(Extend and yp’ to the o-algebra in the obvious way.) Then the range of and pw’ is now 
(0, 12] \ ((1, 2) U (3,4) U (8,9) U (10,11)). Proposition 1.2 implies that if v is another finite 
measure on Qy UUis1A; satisfying (L) for either or pl’ then v is a multiple of y on Qy. Thus 
the uniqueness problem is the same here as in Example 2, i.e., for ts condition (L) implies 
uniqueness but for yi’ it does not. 


These examples indicate that a characterization of the measures for which (L) is sufficient 
for uniqueness would require a similar result for the finite dimensional case and thus seems to 
be difficult. Finally we present an example of a finite signed measure with range the interval 
[-1,1] which is uniquely determined by (L) but for which neither the positive nor negative parts 
are uniquely determined by (O). 


Example 4.2.22. For each natural number n let Aon_1 and Agn, be atoms of a signed measure ju 
with (Aon—1) = & = —1W(Aon). It is not hard to see that the ranges of u* and i are both the 
usual Cantor set C in [0,1]. Moreover it is known and elementary to see that C — C = [-1,1]. 
By Lemma 2.1, |u| is uniquely determined by (L). Indeed, for each n, LAs, 1 — lujs2,A; and 
lay, — epee. EX. Also las. 4 = 5 1UjsonAy al WY ON Li eas _ $(1As, _ LiisicAe) eC X. 
Thus Xoo D L®,(|u|). Lemma 1.1 implies that is also uniquely determined by (L). On the 
other hand = = = = Sy 2 and thus for w+ and ~ each atom is a bully. 


Notice that there is no restriction imposed on a in this example and thus Theorem 3.5 does 
not apply. It seems likely that the restriction is not necessary in general. 
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4.3. An Arbitrarily Distortable Banach Space 


Thomas Schlumprecht 
Department of Mathematics The University of Texas at Austin Austin, Texas 78712 


Abstract: 
In this work we construct a Tsirelson like Banach space which is arbitrarily distortable. 


4.3.1 Introduction. 


We consider the following notions. 


Definition 12. Let X be an infinite dimensional Banach space, and || -|| its norm. If|-| is an 
equivalent norm on X and > 1 we say|-| is a \-distortion of X if for each infinite dimensional 
subspace Y of X we have 


Y1 
sup { :yi.y2€Y |lyall = llyall = i} 2A. 
|y2| 
X is called A-distortable if there exists a r-distortion on X. X its called distortable if X is 
A-distortable for some A >1, and X is called arbitrarily distortable if X is \-distortable for all 
A> 1. 


Remark 45. R.C. James/I¥7] showed that the spaces ¢; and co are not distortable. Until now 
these are the only known spaces which are not distortable. 


From the proof of [[198], Theorem 5.2, p.145] it follows that each infinite dimensional uniform 
convex Banach space which does not contain a copy of f,, 1 < p < oo, has a distortable subspace. 
In [8] this result was generalized to any infinite dimensional Banach space which does not contain 
a copy of £,, 1 < p < ov, or cg. A famous open problem (the “distortion problem”) is the question 
whether or not ¢,, 1 < p < o, is distortable. In this paper we construct a Banach space X which 
is arbitrarily distortable. We first want to mention the following questions which are suggested 
by the existence of such a space. 


Problem. Is every distortable Banach space arbitrarily distortable? Is, for example, 
Tsirelson’s space T' (as presented in [[199], Example 2.e.1]) arbitrarily distortable? 


4.3.2 Construction of X. 


We first want to introduce some notations. 


The vector space of all real valued sequences (z,,) whose elements are eventually zero is 
denoted by coo; (e;) denotes the usual unit vector basis of coo, #.e., e:(7) = 1 if i = 7 and 
e(j) =O if i A j. For & = 73°, aie: € coo the set supp(x) = {i © N: a; £ 0} is called the 
support of x. If E and F are two finite subsets of N we write E < F if max(£) < min(F), and 
for x,y € Coo we write x < y if supp(x) < supp(y). For EC N and « = >>, aie; € coo we put 
E(x) := Vien viei. For the construction of X we need a function f : [1,00) — [1,0o) having 
the properties (f,) through (fs) as stated in the following lemma. The verification of (f1), (f2), 
and (fs) are trivial while the verification of (f4) and (fs) are straightforward. 
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Lemma 4.3.1. Let f(x) = logs(a +1), forx >1. Then f has the following properties: 


Ll. (4) fO) =1-and fe) <@ for alla > 1, 

2. (fo) f is strictly increasing to ~, 

d+ (fg) img 5.96 He) _ = 0 for allq > 0, 

4. (f4) the function g(x) = Flay’ x > 1, is concave, and 
5. (f5) f(x)- f(y) = fle-y) for x,y > 1. 


For the sequel we fix a function f having the properties stated in Lemma 1. On coo we define 
by induction for each k € No a norm |- |x. For « = So an- en € coo let |zlo = maxnen |Zp]. 
Assuming that |z|, is defined for some k € No we put 


i L 
x = EN rs y DE - 
| lk+1 40 Vie 
Hen -<E¢ i=1 
iC 


Since f(1) = 1 it follows that (|z|,) is increasing for any x € coo and since f(¢) > 1 for all @ > 2 
it follows that |e;|, = 1 for any 7 € N and k € No. Finally, we put for x € coo 


[el] = max lee 
Then || - || is a norm on cog and we let X be the completion of cog with respect to || - |]. 


The following proposition states some easy facts about X. 


Proposition 4.3.2. a) (e;) is a 1-subsymmetric and 1-unconditional basis of X; i.e., for any 
z= Oe, ae; € X, any strictly increasing sequence (nx) C N and any (&)ien C {-1,1} it 


follows that 
[o-e) [o-e) 
| Se LyEq|| = | S° EV Lien, 
i=l i=l 


b) For x € X it follows that 


1 L 
lel = max fl me Ad oy 


E, <E2<--<Ey 
(where |x|o = supyen |2n| for z = S772, vies € X). 
Proof of Proposition 2. Part (a) follows from the fact that (e;) is a 1-unconditional and 1- 


subsymmetric basis of the completion of cog with respect to | - |, for any k € No, which can 
be verified by induction for every k € N. 


Since coo is dense in X it is enough to show the equation in (b) for an x € cop. If ||x|| = |xo 
it follows for all @ > 2 and finite subsets Ey), Eo,...,E,2 of N with Ey < Eo <---< Ey 


vy) L 
1 1 
ys —SolE; < < 
f(6) j=] = So f(8 i=l es rere S lel 
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which implies the assertion in this case. 


If |x|] = |z|z > |z|n-1 > |zlo, for some & > 1, there are @,¢’ € N, @ > 2, finite subsets of N, 
Ey, Eo,...,E¢ and E}, E5,...,E) with Ey < Ey <-+-< Egand BE, < Ey <-+- < Ej, anda 
k’ EN so that 


[ll] = lak 


gL 
= Fy LHe 
t=1 


if 
FO S \|Zi(z)I| 
i=l 


é 
1 
< sup — 5 || widetildeE;(x)|| 
2<0 f® i=l 


widetildeE| <widetilde Ez <---widetildeE; 


fe 
= Fw 2 |E;(x)|| 
i=1 


ie 
= Eo 
F(0) > : 


S|alesi < [ell , 


which implies the assertion. 


Remark 46. a) The equation in Proposition 2(b) determines the norm || - || in the following 
sense: If |-| is a norm on cog with |e;| = 1 for alli € N and with the property that 


>2 
EE, <E2::-E¢ 


1 £ 
c= max sup 75 Bel} 


for all x € coo, then it follows that ||-|| and |-| are equal. Indeed one easily shows by induction 
for each m € N and each x € coo with #supp(x) = m that ||z]| = |z]. 


b) The equation in Proposition 2(b) is similar to the equation which defines Tsirelson’s space 
T [LT, Example 2.e.1]. Recall that T is generated by a norm |\-||7 on coo satisfying the equation 


£ 
1 
elle =maxf elo, sup 5 >I} 


(<Ey<--E, t=! 


(where € < FE, means that €< min E,). Note that in the above equation the supremum is taken 
over all “admissible collections” Ey < E2 <--+ < Ey (meaning that € < E,) while the norm on 
X is computed by taking all collections Ey < Ey <--+< Ey. This forces the unit vectors in T to 
be not subsymmetric, unlike in X. The admissibility condition, on the other hand, is necessary 
in order to imply that T does not contain any f), 1 <p < oo, or co, which was the purpose of 
its construction. 


We will show that X does not contain any subspace isomorphic to f,, 1 <p < ov, or co and 
secondly that X is distortable, which by|I97] implies that it cannot contain a copy of ¢; either. 
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Thus, in the case of X, the fact that X does not contain a copy of £; is caused by the factor 
FO (replacing the constant factor 5 in T) which decreases to zero for increasing ¢. In order to 
state the main result we define for EN, €>2, and ae X 


£ 


1 
llvlle:= sup FH El - 


Ey <E2<-<Ee =f 


For each £ EN, || - ||z is a norm on X and it follows that 


1 
——||z|| < |lz|le < |lal|, for rex. 
7 Ilzl| < [lz] 
Theorem 4.3.3. For each  € N, each € > 0, and each infinite dimensional subspace Z of X 
there are 21, z2 € Z with ||z1|| = ||z|| = 1 and 


alle < 
aE Fg), 


In particular, || - \\¢ is an f(@)-distortion for each EN. 


zie >1—e, and 


Remark 47. Considering for n € N the space Ty/, (see for example [200]/) which is the 


completion of coo under the norm || - |\(r,1/n) satisfying the equation 
i 
allera/my =maxd [alo sup olerayn)} 
laleraymy = maf lel, SD 5 Lo MleMlraym 


for all x € coo and putting for x € Ty /p, 


[z|(7,1/n) = sup |Ei(@)Ih1 

ee E\<E2<: oe: = 

E. Odell [199] observed that |-|\(7,1/n) ts ac-n distortion of Ty, (where c is a universal constant). 
In order to show Theorem 3 we will state the following three lemmas, and leave their proof 


for the next section. 


Lemma 4.3.4. Forn€N it follows that 


|d« 


For the statement of the next lemma we need the following notion. If Y is a Banach space with 
basis (yi) and if 1 <p < oo we say that lp is finitely block represented in Y if for any € > 0 and 
any n €N there is a normalized block (z)"_, of length n of (yi), which is (1 + €)-equivalent to 


the unit basis of &} and we call (z;) a block of (yi) if 2% = ee e141 09¥j fort =1,2,... and 
some 0 = ky < ky <--- in No and (a;) CR. 


Lemma 4.3.5. ¢; is finitely block represented in each infinite block of (e;). 


Lemma 4.3.6. Let (y,) be a block basis of (e;) with the following property: There is a strictly 
increasing sequence (kn) C N, a sequence (€n) C Ry with limp+..o€, = 0 and for each n a 


normalized block basis (y(n,i))k", which is (1+ €n)-equivalent to the €%"-unit basis so that 


Then it follows for all EN 


y 
lim lim... lim | Ss" Yn; 
i=l 


nico N2g—->00 ne—oo 


=. 
fQ 
Lemma 4.3.7. Let Z be an infinite dimensional subspace of X and « > 0. By passing to a 


further subspace and by a standard perturbation argument we can assume that Z is generated by 
a block of (e;) 


Choice of 21: 


By Lemma 5 and Lemma 6 one finds (y;){_, C Y, with yi < yo < +++ < yeso that ||y;|| > 1—e, 
1<i< 4, and so that || ey yall < OF Thus, choosing 


e £ 
A= Yu /| So yi 
i=1 i=1 


it follows that 


Pao L—€é., 


which shows the desired property of z1. 


Choice of 22: 


Let n € N so that ae < e and choose according to Lemma 5 normalized elements 71 < rg < 
+++ << ap of Z so that (#;)"_, is (1 + €/2)-equivalent to the unit basis of ¢7 and put 


n n 
a-Sa/|Ee 
i=1 i=1 


Now let E1,...,£¢ be finite subsets of N so that Ey < Ey <---< Ep and so that 


1 lL 
Ilz2lle = FO 2 || Zi(z2)|| - 


We can assume that £; is an interval in N for each 7 < @. For each 7 € N there are at most two 
elements j1, j2 € {1,...,n} so that supp(x,;,) NE; £0 and supp(«;,) \ EL; 40, s = 1,2. Putting 
fori =1,2,...,2 

widetildeE; := U{ supp(x;) :j <n and supp(ax;) C E;} 
it follows that ||E;(z2)|| < ||widetildeE;(z2)|| +2, and, thus, from the fact that (widetildeE;(z2) : 
i =1,2,...,2) isa block of a sequence which is (1+ €/2)-equivalent to the @7 unit basis, it follows 
that 


1 


aie ae | Y wideider(c) <e+—~ 


1 
S| ||widetildeE;(z2)|| < = + 
t=1 


gies 
an * FO 


ae f(O? 


which verifies the desired property of z2. 
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4.3.3 Proof of Lemmas 4, 5 and 6. 
Proof of Lemma 4. By induction we show for each n € N that || S77, e:|| = Fay’ If n = 1 the 


assertion is clear. Assume that it is true for all m < n, where n > 2. Then there is an @ EN, 
2<€<n, and there are finite subsets of N, Ey < Ey <--- < Ey, so that 


ISI z6 LIE(S)I 


1 a 
= FH y Fin) [where n; = #E; and }>n; = n] 


j=l 
< 7a a [Property (f4) of Lemma 1] 
_ n 
~ £2) FG) 
< = [Property (fs) of Lemma 1] 


Since it is easy to see that || }-j_, e:|| > Ft? the assertion follows. 


Proof of Lemma 5. The statement of Lemma 5 will essentially follow from the Theorem of 
Krivine (201, 202]). It says that for each basic sequence (y,) there ia a 1 < p < oo so that é, 
is finitely block represented in (y;). Thus, we have to show that @,, 1 < p < ov, is not finitely 
represented in any block basis of (e;). This follows from the fact that for any 1 < p < ov, any 
n € N and any block basis (x;)?_, of (e;) we have 


lar 


i= 


n ni-l/p 


1 
= np Fin) Fn) 


and from (fs). 


Proof of Lemma 6. Let yn = kK ‘4 y(n,i), for n € N and (y(n, é)) Rn, (1 + €m)-equivalent to 
the pe unit basis. For 7, € cop and m € N with x < e,, < & we will show that 


(*) lim | + yn + @|| = llc + em +l] , 
noo 
where 
CO CO 
gn) — SS Li + Cit+sn € — y ies) 
i=m41 i=m4+1 


and s, € N is chosen big enough so that y, < #™. 


This would, together with Lemma 4, imply the assertion of Lemma 6. Indeed, for @ € N it 
follows from (*) that 


[Lemma 4] 


L 
wide 
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[subsymmetry] 


e 
lim lex + ) Citn 
n—-0o = 

i= 


L 
Yny + S° Citn 
1=2 


= lim lim. | 
nyo0o noo 


ny0o N—-co M00 


é 
lim lim lim yn: + en + S> ei+m| 


lim lim lm 
n1—0o ne>00 M—-0O 


L 
Yn4 1 Yno ar Dy ei+m|| 


ny0o ~N2>00 ne—oo 


£ 
= lm lm... lm | Soon. 
i=1 


In order to prove (*) we show first the following 


Claim. For x,y € con, and n EN, with x <e, <yanda,fe R¢ it follows that 


lz + aen|| + [Ben + yll < max{||x + (a + B)enl| + Hlyll, all + [a+ Ben + yl} - 


We show by induction for all k € No, all x,y € coo, andn € N, with #supp(x)+#supp(y) < k, 
and x <e, < yand all q,q2,a,8 € Ro that 


qi||t + atn|| + g2||Gen + yl < 
< max{qil|z + (a + B)en|| + allyl], a|lzl] + g2l|(a + Ben + yll} - 


For k = 0 the assertion is trivial. Suppose it is true for some k > 0 and suppose x,y € coo, 
L<e€n <yand #supp(x) + #supp(y) =k +1. We distinguish between the following cases. 


Case 1. 
Iz + aen|| = |z& + aen|o and ||Ben + yl] = [Ben + ylo- 


If ||z + aep|| = |z]o, then 
qx + oen|| + 92|/Ben + yl] = |||] + a2||Ben + yl] < ai|[2|] + a2l|(a@ + Ben + yl| . 


If ||Gen + y|| = |ylo we proceed similarly and if ||a+ae,|| = a and ||Ge, + y|| = 8, and if w.l.o.g., 
qi < qo, it follows that 


qil|e + onl + g2l[Ben + yll = qa + 928 < g(a + 8) < allel] + gallen(a + 6) + yll . 


Case 2. 
Iz + aen|| A |x + aen|o. 


Then we find > 2 and Ey < Ey <--- < Ey so that LE; supp(x) £0 for i=1,...,@ and 
[By the induction hypothesis] < max{q||z+(a+)en||+allyll, allell+a2I|(a+B)entyll} ; 
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qi||x + aen|| + go||Ben + yl 


e-1 
= 70) bs E:(a)|| + ||Be(a + a€,)I|] + gall Ben + all 
54 
q1 = 
Se lle) et 
HO 2 
or 
qq 
1 je bs 
FO || Ze(x)|| + aall(a + B)en + yll 
[By the induction hypothesis] < max{ q1||t+(a+f)en||+¢llyll, qi||xz||+¢2||(a+B)en+ 


yll} 


which shows the assertion in this case. 
In the case that ||Se, + y|| 4 |Gen + ylo we proceed like in Case 2. 


In order to show the equation (*) we first observe that for all k € No, |u+em+2Z|p < 
\|2 + yn +2™|| (which easily follows by induction for each k € N) and, thus, that lim inf; 45, |Ja+ 
Yn + #™|| > |la + em + %||. Since every subsequence of (yn) still satisfies the assumptions of 
Lemma 6 it is enough to show that 


lim inf |x + yn, + || < |lz tem + Gl - 
n—- Ooo 


This inequality will be shown by induction for each k € No and all x < em» < & with #supp(x) + 
#supp(Z) < k. For k = 0 the assertion is trivial. We assume the assertion to be true for some 
k > 0 and we fix x,% € cop with x < em < & and #supp(x) + #supp(z) =k +1. 


We consider the following three cases: 


Case 1. 
lz + yn + &|| = |2 + yn + Zllo for infinitely many n € N. Since 


lc + on +%™|o < |atem+4lo , neN, 


the assertion follows. 


Case 2. 
For a subsequence (yj,) of (yn) we have 


where £,, ¢ co and EW”) eS Ee”) ce roy are finite subsets of N. Since f(€;,) — 00 for n + co 


it then follows that 
lim inf ||a + yn + @|| = 1 < lla +en +4 . 
noo 
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Assume now that neither Case 1 nor Case 2 occurs. By passing to a subsequence we can 
assume 


Case 3. 
There is an € > 2 so that 


£ 


1 
lim [ |[z + y_, + @™|| — —— E”) t+ Yn +e ) =0 
dim (Ike + +21 = 2 SM e+ am +3 


where EM”) << Em are finite subsets of N with the following properties: 
a) supp(x + yn $2™) NEM 7 §, i< £, and 
supp(« + Yn + 2) C UL, BY” 


b) The set supp(x) 9 EO”), i=1,...,€, does not depend on n (note that supp(a) < oo), and we 
denote it by E?. 


c) There are subsets By 2 by Sav = Beet supp() and integers r;, so that supp(z™) 9 BE”) = 


E; +1», fornéN, (we use the convention that ¢ < E for any finite E CN), 
d) fori < and 1<j < ky, we have either supp(y(n,7)) C BE”) or supp(y(n,7)) 9 ES”) =), 
Indeed, letting for i < @ 

EO”) if E? 1 supp(yn) =90 


Bo supp(y(n, s)) U gE”) \ supp(y(n, t)) 
aed where s := min{S: supp(y(n,8)) BE” # 0} 


and t:=max{S: supp(y(n,t))N E”) # 0} 


the value 7/_, Poe (c+ Yn +%™)|| differs from “4, Be Max + yn + #™)|| at most by 2€/kn, 
which shows that d) can be assumed. 


e) For i < @ the value 


gx lim HIS bo. suppy(n,3)) CE} 


noo kn, 


exists. 
Now we distinguish between the following subcases. 


Case 3a. There are (1, £2 € N, so that 1 < 0; < lg -2< €) < €and 


Ly —1 ly-1 
fiesta metic) Fao ae 2) +E (e+yndil+ S> EP? Cn) 
i=h, +1 
L 
[Bm FeO 4 0 eam. 
t=hg41 
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In this case it follows that 


be 
1 (a 
ety tam rales Co) + and 4+ SE? ai] 


al i=l 


Say » [Ea 4146+ EO al] 


ty 


[By d) and the fact that (y(Jj, n)) fr is (1 + &,)-equivalent to the ¢*"-unit basis] 
< |la+em+Ell+en 

Note that 
[4 +1+(€-&+1) <2] 


which implies the assertion in this case. 
Case 3b. There is an 1 < 4; < & 80 that 


£ 


£;-1 
ean + = aL ne 2) + EO ton tee Jz 
i=0,4+1 


Then the assertion can be deduced from the induction hypothesis (note, that by a) and the fact 
that @ > 2 we have that fsuppE” (a +4) < #Hsupp(c + #™)). 
Case 3c. There is an ¢; < so that 


Ly —1 
eases Tee Jz (@) |) + BO + yn + Bsn £E)| 


+ Ee) me 


1= hy +2 


We can assume that supp(x) 4 0 and supp(%) # 0 (otherwise we are in case 3b). If qe, (as 
defined in e) ) vanishes it follows that lim... JE (x + Yn)|| = ||EZ, (x)||. Otherwise there is a 
sequence (j,) C N with lim, +. jn = 00 so that 


and so that . 
J 
lim aa =q,>0. 


n—-oco n 


Since the sequence (a (Yn) /Ge, nen is asymptotically equal to the sequence (J) with Gn := 


in ae y(n,j) (note that (Y,) satisfies the assumption of the lemma) we deduce from the 


induction hypothesis for some infinite N C N that 
lim |B (2+ yn)|l =e, lim Be ZN eG | 
R360 ey Yn dey Eres Ly qe Un 
neN 1 


222 


< de, 


x 
EY | —)+e | 
: (=) bi 


= ||Ez, (®) + de,€mll - 


Similarly we show for some infinite M Cc N, that 


Jim, ES) (yn + E)I| < [Ide 416m + Bey 41 (Bll - 
nEeM 


From the claim at the beginning of the proof we deduce now that 


lim inf ||z + ym + || 
N—->Oo 
£ 


< iw by Ei (x)|| + || Eg, (2) + ae, emll + Il¢e.41€m + E41(2)|| oe 11] 
i je eo 

< oes E?(2)|| + 2 |P@l 
+ max{ EE (2) + enll + VB sa(@)N «IER CMI + lem + Be. I} 


[Qe F Gé,4+1 = 1] 
= |x + €m + || ’ 


which shows the assertion in this case and finishes the proof of the Lemma. 
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